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WHAT IS OUR APPROACH TO ALGEBRA? 
McCallum | Connally | Hughes-Hallett | et al. 


The fundamental approach of Algebra: Form and Function is to foster strategic 
competence and conceptual understanding in algebra, in addition to procedural 
fluency. Fluency—the ability to carry out procedures such as expanding, factoring, 
and solving equations —is important, but too often students do not see the purpose or 
structure of the procedures. Strategic competence and conceptual understanding in 
algebra mean being able to read algebraic expressions and equations in real-life 
contexts, not just manipulate them, and being able to make choices of which form or 
which operation will best suit the context. They also mean being able to translate back 
and forth between symbolic representations and graphical, numerical, and verbal 
ones. As with our previous books, the heart of this book is in innovative problems that 
get students to think. We foster strategic competence, conceptual understanding and 
procedural fluency by 


e Interpretation problems, which ask students to think about the form and function 
of the expressions and equations, not just blindly manipulate them (Sample 
sheet, 1-4, 12, 16) 


e Problems that foster algebraic foresight, helping students see their way through 
an algebraic calculation and formulate strategies for problem-solving 
(Sample Sheet, 26-33) 


° Modeling problems that train students in symbolic representation of real-world 
contexts, and in graphical numerical interpretation of expressions and equations 
(Sections 2.5, 3.4, 6.5) 


e Real expressions and equations, presenting students with the expressions and 
equations they will encounter in later study and work (Sample sheet, 17-25) 


¢ Drill problems to develop basic techniques (Skills chapter and exercises 
throughout text). 


We have also continued our tradition of clear, concise exposition. Many problems 
that students have in algebra result from confusion about fundamental concepts, such 
as the difference between an expression and equation. We have written the text to 
be readable by students and make clear the basic ideas of algebra. 


This book supports later courses using our Precalculus and Calculus texts, which are 
based on the Rule of Four: that concepts should be presented symbolically, graphically, 
numerically, and verbally. As is appropriate for an Algebra text, it focuses mainly on 
the symbolic and verbal strands, while not neglecting the other two. The text assumes 
that students have access to graphing calculators, although could quite easily be used 
without them by avoiding certain exercises. 


In addition to problem types for which the Consortium is already known, the 
sample sheets on the following pages illustrate the new types of problems we 
have written for Algebra: Form and Function to foster interpretation and fore- 
sight in working with expressions and equations. 


Frobiems on Algebra 
William McCallum, Eric Connally, Deborah Hughes Hallett et al., 2010 


Problems on Algebraic Expressions 


Section 1.3: Equivalent Expressions 


A person’s monthly income is $/, her monthly rent is $R, and 
her monthly food expense is $F’. In Problems 1-4, do the two 
expressions have the same value? If not, say which is larger, 
or that there is not enough information to decide. Explain your 
reasoning in terms of income and expenses. 


1. 1—R-FandI-(R+F) 
2. 12(R+ F) and 12R +12F 
3. [— R—F +100andI — R—(F + 100) 


4. ats and ——= 
Chapter 1 Review 


In Problems 5-10, both a and x are positive. What is the effect 
of increasing a on the value of the expression? Does the value 
increase? Decrease? Remain unchanged? 

5. at+1 


6. at+a%—(2+a) 7. c—-a 


@ Zak % eae ii ag 
a a a 


Section 5.1: Linear Functions 


11. If the tickets for a concert cost p dollars each, the num- 
ber of people who will attend is 2500 — 80p. Which of 
the following best describes the meaning of the 80 in this 
expression? 


(1) The price of an individual ticket. 
(ii) The slope of the graph of attendance against ticket 
price. 
(iii) The price at which no one will go to the concert. 
(iv) The number of people who will decide not to go if 
the price is raised by one dollar. 


Section 5.2: Working with Linear Expressions 


12. A car trip costs $1.50 per fifteen miles for gas, 30¢ per 
mile for other expenses, and $20 for car rental. The total 
cost for a trip of d miles is given by 


Total cost = 1.5 (=) + 0.3d + 20. 


(a) Explain what each of the three terms in the expres- 
sion represents in terms of the trip. 

(b) What are the units for cost and distance? 

(c) Is the expression for cost linear? 


13. Greta’s Gas Company charges residential customers $8 
per month even if they use no gas, plus 82¢ per therm 
used. (A therm is a quantity of gas.) In addition, the com- 
pany is authorized to add a rate adjustment, or surcharge, 
per therm. The total cost of g therms of gas is given by 


Total cost = 8 + 0.82g + 0.109g. 


(a) Which term represents the rate adjustment? What is 
the rate adjustment in cents per therm? 
(b) Is the expression for the total cost linear? 


Section 9.1: Quadratic Functions 


14. A peanut, dropped at time ¢ = 0 from an upper floor of 
the Empire State Building, has height in feet above the 
ground ¢ seconds later given by 


h(t) = —16t” + 1024. 
What does the factored form 
h(t) = —16(t — 8)(¢+8) 


tell us about when the peanut hits the ground? 
Section 10.3: Working with the Exponent 
Prices are increasing at 5% per year. What is wrong with the 


statements in Problems 15—23? Correct the formula in the 
statement. 


15. A $6 item costs $(6 - 1.05)" in 7 years’ time. 
16. A $3 item costs $3(0.05)"° in ten years’ time. 


17. The percent increase in prices over a 25-year period is 
(1.05)?>. 


18. If time ¢ is measured in months, then the price of a $100 
item at the end of one year is $100(1.05)'7". 


19. If the rate at which prices increase is doubled, then the 
price of a $20 object in 7 years’ time is $20(2.10)’. 


20. If time ¢ is measured in decades (10 years), then the price 
of a $45 item in ¢ decades is $45(1.05)°"". 


21. Prices change by 10 - 5% = 50% over a decade. 
22. Prices change by (5/12)% in one month. 


23. A $250 million town budget is trimmed by 1% but then 
increases with inflation as prices go up. Ten years later, 
the budget is $250(1.04)'° million. 


Problems on Algebraic Equations 


Section 1.2: Equations 


In Problems 24—30, does the equation have a solution? Ex- 
plain how you know without solving it. 


24.22 -3=7 25. 277°+3=7 2. 4=54+27 
x+3 xr+3 x+3 

: = 28. =1 29, =1 
24+5 5+2 27 +6 


30. 2+5% =6+ 5a 
Section 1.4: Equivalent Equations 


31. Which of the following equations have the same solu- 
tion? Give reasons for your answer that do not depend on 
solving the equations. 


Il a2+3=52=-4 I. w«-3=5r+4 

Wl. 274+8=52%-3 IV. 107+6=227-8 
x 1 

V. 102 —8=2%+6 VI. 0.3+ 75 = go 04 


In Problems 32-35, the solution depends on the constant a. 
Assuming a is positive, what is the effect of increasing a 
on the solution? Does it increase, decrease, or remain un- 
changed? Give a reason for your answer that can be under- 
stood without solving the equation. 


32. r—a=0 33. aw = 1 
34. aw =a a5 ad 

a 
Chapter 1 Review 


36. You plan to drive 300 miles at 55 miles per hour, stop- 
ping for a two-hour rest. You want to know t, the number 
of hours the journey is going to take. Which of the fol- 
lowing equations would you use? 

(A) 55¢ = 190 (B) 55+ 2t = 300 
(C) 55(t + 2) = 300 (D) 55(t — 2) = 300 


Section 5.3: Solving Linear Equations 


In Problems 37-44, decide for what value(s) of the constant 
A (if any) the equation has 


(a) The solution x = 0 (b) A positive solution in x 
(c) No solution in x. 
37. 8 =A 38. Ax =3 
39. 34 +5=A 40. 31+ A=5 
41. 3a+A=5r+A 42. Arn +3= Axr+5 
43. f =A 44. 2 =5 
x x 
Chapter 5 Review 


Without solving them, say whether the equations in Prob- 
lems 45-56 have a positive solution, a negative solution, a 
zero solution, or no solution. Give a reason for your answer. 


45. 7x =5 46. 32 +5=7 
47. 53 +3=7 48. 5-32 =7 
49. 3-52 =7 50. 9a = 4a + 6 
51. 9 = 6 — 4a 52. 9— 6x = 4x — 9 


53. 8a +11 =27+4+3 
55. 8a+3=8r+11 


54. 
56. 


11-27 =8—-4a2 
82+ 32 = 274+ 112 


Section 9.3: Solving Quadratic Equations by Completing 
the Square 


In Problems 57—60, for what values of the constant A (if any) 
does the equation have no solution? Give a reason for your 
answer. 


57. 3(a@—2)? =A 58. (x — A)? = 10 


59. A(a — 2)? +5 =0 60. 5(a — 3)? + A=10 


Section 9.4: Solving Quadratic Equations by Factoring 


Without solving them, say whether the equations in Prob- 
lems 61-68 have two solutions, one solution, or no solution. 
Give a reason for your answer. 


61. 3(2@—3)(a@+2)=0 62. (x —2)(a-2) =0 


63. (c+5)\(@+5)=-10 64. (w@ +2)? =17 


65. (x —3)? =0 66. 3(v+2)?+5=1 


67. —2(2 —1)? +7=5 68. 2(a2 — 3)? +10 = 10 
Section 10.4: Solving Exponential Equations 


69. Match each statement (a)—(b) with the solutions to one or 
more of the equations (I)-(VI). 


I. 10(1.2)' =5 Il. 10 =5(1.2)¢ 
TM. 104+5(1.2))=0 IV. 5+10(1.2)' =0 
Vv. 10(0.8)' =5 VI. 5(0.8)' = 10 


(a) The time an exponentially growing quantity takes to 
grow from 5 to 10 grams. 
The time an exponentially decaying quantity takes 


to drop from 10 to 5 grams. 


(b) 


70. Assume 0 < r < 1 and x is positive. Without solving 


equations (I)—-(IV) for x, decide which one has 


(a) The largest solution 
(b) The smallest solution 
(c) No solution 


I 3(1+r)?=7 IL. 
I. 3(1+0.01r)* =7 


3(1+2r)" =7 
IV. 3(1—r)* =7 


Without solving them, say whether the equations in Prob- 
lems 71-80 have a positive solution, a negative solution, a 
zero solution, or no solution. Give a reason for your answer. 


71. 25-37 = 15 72. 13-5°+1 = 5% 
73. (0.1)* =2 74. 5(0.5)¥ =1 

75. 5 = —(0.7)" 76. 28 = 7(0.4)* 
77. CS 28(0.4)* 78. 0.01(0.3)' = 0.1 
79. 10° =7-5! 80. 4° -3' =5 
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PREFACE 


Algebra is fundamental to science, engineering, and business. Its efficient use of symbols to represent 
complex ideas has enabled extraordinary advances throughout the natural and social sciences. To be success- 
ful in any quantitative field, students need to master both symbolic manipulation and algebraic reasoning. 


Balance: Manipulation and Interpretation 


The fact that algebra can be encapsulated in rules sometimes encourages students to try and learn the sub- 
ject merely as a set of rules. However, both manipulative skill and understanding are required for fluency. 
Inadequate practice in manipulation leads to frustration; inadequate attention to understanding leads to mis- 
conceptions, which easily become firmly rooted. Therefore we include both drill and conceptual exercises to 
develop skill and understanding together. 

By balancing practice in manipulation and opportunities to see the big picture, we offer a way for teach- 
ers to help students achieve fluency. Our approach is designed to give students confidence with manipulations 
as well as a solid understanding of algebraic principles, which help them remember the many different ma- 
nipulations they need to master. 


Laying the Foundation: Expressions and Equations 


We start the book by revisiting the two fundamental ideas that underpin algebra: expressions and equations. 
The distinction between the two is fundamental to understanding algebra—and to choosing the appropriate 
manipulation. After introducing each type of function, we study the types of expressions and the types of 
equations it generates. We pay attention to the meaning and purpose of expressions and equations in various 
contexts. On these foundations we proceed to study how each type of function is used in mathematical 
modeling. 


Achieving Algebraic Power: Strategic Competence 


We help students use algebra effectively by giving them practice in identifying the manipulation needed for 
a particular purpose. For each type of function, we give problems about recognizing algebraic forms and 
understanding the purpose of each form. 


Functions and Modeling 


Students who have a grasp of both the basic skills and the basic ideas of algebra, and a strategic sense of how 
to deploy them, discover a new confidence in applying their knowledge to the natural and social sciences. 
Mastery of algebra enables students to attack the multi-step modeling problems that we supply for each type 
of function. 


Technology and Pedagogy 


The classes who used the preliminary edition of this book were taught in a variety of pedagogical styles and 
a mix of lecture and discussion. The students in these classes used a range of technologies, from none to 
computer algebra systems. The emphasis on understanding enables this book to be used successfully with all 
these groups. 


Student Background 


We expect students who use this book to have completed high school algebra. Familiarity with basic manip- 
ulations and functional forms enables students to build on their knowledge and achieve fluency. 

After completing this course, students will be well-prepared for precalculus, calculus, and other subse- 
quent courses in mathematics and other disciplines. The focus on interpreting algebraic form, supported by 
graphical and numerical representations, enables students to obtain a deeper understanding of the material. 
Our goal is to help bring students’ understanding of mathematics to a higher level. Whether students go on 
to use “reform” texts, or more traditional ones, this knowledge will form a solid foundation for their future 
studies. 


Content 


This content represents our vision of how algebra can be taught. 


Chapter 1: The Key Concepts of Algebra 


In this chapter we look at the the basic ideas of expression and equation, and at the difference between 
them. We discuss the underlying principles for transforming expressions, and we construct, read, and analyze 
examples of expressions and equations. 


Chapter 2: Rules for Expressions and the Reasons for Them 


This chapter reviews the rules for manipulating expressions that flow from the basic rules of arithmetic, 
particularly the distributive law, which provides the underlying rationale for expanding, factoring, combining 
like terms, and many of the manipulations of algebraic fractions. 


Chapter 3: Rules for Equations and the Reasons for Them 


This chapter reviews the rules for transforming equations and inequalities, laying the foundation for the 
more complicated methods of solving equations that are covered in later chapters. It also covers equations 
involving absolute values. 


Chapter 4: Functions, Expressions, and Equations 


In this chapter we consider functions defined by algebraic expressions and how equations arise from func- 
tions. We consider other ways of describing functions—graphs, tables, and verbal descriptions—that are 
useful in analyzing functions. We look at the average rate of change and conclude the chapter with a discus- 
sion of proportionality as an example of modeling with functions. 


Chapter 5: Linear Functions, Expressions, and Equations 


In this chapter we introduce functions that represent change at a constant rate. We consider different forms for 
linear expressions and what each form reveals about the function it expresses. We see how linear equations 
in one and two variable arise in the context of linear functions. We use linear functions to model data and 
applications. We conclude the chapter with a discussion of systems of linear equations. 


Chapter 6: Rules for Exponents and the Reasons for Them 


This chapter reviews the rules for exponents, including fractional exponents, and rules for manipulating 
expressions involving radicals. 


Chapter 7: Power Functions, Expressions, and Equations 


Power functions express relationships in which one quantity is proportional to a power of another. We relate 
the basic graphical properties of a power function to the properties of the exponent and use the laws of 
exponents to put functions in a form where the exponent can be clearly recognized. We consider equations 
involving power functions and conclude with applications that can be modeled by power functions. 


Chapter 8: More on Functions 


In this chapter we use what we have learned about analyzing algebraic expressions to study functions in more 
depth. We consider the possible inputs and outputs of functions (domain and range), see how functions can 
be built up from, and decomposed into, simpler functions, and consider how to construct inverse functions 
by reversing the operations from which they are made up. 


Chapter 9: Quadratic Functions, Expressions, and Equations 


We start this chapter by looking at quadratic functions and their graphs. We then consider the different forms 
of quadratic expressions—standard, factored, and vertex form—and show how each form reveals a different 
property of the function it defines. We consider two important techniques for solving quadratic equations: 
completing the square and factoring. The first technique leads to the quadratic formula. 


Chapter 10: Exponential Functions, Expressions, and Equations 


In this chapter we consider exponential functions such as 2” and 3”, in which the base is a constant and the 
variable is in the exponent. We show how to interpret different forms of exponential functions. For example, 
we see how to interpret the base to give the growth rate and how to interpret exponents in terms of growth 
over different time periods. We then look at exponential equations. Although they cannot be solved using 
the basic operations introduced so far, we show how to find qualitative information about solutions and how 
to estimate solutions to exponential equations graphically and numerically. We conclude with a section on 
modeling with exponential functions. 


Chapter 11: Logarithms 


In this chapter we develop the properties of logarithms from the properties of exponents and use them to solve 
exponential equations. We explain that logarithms do for exponential equations what taking roots does for 
equations involving powers: They provide a way of isolating the variable so that the equation can be solved. 
We consider applications of logarithms to modeling, and conclude with a section on natural logarithms and 
logarithms to other bases. 


Chapter 12: Polynomials 


In this chapter, as in the chapter on quadratics, we consider the form of polynomial expressions, including the 
factored form, and study what form reveals about different properties of polynomial functions. We conclude 
with a section on the long-run behavior of polynomials. If desired, Chapters 12 and 13 could be taught 
immediately after Chapter 9. 


Chapter 13: Rational Functions 


In this chapter we look at the graphical and numerical behavior of rational functions on both large and small 
scales. We examine the factored form and the quotient form of a rational function, and consider horizontal, 
vertical, and slant asymptotes. 


Chapter 14: Summation Notation 


This brief chapter of one section introduces subscripted variables and summation notation in preparation for 
the following three chapters. 


Chapter 15: Sequences and Series 


In this chapter we consider arithmetic and geometric sequences and series, and their applications. We also 
look briefly at recursively defined sequences. 


Chapter 16: Matrices and Vectors 


This chapter introduces matrices and vectors from an algebraic point of view, using concrete examples to 
motivate matrix multiplication and multiplication of vectors by matrices. We cover the use of matrices in 
describing linear equations and discuss the purpose of echelon form, concluding with an introduction to row 
reduction. 


Chapter 17: Probability and Statistics 


In this chapter we discuss the mean and standard deviation as ways of describing data sets, and provide a brief 
introduction to concepts of probability, including a discussion of conditional probability and independence. 


Changes since the Preliminary Edition 


In response to reviewer comments and suggestions, we have made the following changes since the prelimi- 
nary edition. 
e Added four new chapters on summation notation, sequences and series, matrices, and probability and 
statistics. 


Split the initial chapter reviewing basic skills into three shorter chapters on rules and the reasons for 
them. 


e Added Solving Drill sections at the end of the chapters on linear, power, and quadratic functions. These 
sections provide practice solving linear, power, and quadratic equations. 

e Added material on radical expressions to Chapter 6, the chapter on the exponent rules. 

e Added material on solving inequalities, as well as absolute value equations and inequalities, to Chapter 3, 
the chapter on rules for equations. 


e Added more exercises and problems throughout. 


Supplementary Materials 


The following supplementary materials are available for the First Edition: 

e Instructor’s Manual (ISBN 978-0470-57088-3) contains information on planning and creating lessons 
and organizing in-class activities. There are focus points as well as suggested exercises, problems and 
enrichment problems to be assigned to students. This can serve as a guide and check list for teachers 
who are using the text for the first time. 


e Instructor’s Solution Manual (ISBN 978-0470-57258-0) with complete solutions to all problems. 


e Student’s Solution Manual (ISBN 978-047 1-71336-4) with complete solutions to half the odd-numbered 
problems. 


e Student’s Study Guide (ISBN 978-0471-71334-0) with key ideas, additional worked examples with 
corresponding exercises, and study skills. 


ConcepTests 


ConcepTests (ISBN 978-0470-59253-3), modeled on the pioneering work of Harvard physicist Eric 
Mazur, are questions designed to promote active learning during class, particularly (but not exclusively) 
in large lectures. Our evaluation data show students taught with ConcepTests outperformed students 
taught by traditional lecture methods 73% versus 17% on conceptual questions, and 63% versus 54% on 
computational problems. A new supplement to Algebra: Form and Function, containing ConcepTests by 
section, is available from your Wiley representative. 


About the Calculus Consortium 


The Calculus Consortium was formed in 1988 in response to the call for change at the “Lean and Lively 
Calculus” and “Calculus for a New Century” conferences. These conferences urged mathematicians to re- 
design the content and pedagogy used in calculus. The Consortium brought together mathematics faculty 
from Harvard, Stanford, the University of Arizona, Southern Mississippi, Colgate, Haverford, Suffolk Com- 
munity College and Chelmsford High School to address the issue. Finding surprising agreement among their 
diverse institutions, the Consortium was awarded funding from the National Science Foundation to design a 
new calculus course. A subsequent NSF grant supported the development of a precalculus and multivariable 
calculus curriculum. 

The Consortium’s work has produced innovative course materials. Five books have been published. The 
first edition Calculus was the most widely used of any first edition calculus text ever; the precalculus book 
is currently the most widely used college text in the field. Books by the Consortium have been translated 
into Spanish, Portuguese, French, Chinese, Japanese, and Korean. They have been used in Australia, South 
Africa, Turkey, and Germany. 

During the 1990s, the Consortium gave more than 100 workshops for college and high school faculty, in 
addition to numerous talks. These workshops drew a large number of mathematicians into the discussion on 
the teaching of mathematics. Rare before the 1990s, such discussions are now part of the everyday discourse 
of almost every university mathematics department. By playing a major role in shaping the national debate, 
the Consortium’s philosophy has had widespread influence on the teaching of mathematics throughout the 
US and around the world. 

During the 1990s, about 15 additional mathematics faculty joined the Consortium. The proceeds from 
royalties earned under NSF funding were put into a non-profit foundation, which supported efforts to improve 
the teaching of mathematics. 

Since its inception, the Calculus Consortium has consisted of members of high school, college, and 
university faculty, all working together toward a common goal. The collegiality of such a disparate group of 
instructors is one of the strengths of the Consortium. 
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To Students: How to Learn from this Book 


This book may be different from other mathematics textbooks that you have used, so it may be helpful to know 
about some of the differences in advance. At every stage, this book emphasizes the meaning (in algebraic, 
practical, graphical or numerical terms) of the symbols you are using. There is more emphasis on the inter- 
pretation of expressions and equations than you may expect. You will often be asked to explain your ideas in 
words. 

Why does the book have this emphasis? Because understanding is the key to being able to remember and 
use your knowledge in other courses and other fields. Much of the book is designed to help you gain such an 
understanding. 


The book contains the main ideas of algebra written in plain English. It was meant to be read by students like 
yourself. Success in using this book will depend on reading, questioning, and thinking hard about the ideas 
presented. It will be helpful to read the text in detail, not just the worked examples. 


There are few examples in the text that are exactly like the homework problems, so homework problems can’t 
be done by searching for similar-looking “worked out” examples. Success with the homework will come by 
grappling with the ideas of algebra. 


Many of the problems in the book are open-ended. This means that there is more than one correct approach 
and more than one correct solution. Sometimes, solving a problem relies on common sense ideas that are not 
stated in the problem explicitly but which you know from everyday life. 


The following quote from a student may help you understand how some students feel. “I find this course more 
interesting, yet more difficult. Some math books are like cookbooks, with recipes on how to do the problems. 
This math requires more thinking, and I do get frustrated at times. It requires you to figure out problems on 
your own. But, then again, life doesn’t come with a cookbook.” 


This book attempts to give equal weight to three skills you need to use algebra successfully: interpreting form 
and structure, choosing the right form for a given application, and transforming an expression or equation into 
the right form. There are many situations where it is useful to look at the symbols and develop a strategy before 
going ahead and “doing the math.” 


Students using this book have found discussing these problems in small groups helpful. There are a great many 
problems which are not cut-and-dried; it can help to attack them with the other perspectives your classmates 
can provide. Sometimes your teacher may organize the class into groups to work together on solving some of 
the problems. It might also be helpful to work with other students when doing your homework or preparing 
for exams. 


You are probably wondering what you’ ll get from the book. The answer is, if you put in a solid effort, you will 
get a real understanding of algebra as well as a real sense of how mathematics is used in the age of technology. 


WileyPLUS 


This online teaching and learning environment integrates the entire digital textbook with the most effective instruc- 
tor and student resources to fit every learning style. With WileyPLUS: 
e Students achieve concept mastery in a rich, structured environment that's available 24/7. 


e Instructors personalize and manage their course more effectively with assessment, assignments, grade tracking, 
and more. 
WileyPLUS can complement your current textbook or replace the printed text altogether. 


For Students: Personalize the Learning Experience 


Different learning styles, different levels of proficiency, different levels of preparation—each student is unique. 
WileyPLUS empowers each student to take advantage of his or her individual strengths: 

e Students receive timely access to resources that address their demonstrated need. Practice and homework 
questions linked to study objectives allow students and instructors to have a better understanding of areas 
of mastery and areas needing improvement, including the ability to link to “self study” resources based on 
performance. 


e Integrated multimedia resources provide multiple study-paths to fit each student’s learning preferences and 
encourage more active learning. 


e WileyPLUS includes many opportunities for self-assessment linked to the relevant portions of the text. Stu- 
dents can take control of their own learning and practice until they master the material. 


For Instructors: Personalize the Teaching Experience 


WileyPLUS empowers you with the tools and resources you need to make your teaching even more effective: 
e You can customize your classroom presentation with a wealth of resources and functionality ranging from 
PowerPoint slides to a database of rich visuals. You can even add your own materials to your WileyPLUS 
course. 


e With WileyPLUS you can identify those students who are falling behind and intervene accordingly, without 
having to wait for them to come to office hours. 


e Diagnostics: 


- WileyPLUS simplifies and automates such tasks as assessing student performance, making assignments, 
scoring student work, keeping grades, and more. 

- WileyPLUS questions are evaluated by Maple. This means questions are graded accurately the first time, 
saving you time and instilling confidence in your students. 

- WileyPLUS includes a “Show Work” feature. This virtual whiteboard allows students to show their work 
in WileyPLUS and submit it electronically in their homework assignment. Now you can take a closer look 
at how students came up with their answers and see where your students may be struggling. 

- Algorithmic graphing problems in WileyPLUS allow students to draw lines and curves on graphs to an- 
swer graphing problems, simulating paper-and-pencil homework. This provides students with extensive 
graphing practice to improve their course grade. 
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1.1 EXPRESSIONS 


Example 1 


Solution 


An algebraic expression is a way of representing a calculation, using letters to stand for numbers. 
For example, the expression 


arh, 


which gives the volume of a cylinder of radius r and height h, describes the following calculation: 
e square the radius 


e multiply by the height 

e multiply by z. 
Notice that the verbal description is longer than the expression and that the expression enables us to 
see in compact form all the features of the calculation at once. 


(a) Describe a method for calculating a 20% tip on a restaurant bill and use it to calculate the tip on 
a bill of $8.95 and a bill of $23.70. 
(b) Choosing the letter B to stand for the bill amount, represent your method in symbols. 


(a) Taking 20% of a number is the same as multiplying it by 0.2, so 


Tip on $8.95 = 0.2 x 8.95 = 1.79 dollars 
Tip on $23.70 = 0.2 x 23.70 = 4.74 dollars. 


(b) The tip ona bill of B dollars is 0.2 x B dollars. Usually in algebra we leave out the multiplication 
sign or represent it with a dot, so we write 


(0775 Saeko) ae Oo 


We call the letters r, h, and B variables, because they can stand for various different numbers. 


Evaluating Algebraic Expressions 


Example 2 


Solution 


If we give particular values to the variables, then we can find the corresponding value of the expres- 
sion. We call this evaluating the expression. 


Juan’s total cost for 5 bags of chips at $c each and 10 bottles of soda at $s each is given by 
Total cost = 5c + 10s. 

If a bag of chips costs $2.99 and a bottle of soda costs $1.29, find the total cost. 

We have c = 2.99 and s = 1.29, so 


Total cost = 5¢+ 10s = 5- 2.99 + 10- 1.29 = 27.85 dollars. 


Usually, changing the value of the variables changes the value of the expression. 


Example 3 


Solution 


Evaluate 3a — 4y and 4x? + 9x + 7y using 
(Qi — ) 2=—4, 0973; 


(a) If 2 = 2 and y = —5, then 


34 — 4y = 3-2 —4-(—5) =6+20 = 
de? + 9n + Ty = 4-27 +9-247(-5) = 164 18-35 =-1. 


(b) If x = —2 and y = 3, then 


3a — 4y = 3-(—2)—4-3 =-6-12 =-18 
Age = Og E (gpd (— 2) (9) 3 — 16 18 ot — 19, 


How Do We Read Algebraic Expressions? 


Example 4 


Solution 


Example 5 


Solution 


One way to read an expression is to give a verbal description of the calculation that it represents. 


The surface area of a cylinder of radius r and height h is given by the formula 
Surface area = 2ar? + 2mrh. 
Describe in words how the surface area is computed. 


First square the radius and multiply the result by 27, then take the product of the radius and the 
height and multiply the result by 277; then add the results of these two calculations. 


Because algebraic notation is so compact, similar expressions can have quite different values. 
Paying attention to the way operations are grouped using parentheses is particularly important. 


In each of the following pairs, the second expression differs from the first by the introduction of 
parentheses. Explain what difference this makes to the calculation and choose values of the variables 
that illustrate the difference. 


Gye 2r and 27)" (b) 21+ wand 2(1 + w) (c) 3-x2+yand3—(r+y) 


In each case the parentheses change the order in which we do the calculation, which changes the 
value of the expression. 


(a) In the expression 2x”, we square the number x and multiply the result by 2. In (2x)?, we 
multiply the number z by 2 then square the product. For example, if x = 3, the first calculation 
gives 2 - 9 = 18, whereas the second gives 67 = 36. 

(b) In 21 + w, we begin with two numbers, / and w. We double / and add w to it. In 2(1 + w), we 
add I to w, then double the sum. If / = 3 and w = 4, then the first calculation gives 6 + 4 = 10, 
whereas the second gives 2-7 = 14. 

(c) In3—a+y, we subtract x from 3, then add y. In 3 — (a + y) we add « and y, then subtract the 
sum from 3. If x = 1 and y = 2, then the first calculation gives 2 + 2 = 4, whereas the second 
gives 3—3=0. 


Example 6 


Solution 


Example 7 


Solution 


Example 8 


Breaking Expressions into Simpler Pieces 


Longer expressions can be built up from simpler ones. To read a complicated expression, we can 
break the expression into a sum or product of parts and analyze each part. The parts of a sum are 
called terms, and the parts of a product are called factors. 


Describe how each expression breaks down into parts. 
iL R+8 
(a) sh(a +0) (b) 3(c—y) +4(@+y) (c) 


RS ~ 


(a) This expression is the product of three factors, 1/2, h, and a + b. The last factor is the sum of 
two terms, a and b. 

(b) This expression is the sum of two terms, 3(a — y) and 4(x + y). The first term is the product of 
two factors, 3 and x — y, and the second is the product of 4 and x + y. The factors x — y and 
x + y are each sums of two terms. 

(c) This expression is a quotient of two expressions. The numerator is the sum of two terms, R and 
S, and the denominator is the product of two factors, R and S. 


Comparing the Value of Two Expressions 


Thinking of algebraic expressions as calculations with actual numbers can help us interpret them 
and compare their value. 


Suppose p and q represent the price in dollars of two brands of MP3 player, where p > g. Which 
expression in each pair is larger? Interpret your answer in terms of prices. 


(a) p+qand 2p (b) p+0.05pandq+0.05q (c) 500 —p and 500 — gq. 


(a) The first expression is the sum of p and q, whereas the second is the sum of p with itself. Since 
p > q, we have 2p = p+ p > p+q, so the second expression is larger. This says that the price 
of two of the expensive brand is more than the price of one of each brand. 

(b) We already know p > q, which means 0.05p > 0.05q as well, so the first expression is larger. 
This says that the cost after a 5% tax is greater for the expensive brand than for the cheap one. 

(c) Subtracting a larger number leaves a smaller result, so 500 — p < 500 — q. This says that you 
have less money left over from $500 after buying the more expensive brand. 


Finding the Hidden Meaning in Expressions 


Just as English sentences can have a hidden meaning that emerges on a second or third reading, 
algebraic expressions can have hidden structure. Comparing different expressions of the same type 
helps reveal this structure. 


Guess possible values of x and y that make each expression have the form 


(a+y)+ay 
a 
3+4 3-4 10+ 21 p, 3 6 
gj, ae as = (b) - (oy a ie 


Solution 


(a) Ifa~ = 3 and y = 4, then 
(dem) hea ae ae led! 
= eS 
(b) Here we want 
oa Maeey Oe zal 
2 a oe 
so we want x + y = 10 and xy = 21. Possible values are x = 7 and y = 3. 
(c) Here we want x + y = 2r + 3s and xy = 6rs. Since (2r)(3s) = 6rs, we can choose x = 2r 
and y = 3s. Notice that in this case the value we have given to x and y involves other variables, 
rather than specific numbers. 


How Do We Construct Algebraic Expressions? 


Example 9 


Solution 


Example 10 


Solution 


In Example 4 we converted an algebraic expression into a verbal description of a calculation. Con- 
structing algebraic expressions goes the other way. Given a verbal description of a calculation, we 
choose variables to represent the quantities involved and construct an algebraic expression from the 
description. 


A corporate bond has a face value of p dollars. The interest each year is 5% of the face value. After 
t years the total interest is the product of the number of years, t, and the interest received each year. 
The payout is the sum of the face value and the total interest. 


(a) Write an expression for the total interest after t years. 
(b) Write an expression for the payout after t years. 


(a) The variables are the number of years, t, and the face value, p. Because 5% = 0.05, the interest 
each year is 0.05 - (Face value), so the total interest is given by 


Total interest = (Number of years) - 0.05 - (Face value) = t0.05p = 0.05tp. 


(Although it is not mathematically necessary to rewrite t0.05p as 0.05tp, we do so because it is 
customary to place constants in front of variables in a product.) 
(b) The payout is the sum of the face value and the total interest and is given by 


Payout = p + 0.05tp. 


A student’s grade in a course depends on a homework grade, h, three test grades, t;, t2, and t3, 
and a final exam grade, f. The course grade is the sum of 10% of the homework grade, 60% of the 
average of the three test grades, and 30% of the final exam grade. Write an expression for the course 
grade. 


The grade is the addition of three terms: 


Course grade = 10% of homework + 60% of test average + 30% of final 


& +12 + &3 
3 


= 0.10h + 0.60 ( + 0.30f. 


Exercises for Section 1.1 
EXERCISES 


MiIn Exercises 1-7, evaluate the expression using the values 
given. 


1. 32? — 2y?,a=3,y=-1 
16¢? + 64t + 128,t =3 
. (0.52 + 0.1w)/t, z = 10, w = 
. (1/4)(@ + 3)? —1,2 =—-7 

. (a+b)?,a=—-5,b=3 
» ( 
» ( 


100, ¢ = —10 


1/2)h(B +b),h =10,B=6,b=8 
(b—2)? +3y)/2—6/(x—-1),b=—-1,n=2,y=1 


NA uw Bw WN 


Min Exercises 8-11, describe the calculation given by each 
expression and explain how they are different. 


8. p+q/3 and (p+q)/3 9. (2/3) /x and 2/(3/zx) 


10. a—(b—x) anda—b—x 11. 3a + 4a? and 12a" 


MiIn Exercises 12-15, describe the sequence of operations that 
produces the expression. 


12. 2(u+1) 13. 2u+1 


14. 1-3(B/2+4) 15. 3—2(s +5) 


WiSuppose P and Q give the sizes of two different animal pop- 
ulations, where Q > P. In Exercises 16-19, which of the 
given pair of expressions is larger? Briefly explain your rea- 
soning in terms of the two populations. 


16. P+ Qand2P 

P P+Q 
Pao 8 5 
18. (Q — P)/2 and Q — P/2 


19. P+50t and Q + 50t 


17. 


PROBLEMS 


MiIn Exercises 20-23, write an expression for the sequence of 
operations. 


20. Subtract x from 1, double, add 3. 
21. Subtract 1 from x, double, add 3. 
22. Add 3 to x, subtract the result from 1, double. 
23. Add 3 to x, double, subtract 1 from the result. 


MiIn Exercises 24—27, write an expression for the sales tax on 
a car. 


24. Tax rate is 7%, price is $p. 

25. Tax rate is r, price is $20,000. 

26. Tax rate is 6%, price is $1000 off the sticker price, Sp. 
27. Tax rate is r, price is 10% off the sticker price, Sp. 


28. A caterer for a party buys 75 cans of soda and 15 bags 
of chips. Write an expression for the total cost if soda 
costs s dollars per can and chips cost c dollars per bag. 


29. Apples are 99 cents a pound, and pears are $1.25 a 
pound. Write an expression for the total cost, in dol- 
lars, of a pounds of apples and p pounds of pears. 


30. (a) Write an expression for the total cost of buying 8 
apples at $a each and 5 pears at $p each. 
(b) Find the total cost if apples cost $0.40 each and 
pears cost $0.75 each. 


31. (a) Write an expression for the total cost of buying s 
sweatshirts at $50 each and ¢ t-shirts at $10 each. 
(b) Find the total cost if the purchase includes 3 sweat- 
shirts and 7 t-shirts. 


32. (a) Pick two numbers, find their sum and product, and 
then find the average of their sum and product. 
(b) Using the variables x and y to stand for the two 
numbers, write an algebraic expression that repre- 
sents this calculation. 


33. To buy their mother a gift costing $c, each child con- 
tributes ©. 
5 


(a) How many children are there? 

(b) If the gift costs $200, how much does each child 
contribute? 

(c) Find the value of c if each child contributes $50. 

(d) Write an expression for the amount contributed by 
each child if there are 3 children. 


34. The number of people who attend a concert is 160 — p 
when the price of a ticket is $p. 


(a) What is the practical interpretation of the 160? 

(b) Why is it reasonable that the p term has a negative 
sign? 

(c) The number of people who attend a movie at ticket 
price $p is 175 — p. If tickets are the same price, 
does the concert or the movie draw the larger au- 
dience? 


(d) The number of people who attend a dance perfor- 
mance at ticket price $p is 160 — 2p. If tickets are 
the same price, does the concert or the dance per- 
formance draw the larger audience? 


WOil well number | produces r; barrels per day, and oil well 
number 2 produces r2 barrels per day. Each expression in 
Problems 35-40 describes the production at another well. 
What does the expression tell you about the well? 


1 
35. rit+re 36. 2r1 37. 3” 
ri +e 


38. r1 — 80 39, 5 


40. 3(r1 + r2) 


41. The perimeter of a rectangle of length / and width w is 
2l + 2w. Write a brief explanation of where the con- 
stants 2 in this expression come from. 


42. A rectangle with base b and height h has area bh. A tri- 
angle with the same base and height has area (1/2)bh. 
Write a brief explanation of where the 1/2 in this ex- 
pression comes from by comparing the area of the tri- 
angle to the area of the rectangle. 


Min Problems 43-45 assume a person originally owes $B 
and has made n payments of $p each. Assume no interest 
is charged. 


43. What does the expression B — np represent in terms of 
the person’s debt? 


44. Write an expression for the number of $p payments re- 
maining before this person pays off the debt after he 
has made n payments. 


45. Suppose B = 5np. How many payments are required 
in total to pay it off? How many more payments must 
be made after n payments have been made? 


MiIn Problems 46-49, say which of the given pair of expres- 
sions is larger. 


46. 10+ t? and 9 — t? 


6 2 
47. ag te +3 
48. (s” + 2)(s” + 3) and (s* + 1)(s? + 2) 
49. 12 12 


z2+A4 ane 2243 

50. A teacher calculates the course grade by adding the 
four semester grades gi, g2, g3, and ga, then adding 
twice the final grade, f, then dividing the total by 6. 
Write an expression for the course grade. 


51. 


It costs a contractor $p to employ a plumber, $e to em- 
ploy an electrician, and $c to employ a carpenter. 


(a) Write an expression for the total cost to employ 4 
plumbers, 3 electricians, and 9 carpenters. 

(b) Write an expression for the fraction of the total 
cost in part (a) that is due to plumbers. 

(c) Suppose the contractor hires P plumbers, F elec- 
tricians, and C’ carpenters. Write expressions for 
the total cost for hiring these workers and the frac- 
tion of this cost that is due to plumbers. 


MiIn Problems 52-55, decide whether the expressions can be 
put in the form 


ax 
ata 


For those that are of this form, identify a and x. 


3y 676? 
52. y+3 §3. b2 + 62 
2 
54. 8y 55. 5(y* +3) 
Ady + 2 y2+8 


MiIn Problems 56-58, you have p pennies, n nickels, d dimes, 
and q quarters. 


56. 
D7. 
58. 


59. 


60. 


61. 


62. 


Write an expression for the total number of coins. 
Write an expression for the dollar value of these coins. 


Write an expression for the total number of coins if you 
change your quarters into nickels and your dimes into 
pennies. 


A car travels from Tucson to San Francisco, a distance 
of 870 miles. It has rest stops totaling 5 hours. While 
driving, it maintains a speed of v mph. Give an expres- 
sion for the time it takes. What is the difference in time 
taken between a car that travels 65 mph and a car that 
travels 75 mph? 


Write an expression that is the sum of two terms, the 
first being the quotient of x and z, the second being the 
product of L + 1 with the sum of y and 2k. 


To determine the number of tiles needed to cover A 
square feet of wall, a tile layer multiplies A by the 
number of tiles in a square foot and then adds 5% to 
the result to allow for breakage. If each tile is a square 
with side length 4 inches, write an expression for the 
number of tiles. 


Five quizzes are taken and the average score is x. A 
sixth quiz is taken and the score on it is s. Write an 
expression for the average score on all six quizzes. 


Min Problems 63-64, a farm planted with A acres of corn 66. 
yields 6 bushels per acre. Each bushel brings $p at market, 
and it costs $c to plant and harvest an acre of corn. 
63. What do the expressions cA and pb represent for the 
farm? 


64. Write a simplified expression for the farm’s overall 
profit (or loss) for planting, harvesting, and selling its 


corm. 


MiIn Problems 65-67, each row of the table is obtained by per- 
forming the same operation on all the entries of the previous 
row. Fill in the blanks in the table. 


[sto ry 2 | 
HL 68. The volume of a cone with radius r and height h is 


65. 


67. 


2 
3 
/ 2 

given by the expression (1/3)mr“h. Write an expres- 
2 sion for the volume of a cone in terms of the height h 


| | 2 [oo | -12 | if the radius is equal to half of the height. 


1.2 EQUATIONS 


Example 1 


Solution 


An equation is a statement that two expressions are equal. Equations often arise when we want to 
find a value of a variable that makes two different expressions have the same value. A value of the 
variable that makes the expressions on either side of an equation equal to each other is called a 
solution of the equation. A solution makes the equation a true statement. 


You have a $10 discount certificate for a pair of pants. When you go to the store you discover that 
there is a 25% off sale on all pants, but no further discounts apply. For what tag price do you end up 
paying the same amount with each discount method? 


Let p be the tag price, in dollars, of a pair of pants. With the discount certificate you pay p — 10, 
and with the store discount you pay 75% of the price, or 0.75p. You want to know what values of p 
make the following statement true: 

p—10=0.75p. 


Table 1.1 shows that you pay the same price with either discount method when the tag price is $40, 
but different prices when p = 20, 30, 50 or 60. 


Table 1.1. Comparison of two discount methods 


Tag price, p (dollars) 60 
Discount certificate, p — 10 50 
Store discount, 0.75p 45 


So p = 40 is a solution to the equation, but the other values of p are not. 


In Example 1 we found one solution to the equation, but we did not show that there were not 
any other solutions (although it seems unlikely). Finding all the solutions to an equation is called 
solving the equation. 


In general, an equation is true for some values of the variables and false for others. To test 
whether a number is a solution, we evaluate the expression on each side of the equation and see if 


we have an equality. 


Example 2 


Solution 


For each of the following equations, which of the given values is a solution? 


(a) 3—4t =5 — (2+), for the values t = —3, 0. 
(b) 327 + 5 = 8, for the values x = —1,0,1. 


(a) We have: 


fort = —3, the equation says 3 -—4(—3)=5-—(2+(-3)), thatis, 15 =6, 
fort = 0, the equationsays 3—4-0=5-—(2+40), eis, B=d. 


So t = —3 is not a solution to the equation, and ¢ = 0 is a solution. 
(b) We have: 


for z = —1, the equationsays 3(—1)?+5=8, thatis, 8=8 
for x = O, the equations says d2 07 5/6, thatis.) 5 — 6 
for z = 1, the equations says 3.1745 — 8, thatis, S—s. 


Both z = —1 and x = 1 are solutions, but z = 0 is not a solution. Notice that the equation has 
more than one solution. 


The Difference between Equations and Expressions 


Example 3 


Solution 


An equation must have an equal sign separating the expressions on either side. An expression never 
has an equal sign. For example, 3(a — 5) + 6 — « is an expression, but 3(a — 5) + 6 — # = Ois an 
equation. Although they look similar, they mean quite different things. One way to avoid confusion 
is to interpret the meaning of an expression or an equation. 


You have $10.00 to spend on n bottles of soda, costing $1.50 each. Are the following expressions? 
Equations? Give an interpretation. 


(a) 1.50n (b) 1.50n = 6.00 
(c) 10—1.50n (d) 10—1.50n = 2.50 


(a) This is an expression representing the cost of n bottles of soda. 

(b) This is an equation, whose solution is the number of bottles that can be purchased for $6.00. 

(c) This is an expression representing the amount of money left after buying n bottles of soda. 

(d) This is an equation, whose solution is the number of bottles you bought if the change you 
received was $2.50. 


Solving Equations 


In Example 2 we saw how to look for solutions to equations by trial and error. However, we cannot 
be sure we have all the solutions by this method. But if an equation is simple enough, we can often 
reason out the solutions using arithmetic. 


Example 4 


Solution 


Example 5 


Solution 


Example 6 


Solution 


Find all the solutions to the following equations. 
©) ara = ily (b) 20=4a (C)es)/3.— 22 GQ. ge =28 


(a) There is only one number that gives 17 when you add 5, so the only solution is x = 12. 

(b) Here the product of 4 and a is 20, so a = 5 is the only solution. 

(c) Here 22 must be one third of s, so s must be 3 - 22 = 66. 

(d) The only numbers whose squares are 49 are 7 and —7, so g = 7 and g = — are the solutions. 


In later chapters we see how to solve more complicated equations. 
Finding Solutions by Looking for Structure in Equations 


Even when it is not easy to find all solutions to an equation, it is sometimes possible to see one of 
the solutions by comparing the structure of the expressions on each side. 


Give a solution to each equation. 


(a) ere (ear 


3 
(©) Y=2>2-9 (d) #?—5t?+5t-1=0 


(a) The only way a fraction can equal one is for the numerator to equal the denominator. Therefore, 
x +1 must be 5, so x = 4. 

(b) The only way a fraction can equal zero is for the numerator to be zero. Therefore x = 7. 

(c) The left side is the negative of the right side, so the equation requires a number to equal its own 
negative. The only such number is zero. So 9 — z and z — 9 are both zero, and z = 9. 

(d) The constants multiplying the powers of x on the left side add to zero. Therefore, if ¢ = 1, 


Coe +e —1 SH 5 4 1S 0, 
so t = 1 is a solution. There could be other solutions as well. 
With some equations, it is possible to see from their structure that there is no solution. 
For each of the following equations, why is there no solution? 


32+1 =F 
3a +2 


(a) 2? =-—4 (D) bStcr ll (c) (dq) Vwt4=—3 


(a) Since the square of any number is positive, this equation has no solutions. 

(b) No number can equal one more than itself, so there are no solutions. 

(c) A fraction can equal one only when its numerator and denominator are equal. Since the denom- 
inator is one larger than the numerator, the numerator and denominator can never be equal. 

(d) The square root of a number must be positive. Therefore, this equation has no solutions. 


What Sort of Numbers Are We Working With? 


If you know about complex numbers, then you know that Example 6(a) has two solutions that 
are complex numbers, 22 and —272 (we review complex numbers in Section 9.5). Thus it has no 
real solutions, but has two complex solutions. Unless otherwise specified, in this book we will be 
concerned only with solutions that are real numbers. 


Using Equations to Solve Problems 


Example 7 


Solution 


Example 8 


Solution 


A problem given verbally can often be solved by translating it into symbols and solving an equation. 


You will receive a C in a course if your average on four tests is between 70 and 79. Suppose you 
scored 50, 78, and 84 on the first three tests. Write an equation that allows you to determine the 
lowest score you need on the fourth test to receive a C. What is the lowest score? 


To find the average, we add the four test scores and divide by 4. If we let g represent the unknown 
fourth score, then we want 


50+78+844+g 212+g _ 


z 7 70. 


Since the numerator must be divided by 4 to obtain 70, the numerator has to be 280. So g = 68. 


A drought in Central America causes the price of coffee to rise 25% from last year’s price. You have 
a $3 discount coupon and spend $17.00 for two pounds of coffee. What did coffee cost last year? 


If we let c represent the price of one pound of coffee last year, then this year’s price would be 25% 
more, which is 
GaLWmaye = Ilya, 


Two pounds of coffee would cost 2(1.25c). When we subtract the discount coupon, the cost would 
be 2(1.25c) — 3. Since we spent $17.00, our equation is 


2(1.25c) — 3 = 17, 


or 
RC = 3 = 7. 
Thus 
DO = I te By = FAN), 
so 


c= 20/2.5 = 8. 


This means that the price of coffee last year was $8 per pound. 


Exercises for Section 1.2 


EXERCISES 
MiIn Exercises 1-4, write an equation representing the situa- Mn Exercises 5-9, write in words the statement represented 
tion if p is the price of the dinner in dollars. by the equation. 
1. The cost for two dinners is $18. 5. 2c = 16 Bea 
2. The cost for three dinners plus a $5 tip is $32. 
3. The cost of a dinner plus a 20% tip is $10.80. ee Sap Tee Spline 2al 
4. The cost of two dinners plus a 20% tip is $21.60. 9. y—4= 3y 


Wiln Exercises 10-15, is the value of the variable a solution to 
the equation? 


10. 


12. 


15. 


t4+3=049,t=3 1 r43=27-9,2 =-3 


+3 
Poa =o e=4- 1, —— —1e=0 
a-—3 
3+a 
=e 
ane ,a=0 
A4(r — 3) =4r-3,r=1 


MIs t = 0 a solution to the equations in Exercises 16-19? 


21. Which of the following are equations? 


22. 


23. 


(a) 3(2 +5) =6—2(x —5) 
(b) az? + ba +c=0 

(c) 5(2a —1) + (5-—2)(a +3) 
(d) t=7(t+2)-1 


(a) Construct a table showing the values of the expres- 
sion 1 + 5a for x = 0,1, 2,3, 4. 
For what value of x does 1 + 5” = 16? 


(b) 
(a) Construct a table showing the values of the expres- 
sion 3 — a? for a = 0,1, 2,3, 4. 

For what value of a does 3 — a? = —6? 


(b) 


WSolve each equation in Exercises 24—36. 


24. = 25. 2x =1 
16. 20-t =20+¢ 17. O+t+5=5-— a a 
1-t x 
19. (1+t(1+t(14+1t)))=1 
Ca) 28. 12=2-—7 29. 24 = 6w 
20. Which of the numbers in (a)-(d) is a solution to the i 
equation? 30. — 10 31. 20-2 =13 
—32? 32. 5x2 = 20 33. +5 = 20 
aes = 3e(x+1)+1 
34. w/5 = 20 35. y—5 = 20 
(a) 1 (b) 0 (c) —1l (d) 2 
36. 20=5-2 
PROBLEMS 
37. The value of a computer ¢ years after it is purchased is: 41. A town’s total allocation for firemen’s wage and ben- 


38. 


39. 


40. 


Value of the computer = 3500 — 700t. 


(a) What is value of the computer when it is pur- 
chased? 

(b) Write an equation whose solution is the time when 
the computer is worth nothing. 


Eric plans to spend $20 on ice cream cones at $1.25 
each. Write an equation whose solution is the number 
of ice cream cones he can buy, and find the number. 


Hannah has $100 in a bank account and deposits $75 
more. Write an equation whose solution is the amount 
she needs to deposit for the balance to be $300, and 
find the amount. 


Dennis is on a diet of 1800 Calories per day. His dinner 
is 1200 Calories and he splits the remaining Calories 
equally between breakfast and lunch. Write an equa- 
tion whose solution is the number of Calories he can 
eat at breakfast, and find the number. 


efits is $600,000. If wages are calculated at $40,000 
per fireman and benefits at $20,000 per fireman, write 
an equation whose solution is the maximum number of 
firemen the town can employ, and solve the equation. 


BA ball thrown vertically upward at a speed of v ft/sec rises 
a distance d feet in t seconds, given by d = 6 + vt — 16t?. 
In Problems 42—45, write an equation whose solution is the 
given value. Do not solve the equation. 


42. 


43. 


44. 


45. 


46. 


The time it takes a ball thrown at a speed of 88 ft/sec to 
rise 20 feet. 


The time it takes a ball thrown at a speed of 40 ft/sec to 
rise 15 feet. 


The speed with which the ball must be thrown to rise 
20 feet in 2 seconds. 


The speed with which the ball must be thrown to rise 
90 feet in 5 seconds. 


Verify that t = 1, 2, 3 are solutions to the equation 
t(t — 1)(t — 2)(¢ — 3)(t — 4) = 0. 


Can you find any other solutions? 


iTable 1.2 shows values of three unspecified expressions in Min Problems 57-60, explain how you can tell from the form 


x for various different values of x. Give as many solutions of the equation that it has no solution. 
of the equations in Problems 47-49 as you can find from the 
table. 342 
57. 1+ 34 = 3a42 58. ———_ = 1 
Table 1.2 3a? —1 
z 59, 1 =-3 ese 
Expression | Az 2a 2 
Expression 2 
Expression 3 
61. Given that x = 4 is a solution to 
47. Expression | = Expression 2 
‘ : 2je+2=3, 
48. Expression 1 = Expression 3 
49. Expression 2 = Expression 3 
evaluate the expression 167 + 2z. 
MiIn Problems 50-56, does the equation have a solution? Ex- : 
plain how you know without solving it. 62. The equation 
i; —2VT+"= 2 
50. 22 -3 =7 51. 2°+3=7 
52. 4=5+422 53. 2452 =6+52 has two solutions. Are they positive, zero, or negative? 
Give an algebraic reason why this must be the case. 
r+3 r+3 i 
54. =a 55. = You need not find the solutions. 
22+5 5+” 3 
63. The equation z* + 1 = 2x + \/z has two solutions. 
r+3 Are they positive, zero, or negative? Give an algebraic 
56. +6 =i reason why this must be the case. You need not find the 


solutions. 
1.3 EQUIVALENT EXPRESSIONS 


Two expressions are equivalent if they have the same value for every value of the variables. For 
a. : 
example, 3 is equivalent to oa because no matter what value of a we choose, we get the same value 


for both expressions; dividing by 2 is the same as multiplying 1/2. If a = 10, for instance, then 


Since the variables in an expression stand for numbers, the rules of arithmetic can be used to deter- 
mine when two expressions are equivalent. 


1 
Example 1 Use the rules of arithmetic to explain why 5 is equivalent to ae 


Solution We have 


Dividing both sides by 2, we get 


Example | illustrates that we can rewrite division as multiplication. For example, we can rewrite 
12/6 as 12- z. In general we have 


1 
: =a: 7 rewrite division as multiplication 
If b # 0, the number 1/0 is called the reciprocal of b. 
1 1 
At the beginning of Example | we regrouped the multiplication to see that 2 5) =| 2- 3 a. 


We review rules for transforming expressions, such as regrouping and reordering multiplication and 
addition, in Section 2.1. 


Using Evaluation to See When Expressions Are Not Equivalent 


Example 2 


Solution 


Example 3 


Solution 


Many common errors in algebra result from thinking that expressions are equivalent when in fact 
they are not. It is usually easy to find out when two expressions are not equivalent by evaluating 
them. If you find a value of the variable that makes the expressions have different values, then they 
are not equivalent. 


A student accidentally replaced the expression (2 + y)” with the expression x? + y?. Choose values 
of x and y that show this is wrong. 


Since the parentheses change the order in which we perform the operations of squaring and adding, 
we do not expect these two expressions to be equivalent. If, for example, x = 4 and y = 3, the 
expressions have different values: 


(ce y)° >: (44+ ae = 7% =A9 add first, then square 
age se y? > 47437=164+9=25 square first, then add. 


Mistakes often occur in working with fractions. Again, a quick check with actual values of the 
variables will usually catch a mistake. 


(a) Show 


; : 1 
is not equivalent to — + 
iL 


SS | 


a+y 


(b) Show 


5 : 2 
is not equivalent to — + 
Gene) x 


(a) One way to see this is to let 7 = 1 and y = 1 in each expression. We obtain 
i eal i 
=+t=-=-+-=1+1=2, 
ae) il 

2 2 2, 


poe ed 2 


Since 2 ¥ 1, the expression 1/a + 1/y is not equivalent to 2/(a + y). 
(b) We do not expect the two expressions to be equivalent since they represent quite different cal- 
culations: 


2 
means divide 2 by the sum (x + y) 
Loy 


2 
—+y means divide 2 by x then add y. 
ae 


For example, if x = 1 and y = 1, the first calculation gives 1 and the second gives 3. 


Warning: Checking Values Cannot Show That Two Expressions Are Equivalent 


Even if two expressions are not equivalent, it is possible that they could have the same value every 
now and then. You cannot show two expressions are equivalent by checking values. Rather, you 
need to use some reasoning such as in Example 1. 


Example 4 The expressions 2x7 — 5x2 + 3 and x” — 2x + 1 have the same value at x = 1 and x = 2. Are they 
equivalent? 
Solution We have 


2p see nO 17—2-1+1=0 equal values at x = 1 
225 2 I 27 —2-24+1=1 equal values at x = 2. 


However, trying one more value, x = 3, we find 
023? = 5-343 =—6 37 —-2-34+1=4 different values at x = 3. 


So the expressions are not equivalent. 


Using Equivalent Expressions 


Algebra is a powerful tool for analyzing calculations and reasoning with numbers. We can use 
equivalent expressions to decide when seemingly different calculations give the same answer. 


Example 5 To convert from miles to kilometers, Abby doubles the number of miles, m, then decreases the result 
by 20%. Renato first divides the number of miles by 5, and then multiplies the result by 8. 


(a) Write an algebraic expression for each method. 
(b) Use your answer to part (a) to decide if the two methods give the same answer. 


Solution (a) Abby’s method starts by doubling m, giving 2m. She then takes 20% of the result, giving 
0.2(2m). Finally she subtracts this from 2m, giving 2m — (0.2)2m. Renato’s method starts by 
dividing m by 5, giving m/5, and then multiplies the result by 8, giving 8(m/5). 
(b) Abby’s expression can be simplified as follows: 


2m — (0.2)2m = 2m — 0.4m = (2 — 0.4)m = 1.6m. 


(The step where we rewrite 2m — 0.4m as (2 — 0.4) uses the distributive law, which we review 
in Section 2.2.) Renato’s method gives 


m il 8 
Se Sp =e Lin. 


So the two methods give the same answer and the expressions are equivalent. 


Equivalent Expressions, Equations, and Identities 


When we say two expressions, such as x + x and 22, are equivalent we are really saying: “For all 
numbers x, we have x + x = 2x.” This statement looks like an equation. In order to distinguish this 
use of equations, we refer to 

L+x= 22 


as an identity. An identity is really a special equation, one that is satisfied by all values of the 
variables. For simple identities, we can sometimes see that the two expressions on either side are 
equivalent by visualizing them on the number line. 


Example 6 On Figure 1.1, indicate an interval of length 1 — x, and then use this to indicate an interval of length 
1 — (1 — x). What two expressions does this suggest are equivalent? 


Figure 1.1: Subdividing an interval 


Solution The interval of length 1 is divided into two pieces, the first one being of length x. So the second 
one is what is left over after you take x from 1, so it must be of length 1 — x. But now the original 
piece is what is left over when you take 1 — x away from 1, so it must be of length 1 — (1 — x). See 
Figure 1.2. 


Figure 1.2: The first interval has length x 
and also length 1 — (1 — x) 


Since the intervals x and 1 — (1 — x) are the same, this suggests that 1 — (1 — x) is equivalent 
to x. In fact 
1—(1—2)=<2 forall values of a. 


Exercises for Section 1.3 


EXERCISES 
Win Exercises 1-4, find a value of x to show that the two ex- 3. x/5 and 5/a 
pressions are not equivalent. 4. 22? — 5x and 25 — 3x2 
1. 2x and 82 MiIn Exercises 5-14, are the expressions equivalent? 


2. 20+10anda+5 5. a+ (2-—d) and (a+ 2) —d 


. 3(z + w) and 3z + 3w 
. Vaz +b? anda+b 

. (3 — 4t)/2 and 3 — 2¢ 
is x? + 4x”, 527, and Aa* 


. (a + 2)?, 2? +4, and Wa? +16 


- 64 r/2 and 3 + 0.5r 


8. (a — b)? and a? — b? 
10. —a+ 2 and —(a + 2) 
12. bc — cd and c(b — d) 


Wiln Exercises 15-17, 


(a) 


Write an algebraic expression representing each of the 
given operations on a number b. 


17. 


18. 


19. 


“Multiply by eighty percent” 
“Divide by eight-tenths” 
The area of a triangle is often expressed as A = 


(1/2)bh. Is the expression bh/2 equivalent to the ex- 
pression (1/2)bh? 


Show that the following expressions have the same 
value at x = —8: 
124 2x 12 
and : 
4+a 4-2 


Does this mean these expressions are algebraically 
equivalent? Explain your reasoning. 


(b) Are the expressions equivalent? Explain what this tells 
you. Wi Which of the equations in Exercises 20-23 are identities? 
15. “Multiply by one fifth” 
ake : 20. 22 4+2= 32 21. 2a? + 34? = 5a? 
“Divide by five 
16. “Multiply by 0.4” 22. 2u? + 3u? = 5u° 
“Divide by five-halves” 23. ¢+1/# +1)=(¢4+1)/(P 41) 
PROBLEMS 
24. Explain why 31. Your older sister, who has more money than you, pro- 
5 3 poses that she give you half the difference between the 
7 + 7 = — foralla Fl. amount of money, $q, that she has and the amount of 
x x 


BA person’s monthly income is $/, her monthly rent is $R, 
and her monthly food expense is $F’. In Problems 25-28, do 
the two expressions have the same value? If not, say which 
is larger, or that there is not enough information to decide. 
Explain your reasoning in terms of income and expenses. 


25. 
26. 
27. 


28. 
29. 


30. 


I-R-FandI-(R+F) 
12(R+ F)and12R+12F 
I—R—F+100and J — R— (F' + 100) 
R+F oud I-R-F 

I I 
To convert kilograms to pounds, Abby halves the num- 
ber of kilograms, n, then subtracts 10% from the result 


of that calculation, whereas Renato subtracts 10% first 
and then halves the result. 


(a) Write an algebraic expression for each method. 
(b) Do the methods give the same answer? 


Professor Priestley calculates your final grade by aver- 
aging the number of points, x, that you receive on the 
midterm with the number of points, y, that you receive 
on the final. Professor Alvorado takes half the points on 
each exam and adds them together. Are the two meth- 
ods the same? Explain your answer algebraically. 


33. 


money, $p, that you have. You propose instead that you 
give her half your money and she give you half hers. 
Is there any difference between the methods? Explain 
your answer algebraically. 


. Consider the following sequence of operations on a 


number n: “Add four, double the result, add the orig- 
inal number, subtract five, divide by three.” 


(a) Write an expression in n giving the result of the 
operations. 

(b) Show that the result is always one more than the 
number you start with. 


On Figure 1.3, indicate intervals of length 
(a) x4+1 (b) 2(a +1) 
(c) 2a (d) 2x41 


What does your answer tell you about whether 
2x + 1 and 2(x + 1) are equivalent? 


1 z « 1 


Figure 1.3 


Win Problems 34-36, determine whether the sentence de- 


scribes an identity. 


34. Eight more than a number n is the same as two less 39. 
than six times the number. 


35. Twice the combined income of Carlos and Jesse equals 
the sum of double Carlos’ income and double Jesse’s 
income. 


36. Ina store, N bottles of one brand of bottled water, at 
$1.19 a bottle, plus twice that many bottles of another 
brand at $1.09 a bottle, cost $6.74. 


In Problems 37-41, complete the table. Which, if any, of the 


40. 
expressions in the left-hand column are equivalent to each 
other? Justify your answer algebraically. 
au: 

41. 
38. 


42. Write a sentence explaining what it means for two ex- 
pressions to be equivalent. 


1.4 EQUIVALENT EQUATIONS 


In Example 5 of Section 1.2, the equations were simple enough to solve by direct reasoning about 
numbers. But how can we be sure of finding a solution to an equation, and how can we be sure that 
we have found all the solutions? For a more complicated equation, we try to find a simpler equation 
having the same solutions. A common way of doing this is to perform the same operation on both 
sides of the equation. 


Example 1 What operation transforms the first equation into the second equation? Check to see that the solu- 

tions of the second equation are also solutions of the first equation. 

(a) 2x —-10=12 (b) 5(w +1) = 20 

Dip = VY w+i=4 
(c) 3t + 58.5 = 94.5 (d) a] eG 0) 
3t = 36 a — 64 
Solution (a) We add 10 to both sides of the equation to get 
2x —10+10=12+10 
Dip = D2, 


The solution to the last equation is 11. Substituting 2 = 11 into the first equation gives 2(11) — 
10 = 22 — 10 = 12, so 11 is also a solution to the first equation. 


(b) We divide both sides by 5 to get 


5(w+1) _ 20 
5 754 
w+1=4. 


The solution to the last equation is 3. Substituting w = 3 into the first equation gives 5(3+ 1) = 
5(4) = 20, so 3 is also a solution to the first equation. 
(c) We subtract 58.5 from both sides of the first equation to get 


3t + 58.5 — 58.5 = 94.5 — 58.5 
3t = 36. 


The solution to the last equation is 12. Substituting t = 12 into the first equation gives 3(12) + 
58.5 = 36 + 58.5 = 94.5 so 12 is also a solution of the first equation. 


(d) We multiply both sides of the first equation by 1.6 to get 


— 


1.6(a?/1.6) = 40(1.6) 
6 
There are two solutions to the second equation, 8 and —8. Substituting these values into the first 


equation gives 87/1.6 = 64/1.6 = 40 and (—8)?/1.6 = 64/1.6 = 40, so 8 and —8 are both 
solutions to the first equation as well. 


In general, 


Equivalent Equations 


We say two equations are equivalent if they have exactly the same solutions. 


How can we tell when two equations are equivalent? We can think of an equation like a scale 
on which things are weighed. When the two sides are equal, the scale balances, and when they are 
different it is unbalanced. If we change the weight on one side of the scale, we must change the 
other side in exactly the same way to be sure that the scale remains in the same state as before, 
balanced or unbalanced. Similarly, in order to transform an equation into an equivalent one, we 
must perform an operation on both sides of the equal sign that keeps the relationship between the 
two sides the same, either equal or unequal. In that way we can be sure that the new equation has 
the same solutions—the same values that make the scale balance—as the original one. 


What Operations Can We Perform on an Equation? 


In Example 1, we solved the first equation by adding 10 to both sides, and the second equation by 
dividing both sides by 5. In each case, we chose an operation that would make the equation simpler. 
Being able to anticipate the effect of an operation is an important skill in solving equations. 


Example 2 


Solution 


Example 3 


Solution 


Example 4 


Solution 


Which operation should we use to solve each equation? 
(a) +5 = 20 (b) 5x2 = 20 @) #/5 =20 


(a) In this equation, 5 is added to x, so we should subtract 5 from both sides of the equation. 
(b) Because x is multiplied by 5, we should divide both sides of the equation by 5. 
(c) Here x is divided by 5, so we should multiply both sides of the equation by 5. 


In general, 


We can transform an equation into an equivalent equation using any operation that does not 
change the balance between the two sides. This includes: 
e Adding or subtracting the same number to both sides 


e Multiplying or dividing both sides by the same number, provided it is not zero 


e Replacing any expression in an equation by an equivalent expression. 


These operations ensure that the original equation has the same solutions as the new equa- 
tion, even though the expressions on each side might change. We explore other operations in later 
chapters. 


Without solving, explain why the equations in each pair have the same solution. 
(a) 24( —2.1)? = 15 (b)  y? + 4y = 9? + 2y 4-7 
(= 21)? "6.25 Ay = 2y+7 


(a) We divide both sides of the first equation by 2.4 to obtain the second equation. 
(b) We subtract y°® from both sides of the first equation to get the second. 


Warning: Dividing Both Sides by an Expression That Might Be Zero 


Not every operation that we can perform on both sides of an equation leads to an equivalent equation. 
If you divide both sides by an expression that could be equal to zero, then you might lose some 
solutions. 


What operation transforms the first equation into the second equation? Explain why this operation 
does not produce an equivalent equation. 


x? = 3a 


(— 


We divide both sides of x? = 3x by x to obtain x = 3. This step does not produce an equivalent 
equation because x might be equal to zero. In fact, both x = 3 and x = 0 are solutions to the first 
equation, but only v7 = 3 is a solution of the second equation. When we divide by «, we lose one of 
the solutions of the original equation. 


Since it is not helpful to lose solutions to an equation, dividing both sides of an equation by an 
expression that could take the value zero is not regarded as a valid step in solving equations. 


Deciding Which Operations to Use 


In Example 2 we chose an operation that produced an equation of the form «2 = Number. We 
sometimes describe this as isolating the variable on one side of the equation. In general, we want to 
choose operations that head toward a form in which the variable is isolated. 
When we evaluate the expression 2x + 5, we first multiply the x by 2, then add the 5. When we 
solve the equation 
27 +5= 18 


we first subtract the 5 from both sides, then divide by 2. Notice that when solving the equation, we 
undo in reverse order the operations used to evaluate the expression. 


Example 5 Solve each equation. 
(a) 32—10=20 (b) 2(a+3) = 50 


Solution (a) In the expression on the left side of the equal sign, we first multiply x by 3 and then subtract 10. 
To solve for x in the equation, we undo these operations in reverse order. We first add 10 and 
then divide by 3 on both sides of the equation to produce equivalent equations. 


3x — 10 = 20 
3x = 30 add 10 to both sides 
x = 10 divide both sides by 3. 


We check to see that 10 is a solution: 3(10) — 10 = 30 — 10 = 20. 

(b) In the expression on the left side of the equal sign, we first add 3 to x and then multiply by 2. 
To solve for x in the equation, we undo these operations in the reverse order. We first divide by 
2 and then subtract 3 from both sides to produce equivalent equations. 


2(a + 3) = 50 
x+3= 25 divide both sides by 2 
x = 22 — subtract 3 from both sides. 


We check to see that 22 is a solution: 2(22 + 3) = 2(25) = 50. 


Reasoning About Equations 


In future chapters we will encounter more operations that we might want to perform on both sides of 
an equation to solve it. It is not always easy to decide whether operations might change the solutions, 
as in Example 4. Sometimes it is simpler just to think about the numbers involved in the equation. 


1 
Example 6 Solve the equation — = 2.5. 
e, 
Solution To undo the operation of dividing by z, we might think about multiplying both sides by z. Since z 
might be zero, this would not normally be allowed. However, in this case, z cannot be equal to zero 


in the original equation, since the left-hand side would be undefined. So if 


if Dee toe IL = ge 28, 
z 


The second equation can be solved by dividing both sides by 2.5 to get 


eye) 
75 


We check to see that 0.4 is a solution: 1/0.4 = 2.5. 


il 


Equivalent Equations Versus Equivalent Expressions 


Example 7 


Solution 


Let us compare what we have learned about expressions and equations. To transform an equation 
into an equivalent equation, we can use any operation that does not change the equality of the two 
sides. However, when we solve an equation, the expressions on either side of the equal sign may not 
be equivalent to the previous expressions. Consider the equation 


27 +5= 13, 
whose solution is 4. If we subtract 5 from both sides of the equation, we get 
2% = 8 


whose solution is also 4. Although we can subtract 5 from both sides of the equation, we cannot 
subtract 5 from the expression 2x + 5 alone without changing its value, because clearly 2x + 5 does 
not equal 2x. Thus, the operations we can use to create an equivalent equation include some that we 
cannot use to create an equivalent expression. 


(a) Is the equation 27 + 6 = 10 equivalent to the equation x + 3 = 5? 
(b) Is the expression 2x + 6 equivalent to the expression x + 3? 


(a) If we divide both sides of the first equation by 2, we have 


22 -+6=10 
mes MM) 4 
= — dividing both sides by 2 
2 2, 
ipa) = 0) 


Therefore, the two equations are equivalent. Dividing both sides of an equation by 2 produces 
an equivalent equation. You can verify that z = 2 is the solution to both equations. 

(b) The expression 2% + 6 is not equivalent to x + 3. This can be seen by substituting x = 0 into 
each expression. The first expression becomes 


22 +6 = 2(0)+6=6, 
but the second expression becomes 
G0 so oe 


Since 6 is not equal to 3, the expressions are not equivalent. We cannot divide this expression 
by 2 without changing its value. 


Exercises for Section 1.4 
EXERCISES 


MiIn Exercises 1-8, what operation on both sides of the equa- 
tion isolates the variable on one side? Give the solution of 
the equation. 


1. 014t= 0.1 Ga s45 
3. -t+8=0 4. 5y = 19 
5. —r = —4 6. 7x = 62 —6 
7 + =4 8. 0.52 =3 


WEach of the equations in Exercises 9-12 can be solved by 
performing a single operation on both sides. State the oper- 
ation and solve the equation. 


9. x+7=10 10. 32 = 12 


11. 12. x? = 64 


4 6 
x 
= =17 
9 


MEach of the equations in Exercises 13-16 can be solved by 
performing two operations on both sides. State the opera- 
tions in order of use and solve the equation. 


13. 24 +3=138 14. 2(2 +3) = 13 
x a+5 

15. —+5=20 16. = 20 
5° 3 


MiIn Exercises 17—24, is the second equation the result of a 
valid operation on the first? If so, what is the operation? 


17. 3+5”2=1-22 18. 34+ 2% =5 
3+ 7%2=1 3=2r4+5 
19. 1-27? 4¢=1 2. £-2=0 
xz — 22? =0 Ir —-9 =0 
2 3 x 
21. 9x — 32* = 5x 22. ——-—=2 
9-30=5 es 
- 9-32 =2 
23. 5x? — 202 = 90 24. oH 1-30 
a? — 4a = 18 1—32 


MiIn Exercises 25-32, are the two equations equivalent? If they 
are, what operation transforms the first into the second? 


25. 2(a +3) = 10 26. 2c +5 = 22 


x+3=10 20 = 2T 
27. 5-32 = 10 28. 2? =5a 
5= 104+ 32 6=5 

29. 3x —-6 = 10 30. 28 = 52 +8 
3x2 = 16 32 = 8 
31. xz=a 32. F=12 
x? = 2a C= 36 


33. Which of the following equations have the same solu- 
tion? Give reasons for your answer that do not depend 
on solving the equations. 


Il «+3=5r-4 I. «—-3=527+4 
Wl. 274+8=52-3 IV. 107+6=27-8 
x 1 
Vv. 10x -8=2 I. , — = -71—-0.4 
Ox — 8 czt+6 $V 0.3+55 5% 0 


34. You can verify that t = 2 is a solution to the two equa- 
tions t? = 4 and t? = 8. Are these equations equiva- 
lent? 


Solve the equations in Exercises 35-46. 


35. 5x +12 =90 36. 10 — 2x = 60 
37. 3(a —5) = 12 38. = =10 

39. 32 = 18 40. —2y = 14 

41. 32 = 22 42. +3=13 

43. y—-7=21 44, w +23 = —34 
45. 22-+5=13 46. 2c +5 =4e —9 


PROBLEMS 


Min Problems 47-54, which of the following operations on 
both sides transforms the equation into one whose solution 
is easiest to see? 


(a) Add5 (b) Add x (c) Collect like terms 
(d) Multiply by 3 (e) Divide by 2 


47. x-5=6 48. 2x = 2 
£ ll 

49, ———-=0 50. 5—z2=—0 
5 3 ° 

51. 22 —-T-x=3 52. 2-2Qr4=2-24 
DE 

53. —+=-==2 54. 5-22 = 
373 5 xr=0 


MiIn Problems 55-58, the solution depends on the constant a. 
Assuming a is positive, what is the effect of increasing a 
on the solution? Does it increase, decrease, or remain un- 
changed? Give a reason for your answer that can be under- 
stood without solving the equation. 


55. z—a=0 56. ax = 1 
57. ax =a ai 
a 


59. (a) Does 7/3 + 1/2 = 4a have the same solution as 


24 +3 = 24x? 
(b) Is #/3 + 1/2 equivalent to 2a + 3? 
60. (a) Does 8a — 4 = 12 have the same solution as 
2x —1=3? 


(b) Is 8% — 4 equivalent to 2” — 1? 


61. Which of the equations in parts (a)—(d) are equivalent 
to 


z—3 
22 —(#+3)=4 4 
x — (x + 3) + 10 


Give reasons for your answers. 
z—3 
10 


(a) 2a -—x2w+3=4+4+ 


62. 


(b) 22 — (x +3) =4+0.1r — 0.3 
(ec) c—-3=3.7+0.12 
(d) 202% — 10(a + 3) =4+2-3 


The equation 
x’ —5r+6=0 


has solutions x = 2 and x = 3. Is 
a — 5a +62 =0 


an equivalent equation? Explain your reasoning. 


Mach of the equations in Problems 63-68 can be solved by 
performing a single operation on both sides. State the oper- 
ation and solve the equation. 


63. 13 = —2z 64. —11= =s 

65. =M = : 66. Vr = 16 

67. y® =—8 68 =a 

69. Suppose x = 5 is a solution to the equation b(a —r) = 


70. 


71. 


3. Square both sides of this equation and then add 4 to 
both sides. Give the resulting equation and find a solu- 
tion. 


Show that 2 = 5 is a solution to both the equations 
2e-10=0 and (#-—3)?-4=0. 


Does this mean these equations are equivalent? 


Write a short explanation describing the difference be- 
tween an expression and an equation. 


REVIEW EXERCISES AND PROBLEMS FOR CHAPTER 1 


EXERCISES 


1. For m CDs costing $16.99 each and n DVDs costing 


$29.95 each, Norah’s total cost is given by 
Total cost = 16.99m + 29.95n. 
Find her total cost if she buys 5 CDs and 3 DVDs. 


. (a) Kari has $20 and buys m muffins at $1.25 each. 


Write an expression for the amount of money she 
has left. 
(b) Find the amount remaining if she buys 9 muffins. 


. Write an expression for a person’s body mass index, 


which is 704.5 times their weight in pounds, w, divided 
by the square of their height in inches, h. 


. The volume of a cone with radius r and height h is 


represented by the expression 


Volume of cone = bP. 


Which has greater volume: a short fat cone with height 
2 and radius 3 or a tall thin cone with height 5 and ra- 
dius 1? 


WiThe surface area of a cylinder with radius r feet and height 
h feet is 2nr? +2rrh square feet. In Exercises 5-8, find the 
surface area of the cylinder with the given radius and height. 


rntn nm 


. Radius 5 feet and height 10 feet. 
. Radius 10 feet and height 5 feet. 
. Radius 6 feet and height half the radius. 
. Radius b feet and height half the radius. 


WiFor Exercises 9-12, write an expression that gives the result 
of performing the indicated operations on the number x. 


9. 
10. 
11. 
12. 


Add 2, double the result, then subtract 4. 
Divide by 5, subtract 2 from the result, then divide by 3. 
Subtract 1, square the result, then add 1. 


Divide by 2, subtract 3 from the result, then add the re- 
sult to the result of first subtracting 3 from x and then 
dividing the result by 2. 


Win Exercises 13-16, evaluate the expressions given that u = 
—2,v = 3,w = 2/3. 


13; 


15. 


wu — vw id, oe 
w 


2 


w+? —(u—v) 16. u’ +w" 


MiIn Exercises 17-20, find values of x and y to show that the 
two expressions are not equivalent. 


17. 


18 
19 


20. 


x+yand xy 

2x + y and x + 2y 
2(y) and (22) (2y) 
JETG and VE + VG 


MiIn Exercises 21-26, are the expressions equivalent? 


21. 


22. 


23. 


24. 


25. 


26. 


22+ 6andx+3 


yeand = 
=r and 


(a + y)? and a? + y? 


MiIn Exercises 27-34, for what values of ¢ is the expression 


zero? 

27. t? — At 28. ¢° — 25t 

29. t3 + 16t 30. t(t — 3) + 2(t — 3) 
31. 4¢1/? — 4¢ 32. ?(t +5) + 9(t +5) 


33. 


C(t+8)—36(t+8) 34. 4t?(2t-3)—36(2t—3) 


MWrite an equation for each situation presented in Exer- 
cises 35-39, letting x stand for the unknown number. 


35. 
36. 
37. 
38. 
39. 


Twice a number is 24. 

A number increased by 2 is twice the number. 

Six more than a number is the negative of the number. 
Six less than a number is 30. 


A number is doubled and then added to itself. The re- 
sult is 99. 


WiFor Exercises 40-47, which of the given values of the vari- 
able are solutions? 


40. 
41. 
42. 
43. 
44. 
45. 
46. 
47. 


x? +2 = 3a for x = 0,1,2 


2a? + 323 = 5° for x = —1,0,1 

t+1/(#? +1) =(¢+1)/(# +1) fort = -1,0,1 
2(u—1)+3(u—2) = 7(u—83) for u = 1,2, 3, and 6.5 
2(r — 6) = 5r + 12, for r = 8, —8 


n? — 3n = 2n + 24, for n = 8, —3 
n? — 3n = 2n — 24, forn = —8,3 
s° — 8 = —16, for s = —2,2 


Min Exercises 48-52, write in words the statement repre- 
sented by the equation. 


48. 
50. 
52. 


143r=15 49. 5° = 8? 
w+15 = 3w 51. 0.25t = 100 
2a—7=5a 


MiIn Exercises 53-57, solve the equation. 


MiIn Exercises 58-62, explain what operation can be used to 
transform the first equation into the second equation. 


58. 


59. 


60. 


61. 


62. 


2x +5 = 13 and 27 = 8 
a — 11 = 26 and w = 37 
x/2 = 40 and x = 80 

(2y)/3 = 20 and y = 30 


t/2 = (t+ 1)/4and 2t=t+1 


MiIn Exercises 63-68, identify each description as either an 
expression or equation and write it algebraically using the 
variables given. 


63. 


64. 


65. 


Twice n plus three more than n. 
Twice n plus three more than 7 is 21. 


The combined salary of Jason, J, and Steve, S. 


66. Twice the combined salary of Jason, J, and Steve, S, 
63.77 = 21 54. a+7=21 is $140,000. 
55. J/8 =4 56. b—15 = 25 67. 225 pounds is ten pounds more than Will’s weight, w. 
57. 5=1-d . F 

68. 50 pounds less than triple Bob’s weight, w. 
PROBLEMS 
69. A company outsources the manufacturing of widgets to day. If c is the number of calories, g the grams of fat, 


70. 


71. 


two companies, A and B, which supply a and b wid- 
gets respectively. However, 10% of a and 5% of 6 are 
defective widgets. What do the following expressions 
represent in practical terms? 


(a) a+b (b) a/(a+b) 
(c) 10a+5b (d) Ola 
(e) 0.1a +0.05b (f) (0.1a-+0.05b) /(a+b) 


(g) (0.9a+0.95b) /(a+b) 


A total of 5 bids are entered for a government contract. 
Let p1 be the highest bid (in dollars), p2 be the second 
highest, and so forth to ps, the lowest bid. Explain what 
the following expression means in terms of the bids: 


_ Pit p2+ ps + pa t ps 
a 


Pl 


Weight Watchers© assigns points to various foods, and 
limits the number of points you can accumulate in a 


72. 


and f the grams of dietary fiber, then the number of 
points for a piece of food is 


C. 
eee 


Number of points = 50 + 9 


IS 


How many grams of fiber can you trade for three grams 
of fat without changing the number of points? 


If m is the number of males and f is the number of fe- 
males in a population, which of the following expresses 
the fact that 47% of the population is male and 53% of 
the population is female? 


(a) P =0.47m + 0.53f 
(b) P = 0.53m + 0.47f 
(c) m =0.47P and f = 0.53P 
(d) P =0.47m and P = 0.53f 


Min Problems 73-75 assume v tickets are sold for $p each 
and w tickets are sold for $q each. 


EP 


74. 


fies 


What does the expression vp + wg represent in terms 
of ticket sales? 


Write an expression for the average amount spent per 
ticket. 


Suppose v = 2w and q = 4p. Rewrite the expression 
in Problem 73 in terms of w and q. 


MiIn Problems 76-82, both a and zx are positive. What is the 
effect of increasing a on the value of the expression? Does 
the value increase? Decrease? Remain unchanged? 


76. 


78. 


80. 


82. 


ax+1 77. eta 
r-a 79, 244 
a 
pee 81. io 
a a 
a+a—(2+a) 


WiGive possible values for A and B that make the expression 


1+A+B 
AB 


equal to the expressions in Problems 83-89. 


l+r+s 84. 1+2r+3s 
rs 6rs 
ltntm+4+2? ltn+tm+4+2? 
86... ————___—_ 
(n + m)z? n(m + 27) 
14+ 2x 13 
88. — 89. 
x? 35 a 


Wi The expressions in Problems 90-93 can be put in the form 


2 
Gn -- Xs 


For each expression, identify a and x. 


90. 


bz? +z 91. r(nt+1)?4+n+41 
t? 
are 93. 12d? + 2d 


94. 


Group expressions (a)—(f) together so that expressions 
in each group are equivalent. Note that some groups 
may contain only one expression. 


2 3 5 10 
(a) aE (b) 3h (c) oh 
10k 1 

(d) 2.5k (e) 5 (f) I/5 


Wi Verify the identities in Problems 95-96. 


95. 
96. 
97. 


98. 


d(a+b)+ 4(a—b) =a 
}la+d)—4(a—b) =b 
Find the expression for the volume of a rectangular 


solid in terms of its width w where the length / is twice 
the width and the height h is five more than the width. 


Two wells produce 7; and rz barrels of oil per day. 
Write an expression in terms of 71 and r2 describing a 
well that produces 100 fewer barrels per day than the 
first two wells combined. 


MiFor Problems 99-101, assume that movie tickets cost $p for 
adults and $q for children. 


99. 


100. 


101. 


Write expressions for the total cost of tickets for: 


(a) 2adultsand3 kids (b) No adults and 4 kids 
(c) Nokids and 5 adults (d) A adults and C kids 


Write expressions for the average cost per ticket for: 


(a) 2adultsand3 kids (b) No adults and 4 kids 
(c) Nokids and 5 adults (d) A adults and C kids 


A family of two adults and three children has an en- 
tertainment budget equal to the cost of 10 adult tickets. 
An adult ticket costs twice as much as a child ticket. 
How much money will they have left after seeing two 
movies? Can they afford to see a third movie? 


An airline has four different types of jet in its fleet: 
e p 747s with a capacity of 400 seats each, 


e q 757s with a capacity of 200 seats each, 


e r DCYs with a capacity of 120 seats each, and 


e s Saab 340s with a capacity of 30 seats each. 
Answer Problems 102—103 given this information. 


102. 


103. 


Write an expression representing the airline’s total ca- 
pacity (in seats). 


To cut costs, the airline decides to maintain only two 
types of airplanes in its fleet. It replaces all 747s with 
757s and all DC9s with Saab 340s. It keeps all the orig- 
inal 757s and Saab 340s. If it retains the same total ca- 
pacity (in seats), write an expression representing the 
total number of airplanes it now has. 


104. Here are the line-by-line instructions for calculating the 
deduction on your federal taxes for medical expenses. 


| Enter medical expenses || 
|| Enter adjusted gross income || 


|3||Multiply line 2 by 7.5% (0.075) a 
A ine 


4 ubtract line 3 from line 1S a 
more than line 1, enter 0. 

Write an expression for your medical deduction (line 
4) in terms of your medical expenses, /’, and your ad- 


justed gross income, J. 


105. You plan to drive 300 miles at 55 miles per hour, stop- 
ping for a two-hour rest. You want to know t, the num- 
ber of hours the journey is going to take. Which of the 
following equations would you use? 


(A) 55¢ = 190 (B) 55+ 2t = 300 
(C) 55(t+2)=300 WD) 55(t—2) = 300 


106. A tank contains 20 — 2¢ cubic meters of water, where t 
is in days. 


(a) Construct a table showing the number of m® of wa- 
ter at t = 0, 2, 4, 6, 8, 10. 
(b) Use your table to determine when the tank 
(i) Contains 12 m? 


(ii) Is empty. 


107. A vending machine contains 40 — 8h bags of chips h 
hours after 9 am. 


(a) Construct a table showing the number of bags of 
chips in the machine at h = 0,1, 2,3, 4,5, 6. 

(b) How many bags of chips are in the machine at 9 
am? 

(c) At what time does the machine run out of chips? 

(d) Explain why the number of bags you found for 
h = 6 using 40 — 8h is not reasonable. How many 
bags are probably in the machine at h = 6? 


108. (a) Does - + ‘ = 3a have the same solution as 
x2+2=1227? 
(b) Is ; + ; equivalent to x + 2? 
109. (a) Does + 2 = 1 have the same solution as 
5a +6=1? 
xc+6 7 


(b) Is “ + 2 equivalent to : 


110. The equation 
eo =124+¢ 


has solutions x = 4 and x = —3. Is 


xr=vV124+2 


an equivalent equation? Explain your reasoning. 


111. Which of the following is not the result of a valid oper- 
ation on the equation 3(a —1) + 2a = —5 +a? — 2x? 


(a) 5a—-3=a7-2Qe—5 

(b) 42 +3(2—1)=-5 +2? 

(ce) 3(@—1) =-5 +27 — 2x4 2x 
(d) 3(e@—1)+2%—-5=-10+2a? — 22 


112. Use the fact that ¢ = 2 is a solution to the equation 
x” — 5a +6 = 0 to find a solution to the equation 


5(2w — 10) +6 =0. 


BA government buys x fighter planes at f dollars each, and y 
tons of wheat at w dollars each. It spends a total of B dol- 
lars, where B = xf + yw. In Problems 113-115, write an 
equation whose solution is the given value. 


113. The number of tons of wheat it can afford to buy if it 
spends a total of $100 million, wheat costs $300 per 
ton, and it must buy 5 fighter planes at $15 million 
each. 


114. The price of fighter planes if it bought 3 of them, 
10,000 tons of wheat at $500 a ton, and spent a total 
of $50,000,000. 


115. The price of a ton of wheat if it buys 20 fighter planes 
and 15,000 tons of wheat for a total expenditure of 
$90,000,000, and a fighter plane costs 100,000 times a 
ton of wheat. 


Win Problems 116-118, decide if the statement is true or false. 
Justify your answers using algebraic expressions. 


116. The sum of three consecutive integers is a multiple of 
3. 
117. The sum of three consecutive integers is even. 


118. The sum of three consecutive integers is three times the 
middle integer. 
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2.1 REORDERING AND REGROUPING 


Example 1 


Solution 


Since an expression represents a calculation with numbers, the rules about how we can manipulate 
expressions come from the rules of arithmetic, which tell us how we can rearrange calculations 
without changing the result. For example, since the rules of arithmetic say we can add two numbers 
in any order, we have 

x+1=1+2 forall values of x. 


Thus, we can replace x + 1 with 1 + z in any expression without changing its value. On the other 
hand, we cannot replace x — 1 by 1 — x, because they usually have different values. For instance, 
5—1=4butl—5=—4. 

We can reorder and regroup addition, and reorder and regroup multiplication, without changing 
the value of a numerical expression. For example, reordering allows us to write 


3°-5=5-3 and 3+5=5+3, 
while regrouping allows us to write 


2-(3-5) = (2-3)-5and2+4 (34+ 5) = (243) +5. 


In general, for reordering and regrouping respectively, 


ab = ba and a+b=b+a, for all values of a and b 
a(bc) =(ab)c and a+(b+c) =(a+b)+c forall values of a, b, and c. 


In each of the following, an expression is changed into an equivalent expression by reordering ad- 
dition, reordering multiplication, regrouping addition, regrouping multiplication, or a combination 
of these. Which principles are used where? 

(a) (e@+2)(3+y) = (3+y)(x + 2) (b) (2x)a = 22? 

(c) (2c)d = c(2d) 


(a) The product of the two factors on the left is reversed on the right, so multiplication is reordered. 

(b) We have a product of two terms, 2” and x, on the left. On the right, the two xs are grouped 
together to make an x. The multiplication is regrouped. 

(c) Here both regrouping and reordering of multiplication are used. First, 2c is rewritten as c - 2, 
and then the product is regrouped. In symbols, we have 


Geld = (€-2)d = e@z)). 


Comparing Expressions Using Reordering and Regrouping 


Example 2 


In addition to using reordering and regrouping to find equivalent expressions, we can also use them 
to see the difference between two expressions that are not equivalent. 


During a normal month, a bike shop sells q bicycles at p dollars each, so its gross revenue is gp 
dollars. During a sale month it halves the price but sells three times as many bicycles. Write an 
expression for the revenue during a sale month. Does the revenue change, and if so, how? 


Solution 


Example 3 


Solution 


Since the bike shop sells q bicycles during a normal month, and since that number triples during 
a sale month, it sells 3q bicycles during a sale month. Similarly, the price is (1/2)p during a sale 
month. Thus, 


il 
Revenue during sale month = (3q) (5) : 


By regrouping and reordering the factors in this product we get 


1 1 3 
Revenue during sale month = (3q) (5) =f SP = 5. 


Since the original revenue is gp, the new revenue is 3/2, or 1.5, times the original revenue. 


In a population of 100 prairie dogs there are b births and d deaths over a one-year period. Is each 
pair of expressions equivalent? Explain your answer in terms of population. 

(a) b+ (100 — d) and 100 + (b — d) (b) 100 —(d—b) and 100—d—b 

(c) b—d/2 and 0.5b — 0.5d 


(a) Yes. Each expression represents the new population. The first expresses this by adding to the 
births what is left after subtracting the deaths from the previous population of 100. The second 
expresses it by adding the net growth, births minus deaths, to the previous population of 100. 

(b) No. The first subtracts the net loss, deaths minus births, from the population of 100, and thus 
represents the new population. The second subtracts both the births and the deaths from 100, 
giving the number of prairie dogs who survive the whole year. 

(c) No. The first represents the net growth of the population if the number of deaths is cut in half, 
whereas the second represents the net growth if both the number of births and the number of 
deaths are cut in half. 


Reordering and Regrouping with Subtraction 


Example 4 


Solution 


To reorder and regroup correctly with subtraction, we need to remember that subtraction can be 
rewritten as addition. For example, we can rewrite 3 — 5 as 3 + (—5). In general: 


To rewrite subtraction as addition, 


a—b=a+(-b) 


If x +y+z=1 find the value of (2 + 10) + (y — 8) + (z+). 
Writing y — 8 as y + (—8), we can reorder the terms in the expression to get 

(ose NU) se eye (sb) ap SI ae le) f= sea) ee pe ce IN) ey) ae a 
Then, grouping the first and last three terms together, we find 


(c+y+z)+(10—-8+3)=(e@+y+2)+5. 


Since c + y + z = 1, it follows that (« + 10) + (y—8)+(z2+3) =1+5=6. 


Combining Like Terms 


One purpose for reordering terms in an expression is to put like terms next to each other so that they 
can be combined. For example, 


Qn" +3 +507 = 2a? +527 +3 = (2+5)2?4+3 = 727? +3. 


We say 2x? and 52? are like terms because they have the same variables raised to the same powers. 
In contrast, the terms in the expression 32 + 4? may not be combined because the variables are 


raised to different powers. 


Example 5 


Solution 


Example 6 


Solution 


Combine like terms in each of the following expressions: 
(@) Se? — Obie 4b Oe — a (i) =e? tL Re? — Be, 


(a) We begin by reordering: 
3a” — 0.5a + 9a — x? = 32? — x? — 0.5r + 92. 
We now regroup and combine like terms: 
32? — x? —0.5¢ +92 = (32? — 2”) +(—0.52 +92) = (3—1)a?+(—0.54+9)2 = 227 +8.52. 
(b) We can combine only the z? terms: 


—2° + 52° — 3z = (-1+4+ 5)2* — 3z = 42? — 3z. 


Simplify 3(a@ + 3) — a — 14. 


In order to combine like terms we first have to rewrite 3(x + 3) as 3a + 3-3 = 3a +9. Then, 
reordering and combining like terms, we obtain 


Combine Combine 


> aN 
3(a + 3) —-a@-14=324+9-a2-14= 384-4 + 9-14 =20¢—-5. 


The rule of arithmetic that allows us to rewrite 3(a + 3) as 3x + 9 is called the distributive law, 


which is the subject of the next section. In fact, combining like terms is really a special case of the 
distributive law. 


Exercises and Problems for Section 2.1 


EXERCISES 
MiIn Exercises 1-6, are the two expressions equivalent? MiFor Exercises 7-10, is the attempt to combine like terms 
1. a(32) and 4a correct? 
2. 2e+d and c+2d 7. 20? + 307 = 52° 
3.5—-a and —x+5 8. 2AB? + 3A7?B = 5A° B® 
4. 2xy and (2a)(2y) 9. 3h? + 2h? = 5h? 
5. (3a)(4y)(2r) and 24a?y 10. 3b + 2b? = 5b? 
6. (© +3)(4+a) and (#+3)(4+4+4) 


Min Exercises 11-18, write the expression in a simpler form, 14. (7% + 1) + (5 — 3a) + (2x — 4) 


if possible. 15, Be? he 4 Be? 
11. (2x +1) + (5r + 8) 16. 3a + 5ab + 2b 
12. (4— 22x) + (5a — 9) 17. (2x)(3y) + 4a + 5y + (6x) (3y) 
13. (c +1) 4+ («+ 2) + (x43) 18. (2x)(5a) + (3x)(2x) + 5(3x) + «(3x) 
PROBLEMS 
19. Ifa+b-+c = 12, find the value of 25. The area of a rectangle is 50 square meters. If the length 
is increased by 25% and the width is increased by 10%, 
(a+5)+(b—3)+(c+8) what is the new area? 
26. Quabbin Reservoir in Massachusetts provides much of 


20. 


21. 
22. 
23. 


24. 


2.2 


If xyz = 100, find the value of (3x) (2y)(5z). 

If cyz = 20, find the value of (22)(=)(6y). 

Rewrite the expression a + 2(b— a) — 3(c+) without 
using parentheses. Simplify your answer. 


A car travels 200 miles in t hours at a speed of r mph. 
If the car travels half as fast but three times as long, 
how far does it travel? (Use the fact that distance equals 
speed times time.) 


THE DISTRIBUTIVE LAW 


Boston’s water. At the start of 2009 the reservoir con- 
tained 412 billion gallons of water. 


(a) If in January 2009 the amount (in billions of 
gallons) flowing into the reservoir is A and the 
amount flowing out is B, write an expression for 
the amount of water in the reservoir at the end of 
January 2009. 

(b) If in February 2009 the amount flowing in is 20 
billion gallons less than the previous month and 
the amount flowing out is 12 billion gallons more 
than the previous month, write an expression for 
the amount of water in the reservoir at the end of 
February 2009. 

(c) Combine like terms to simplify your answer to 
part (b). 


In Examples 5 and 6 on page 32, we use the distributive law. The distributive law gives two different 
ways of calculating the same number. For example, if Abby’s bill at a restaurant is B dollars and 
Renato’s is b dollars, and they each want to pay a 20% tip, there are two ways to calculate the total 


tip 


e The total bill is B + b, so the total tip is 20% of B + b, or 0.2(B + b). 
e Alternatively, Abby’s tip is 0.2B and Renato’s tip is 0.20, so the total tip is 0.2B + 0.2b. 
The distributive law tells us that the result has to be the same either way: 


0.2(B +b) =0.2B +0.2b 


In general, we have: 


The Distributive Law 


For any numbers a, b, and c, 


a(b+c) =ab+ac. 


We say that multiplication by the number a distributes over the sum b + c. 


Example 1 


Solution 


Example 2 


Solution 


Example 3 


Solution 


Example 4 


Use the distributive law to write two equivalent expressions for the perimeter of a rectangle, and 
interpret each expression in words. 


Let / be the length and w the width of the rectangle. The perimeter is the sum of the lengths of the 4 
sides. Since there are 2 sides of length / and 2 of length w, the perimeter is given by the expression 
21+ 2w. By the distributive law, this is equivalent to 2(1 + w). The expression 2/ + 2w says “double 
the length, double the width, and add.” The expression 2(/ + w) says “add the length to the width 
and double.” 


Distributing Over More Than Two Terms 


Applying the distributive law repeatedly, we can see that multiplication distributes over a sum with 
any number of terms. For example, 


a(b+c+d) =a(b+c)+ad=ab+ac+ ad. 


Use the distributive law to rewrite each expression. 
(a) 6(s+3w) (b) 4(s—3t+4w) (c) a(b+c—d) 


(a) Here we have 6(s + 3w) = 6s + 18w. 
(b) Distributing over the three terms in the sum, we have 4(s — 3t + 4w) = 4s — 12¢ + 1l6w. 
(c) Again, distributing over three terms, we get a(b + c— d) = ab+ ac — ad. 


Distributing a Negative Sign 
Since —% = (—1)z, the distributive law tells us how to distribute a negative sign: 
—(b+c) = (-1)(6+ 0c) 
7 
= (-1)b+(-1)c _ by the distributive law 
a 


ab ac 


Express —(c — d) — (d + c) ina simpler way. 


Distributing the negative signs, we get 


—(c-—d) —(d+c) =-c+d-—d-—c=—2c. 


Let n and k be positive integers. Show that (n — (n — k))° does not depend on the value of n, but 
only on the value of k. 


Solution 


Example5 


Solution 


Example 6 


Solution 


Simplifying inside the cube gives 
n—-(n—k)=n—-—n+ke=k. 


Thus our expression is 
(n— (n—B))? = (B)? =, 


which depends only on the value of k, not n. 


Distributing Division 


Since division is multiplication by the reciprocal, the distributive law allows us to distribute division 
over a sum, which can be used to split apart fractions with sums in the numerator. 


< 


= ar) . x 
is equivalent to — — = 


h hat 3 
Show thai 3 373 


Since dividing (—x + y) by —3 is the same as multiplying it by —1/3, we have 


—“+y 1 
SS SS Sk + 
= 3\ y) 

— (ep + 

a y) 

1 il Oa 
=-—-—-(—x)+[|-=)-y distributing —1/3 

3 3 

1 1 

= 3 8b — 3 of) rewriting addition as subtraction 
= - = - rewriting multiplication as division. 


Warning: You Cannot Distribute Every Operation 


The distributive law allows us to distribute multiplication over a sum. A common mistake is be- 
lieving that the distributive law applies to all types of expressions that involve parentheses. For 
example, students sometimes mistakenly distribute powers over sums, and replace (a + y)? with 
x” + y”, whereas we saw in Example 2 on page 14 that these expressions are not equivalent. 


Are the two expressions equivalent? 
(a) 10(a + y) and 10a + 10y 

(b) 2(ay) and 272y. 

(c) Ve+t and ./s + Vt 


(a) These two expressions are equivalent by the distributive law. 

(b) Since the expression inside parentheses is a product, not a sum, the distributive law does not 
apply. If « = 5 and y = 3, then 2(ay) = 2(5-3) = 30, while 2-5-2-3 = 60. In general, 
multiplication does not distribute over products. 

(c) Let s = 9 andt = 16. Then V/s +t = 9+ 16 = 25 = 5, while /s+ Vt = 3+4 =7. The 
expressions are not equivalent; taking square roots does not distribute over sums. 


Using the Distributive Law to Interpret Expressions 


Example 7 


Solution 


Example 8 


Solution 


By giving us two different ways of calculating the same result, the distributive law allows us to 
interpret equivalent expressions. 


In the expression for a student’s grade from Example 10 on page 5, the term 


t t t 
ae (Ate) . 


represents the contribution from the three test scores t;, tg, and tz. Show that this expression is 
equivalent to 
0.2¢, + 0.2t2 + 0.2t3, 


and explain what this means in terms of grades. 


Using the distributive law, we have 
ti +to+t 1 
0.6 Grae = 0.6 (5) (t1 +t. +t3) = 0.2(ti + to + #2) = 0.2t) + 0.2¢2 + 0.2¢s. 


Because 


fie te 
0.60 po and 0.2t; + 0.2t. + 0.2t3 


have the same value, they are equivalent expressions. This says that if the average of three tests 
counts for 60%, then each test alone counts for 20%. 


Whether you choose the form where the multiplication has been distributed or not depends on 
how you want to use an expression. 


Which of the two expressions in Example 7 would you use if you 


(a) knew all of the test scores and wanted to compute their contribution to your final grade? 
(b) wanted to know the effect on your final grade of getting 10 more points on the second test? 


(a) In this case it would take fewer steps to average all the grades first and then multiply by 0.60, 
so you would use the first expression, 


0.60 ee ; 


(b) In this case the second expression is useful, because it tells us that the contribution of the second 
test to the course grade is 0).2t2. So if we add 10 to ta then that contribution becomes 


0.2(t2 + 10) = 0.2t + 0.2- 10 = 0.2t + 2. 


The coefficient of 0.2 next to the fz tells us that increasing the score on the second exam by 10 
increases the course grade by 2 points. 


Taking Out a Common Factor: Using the Distributive Law in Both Directions 


Sometimes we use the distributive law from left to right: 
a(b+c) —> ab+ac. 

We call this distributing a over b + c. Other times, we use the distributive law from right to left: 
a(b+c) — ab+ac. 


We call this taking out a common factor of a from ab + ac. 


Example 9 Take out acommon factor in (a) 2a 4+ xy (b) —wa — 2w (c) 121m? — m?. 


Solution (a) We factor out an x, giving 27 + ry = 7(2+y). 
(b) We factor out the —w, giving —w(a + 2). 
(c) Here there is a common factor of m?. Factoring it out gives m?(12/ — 1). 


In the expression a(b + c), the quantities a, b, and c often stand for more complicated terms 
than single letters or numbers. Nevertheless, the the distributive law a(b + c) = ab + ac still can be 
applied. 


Examplei0 — Use the distributive law to rewrite each expression. 


(a) 6xy — 2xz (b) 12pq+ 3p (c) —4ayz — 8xy 
(d) —ab+a?b— ab? (ec) t(pt+r)—7(ptr) (f) w?(a+2)+w(a+2)—(a+2) 
Solution (a) Writing 6ay as (22) (3y), we see that both terms have a common factor of 2x, so 


6xy — 2az = 2a(3y — z). 
(b) Both terms have a factor of 3p, so 
12pq + 3p = 3p(4q + 1). 


(c) Taking out a common factor of —4ay we have 


Axyz — 8ay = —4ay(z + 2). 
(d) Each term has a factor ab, so we have 
—ab + a?b — ab” = ab(-1 +a —3). 
We can instead take out a common factor of —ab 


=o0 40 ) a) ——ab aap: 


(e) Notice that each term has a factor (p + 1), so 
up+r)—Tp+r) =(p+r)(t—7). 
(f) Taking out a common factor of a + 2 we get 


w*(a +2) + w(a + 2) — (a + 2) = (2+ 2)(w? + w — 1). 


Exercises and Problems for Section 2.2 
EXERCISES 


Win Exercises 1-8, use the distributive law to rewrite each ex- 
pression as an equivalent expression with no parentheses. 


1. 2(a + 3y) 2. 3a(a + 4) 

3. —5(2a — 3) 4. 3ab(2a — 5b) 

5. 2a(x? — 3a +4) 6. —3a(5 — 3a — 22) 
7. 2(5x — 3y)+5 8. 310 = D)D 


MiIn Exercises 9-19, rewrite the expression by taking out the 


15. —4a?b—6ab?—2ab 16. 5a(a@ +1) + 7(a +1) 


17. b(b + 3) — 6(b + 3) 18. 6r(s — 2) — 12(s — 2) 


19. 4ax(x+4)—22(2+4) 


MiIn Exercises 20-27, are the two expressions equivalent? 
20. —2(a-—4) and -—2¢-—8 
21. 327 +6243 and 3(a? + 22) 
22. abla+b+1) and a*b+ab?+ab 


common factors. 23. 5a+100 and 5(a +500) 
24. (© +2)(a@—3) and 2z(4—3)+2(a—-3) 
9. 2ax — 3ba 10. 52 + 100 95, (Gey). and Geeky 
11. = i 4 12. 22? — 6x 26. (c+y)> and x+y? 
a a a 
13. —m?n — 3mn? 14. 9a? + 182 + 3 ogre Pe ae 
PROBLEMS 
28. If pgr = 17, what is p(2gr + 3r) + 3r(pq — p)? 35. 15 — 52x 36. 0.052 + 100 
29. Ifa—b+c = 17, what is 2(a+1)—(b+3)+(2c—b)? 
37. 0.22% — 60 38. 50 — 0.1a 


30. Which of the following expressions is equivalent to 
3(a? + 2) — 38a(1 — a)? 


(i) 64+32 (ii) —3a + 6x? +6 
(iii) 32? +6 — 32 — 32? (iv) 327 +6 -— 32 


31. An order is placed for n items each costing p dollars 
and twice as many items each costing $1 more. Write a 
simplified expression for the total cost of the order. 


32. In January, a company’s three factories produce g units, 
r units, and s units of a product. In February, the com- 
pany doubles its output of the product. 


(a) Write the expression for February’s output if we 
take the total output in January and double it. 

(b) Write the expression for February output if we 
double the output at each factory and add them up. 

(c) Are the expressions in parts (a) and (b) equivalent? 
Explain. 


MiIn Problems 33-38, the expression is equivalent to an ex- 
pression in the form k(a + A). Write the expression in this 
form, and give the values of k and A. 


33. 2% + 50 34. 3x — 18 


39. Is the fraction ans 


equivalent to 1 + 3, 
x 


40. Is the fraction 3 = 3 equivalent to 1 + 3? 


41. Complete the table. Are the two expressions in the left 
column equivalent? Justify your answer. 


Win Problems 42-43, explain how the distributive law a(b + 
c) = ab + ac has been used in the identity. 


42. (27 + 3)? = (2a + 3)? - 2n + (2a 4 3)? -3 


43. 2? (a +r+3) =27?(a+r) 43a" 


44. A contractor is managing three different job sites. It Write expressions in terms of c, p, and e for: 
costs her $c to employ a carpenter, $p to employ a 


plumber, and $e to employ an electrician. The total 
cost to employ carpenters, plumbers, and electricians 
at each site is 


(a) The total employment cost for all three sites. 

(b) The difference between the employment cost at 
site 1 and site 3. 

(c) The amount remaining in the contractor’s bud- 


Cost at site | = 12c + 2p + 4e get after accounting for the employment cost at 
Cost at site 2 = 14c + 5p + 3e all three sites, given that originally the budget is 
Cost at site 3 = 17c ++ p+5e. plese Dip ate: 


2.3 EXPANDING AND FACTORING 


Example 1 


Solution 


In Section 2.2 we use the distributive law to expand products like a(b + c) and to take common 
factors out of expressions like ab + ac. Now we consider products in which both factors are sums 
of more than one term. Such products can be multiplied out or expanded by repeated use of the 
distributive law. 


Expand the product (a — 4)(a + 6). 


When we expand, we can combine the like terms, —4z and 62, giving 


(x —4)(x2 +6) =a? — 42 + 62 — 24= 27 + Qe — 24, 


In general, we have: 


Expanding Using the Distributive Law 


(c+r)(y+s)=(a+r)y+(x+r)s distribute x +r over y+ s 


=ryt+ry+¢s+rs _ use the distributive law twice more 


Notice that in the final result, each term in the first factor, z + r, has been multiplied by each term 
in the second factor, y + s. 


Quadratic Expressions 


An expression of the form 
ax? + ba + c, where a, b, and c are constants, 


is called a quadratic expression in x. The constants a, b, and c are called the coefficients in the 
expression. Expanding a product of the form (x + r)(a + s) always gives a quadratic expression: 


(c+r)(a+s)=(e4+r)e+(a+r)s 


2 
=x +7rx+sxu+rs 


=z? +(r+s)x+rs. 


Notice that the sum r + s is the coefficient of the x term, and the product rs is the constant term. 
This gives a quick way to expand (a + r)(a + s). For instance, in Example 1, we have —4 + 6 = 2, 
giving a term 2x, and —4- 6 = —24, giving a constant term —24. 


Going in the Other Direction: Factoring Quadratic Expressions 


Example 2 


Solution 


Example 3 


Solution 


Example 4 


Solution 


Example 5 


Solution 


What if we are given a quadratic expression and want to express it as the product of two linear 
expressions? One approach to writing a quadratic expression in the form (a + r)(a + s) is to find r 
and s by trying various values and seeing which ones fit, if any. 


If possible, factor into (~ + r)(x + s), where r and s are integers: 
(a) x*—9xr+18 (b) 224+ 3244. 


(a) Ifa? —-92 +18 = (x+r)(x +5), then we must have r + s = —9 and rs = 18, so we look for 
numbers satisfying these conditions. The numbers r = —3 and s = —6 satisfy both conditions, 
so x? — 92 + 18 = (a — 3)(x — 6). 

(b) Ifz?+32+4 = (a+r)(x+5), then we must have r+s = 3 andrs = 4. There are no integers 
that satisfy both conditions. Therefore, x? + 3x + 4 cannot be factored in this way. 


Factor x? + 10zy + 24y?. 


If the expression x? + 10xy + 24y? can be factored, it can be written as (x + ry)(x + sy), where 
r+s = 10andrs = 24. Since 4 and 6 satisfy these conditions, we have 


x? + 10xy + 24y? = (x + 4y)(x + Gy). 


What If the Coefficient of a2 Is Not 1? 


Expanding products of the form (p2-+1')(qx+s) gives a quadratic expression in which the coefficient 
of x? is not necessarily 1. 


Expand (2a + 1)(x + 3). 
Expanding using the distributive law gives 


(22 + 1)(2 +3) = 2(2% +1) + 3(22 + 1) 
= 2977 +e¢+624+3 
= Qe? + 7¢ 43. 


To factor the expression 2x? + 7x + 3, we can try to reverse the steps in Example 4. 


Factor 2x? + 7x + 3. 


Following Example 4, we break 7x into x + 6z, so 


Qn? +7243 = 20? +24 6243. 


Example 6 


Solution 


Then we group the terms into pairs and pull out a common factor from each pair: 
Qn? ++ 6a+3 = (Qe? +x) + (6x +3) 
= 2(22 + 1) +3(2¢ + 1) 
= (2x + 1)(a@ +3). 


We call this method factoring by grouping. Notice that this works because we get a common factor 
(2a + 1) at the last stage. If we had split the 7x up differently, this might not have happened. 


How would we know to write 7x = x + 6z in Example 5, without Example 4 to guide us? There is 
a method that always leads to the right way of breaking up the x term, if it can be done at all. In the 
expression ax? + bx + c that we want to factor, we form the product of the constant term and the 
coefficient of x”. In Example 5, this is 2 - 3 = 6. Then we try to write the x term as a sum of two 
terms whose coefficients multiply to this product. In Example 5, we find 7x = x + 6x works, since 
1-6=6. 


Factor 8x? + 14x — 15. 


We multiply the coefficient of the x? term by the constant term: 8 - (—15) = —120. Now we try to 
write 14a as a sum of two terms whose coefficients multiply to —120. Writing 14% = —6x + 20x 
works, since —6 - 20 = —120. Breaking up the 142 in this way enables us to factor by grouping: 


Sa? + 1492 — 15 = 8a? — 62 + 202 — 15 
= (8x” — 6x) + (20x — 15) 
= 2x(4a¢ — 3) + 5(4a — 3) 
= (4¢ — 3)(24 + 5). 


Here is the general process: 


Factoring Quadratic Expressions 


If a quadratic expression is factorable, the following steps work: 
Factor out all common constant factors, giving k(ax? + bax +c). 


In the remaining expression, multiply the coefficient of the x? term by the constant term, 
giving ac. 

Find two numbers that multiply to ac and sum to b, the coefficient of the x term. 

Break the middle term, ba, into two terms using the result of the previous step. 


Factor the four terms by grouping. 


Example 7 


Solution 


Factor 122? — 44” + 24. 
First, take out the common factor of 4. This gives 
12x? — 44r + 24 = 4(32? — 112 +6). 


To factor 3x? — 11x + 6, we multiply 3 and 6 to get 18, and then we look for two numbers that 
multiply to 18 and sum to —11. We find that —9 and —2 work, so we write —lla = —9x — 22. This 
gives 
32” — 11a +6 = 3x? — 9x — 2a + 6 
= (3z” — 92) + (—22 +6) 
= 32(a — 3) — 2(x — 3) 
= (a — 3)(3a — 2). 


Therefore, 
12x” — 442 + 24 = 4(x — 3) (3a — 2). 


In Example 7, how can we find the numbers —9 and —2 if they don’t jump out at us? A sys- 
tematic method is to list all the ways of factoring 18 into two integer factors and to pick out the pair 
with the correct sum. The factorizations are 


18=18x1=6x3=9x2 18 x -—1 = —-6 x —3 = —9 x —2. 


Only the last pair, —9 and —2, sums to —11. 
All the methods of factorization in this section are aimed at finding factors whose coefficients 
are integers. If we allow square roots, further factorizations might be possible. 


Perfect Squares 


If the two factors in a quadratic expression are the same, then the expanded form has a particular 
shape. For example, 


(22 +5)? = (22 +5)(22 + 5) 
= 22(2z +5) + 5(2z + 5) 
= 4z7 + 10z + 10z + 25 
= 4z7 + 20z + 25. 


Notice that the first and last term of the final expression are squares of the first and last term of the 
expression 2z + 5. The middle term is twice the product of the first and last term. This pattern works 
in general: 


Perfect Squares 


We can sometimes recognize an expression as a perfect square and thus factor it. The clue is 
to recognize that two terms of a perfect square are squares of other terms and that the third term is 
twice the product of those two other terms. 


Example 8 If possible, factor as perfect squares. 
(an 472 107225 (b) 9p? + 60p + 100q? (c) 25y? — 30yz + 92? 


Solution (a) In the expression 4r? + 10r + 25 we see that the first and last terms are squares: 
A (27) wand 25 — 5 


Twice the product of 2r and 5 is 2(2r)(5) = 20r. Since 20r is not the middle term of the 
expression to be factored, 4r? + 107 + 25 does not appear to be a perfect square. 


(b) We have 


— 


9p? = (3p)? and 100g? = (10g)? and = 2(3p)(10q) = 60pq. 


Since the middle term of does not contain a q, it appears that 9p? + 60p + 100q? is not a perfect 
square. 
In the expression 25y? + 30yz + 92? we see that the first and last terms are squares: 


(c 


= 


"se = (Gn) ais Ge ea (Ga 


Twice the product of 5y and 3z is 2(5y)(3z) = 30yz, which is the opposite of the middle term 
of the expression to be factored. However, we can also write 


Go == 32). 
and then twice the product of 5y and —3z is 2(5y)(—3z) = —30yz. Thus, 25y? — 30yz + 92? 
is a perfect square, and 25y? — 30yz + 92? = (5y — 3z)?. 


In summary: 


Determining if an Expression is a Perfect Square 


An expression with three terms is a perfect square if 
e Two terms are squares, and 


e The third term is twice the product of the expressions whose squares are the other terms. 


Difference of Squares 


Another special form for a quadratic expression is the difference of two squares: 


Difference of Squares 


2 


If an expression is in the form x* — r?, it can be factored as 


g? —r? =(2—r)\(a4+r). 


Example 9 


Solution 


Example 10 


Solution 


Notice that the expanded form of the expression has no x term, because the terms rx and —rx 
in the expansion cancel each other out. If we see the special from x? —r, we know it can be factored 
as (w@ — r)(a@ +1). 


If possible, factor the following expressions as the difference of squares. 


(a) x2 —100 (b) 8a? — 22 
(c) 49y2 +25 (d) 18(t +1)? —32 


(a) We see that 100 = 107, so x? — 100 is a difference of squares and can be factored as 
x — 100'= (x — 10)(z + 10). 
(b) First we take out a common factor of 2: 
8a? — 2b? = 2(4a? — b”). 
Since 4a? is the square of 2a, we see that 4a? — b? is a difference of squares. Therefore, 
8a — 2b? = 2(2a + b)(2a — b). 
(c) We have 49y? = (7y)? and 25 = 5°. However, 49y + 25 is a sum of squares, not a difference. 
Therefore it cannot be factored as the difference of squares. 
(d) We take out a common factor of 2: 
2(9(t + 1)? — 16). 


Since 3(¢+ 1) squared is 9(t +1)? and 4 squared is 16, we see that 9(¢+ 1)? — 16 is a difference 
of squares. Hence, 


18(¢ + 1)? — 32 = 2(3(¢ + 1) — 4)(3(¢ +1) +4). 
Using the distributive property and collecting like terms, we have 


IS + 1)? = 32 = 2(3(¢4 1) — 4) (E+ 1) + 4) — 2Gt — 1) +7). 


Factor 4a? + 4ab + b? — 4. 


Since there are four terms with no common factors, we might try to group any two terms that have 
a common factor and hope that a common expression will be in each term. One possibility is 


4a? + dab +b? — 4 = (4a? + dab) + (6? — 4) = daa + b) + (6? — 4). 
Another possibility is 

4a? + dab + b? — 4 = (4a? — 4) + (4ab + 6?) = 4(a? — 1) + b(4a +B). 
The third possibility is 


Aa? + dab + b? — 4 = (4a? +B?) + (4ab — 4) = (40? +b?) + 4(ad — 1). 


Unfortunately, none of these groupings leads to a common factor. Another approach is to notice that 
the first three terms form a perfect square. Therefore, 


Aa* + dab + b? — 4 = (4a? + 4ab+ ba) —A grouping the first three terms 


2a + b)? —A factoring the perfect square 


( 
( 
= ((2a + b) — 2)((2a +b) +2) factoring the difference of squares 
(2a + b— 2)(2a+b+ 2). 


Factoring Expressions That Are Not Quadratic 


Sometimes, taking out a common factor from an expression leaves a quadratic expression that can 
be factored. 


Example11 = Factor (a) «° — 6x? — 16x () tb =e 
Solution (a) We first take out a common factor of x, giving 
x — 6x7 — 162 = x(x? — 6x — 16). 
The quadratic expression on the right factors as x? — 6x — 16 = (a + 2)(x — 8), so 
f —65 — lor = ala — 8)(a + 2), 
(b) By recognizing p* as (p)?, we can see this as a quadratic expression in p?: 
Pasi a) i 
If we think of p? as 2, then this has the form x? + x — 2, which factors into (2 — 1)(x +2). So 
pe +p —2=(p" —1)(p’ + 2). 
The first factor is a difference of two squares, and factors even further, giving 


p' +p? —2= (p—1)(p+1)(p? +2) 


Exercises and Problems for Section 2.3 


EXERCISES 
MiIn Exercises 1-25, expand and combine like terms. 7. 3(a — 4)? + 8a — 48 8. («x +6)? 
1. (a +5)(ax + 2) 2. (y+ 3)(y— 1) 9. (w — 8)? 10. (x +11)? 
6-5-0 4. (2a + 3)(3a — 2) 
5. (3b + ¢)(b + 2c) 6. (a+b+c)(a—b—c) 11. (x — 13)? 12. («+ 7)(a — 7) 


13. («+ y)? 14. (2a + 3b)? 36. y? —6y +7 37. 3w? + 12w — 36 
15. (5p” — q)” 16. (x — y)° 38. 2n? —12n —54 39. a? —a—16 
_ 9n)3 
Pee) Be ree) 40. 2? — 16 41. s? — 12st + 362? 
19. (2 — 8)(x + 8) 20. (a — 12)(a + 12) 
42. x? +72 43. x? — 36 
21. (a — 11)(3a + 2) 22. 2(4a — 7)(2x + 2) 
44. x? — 169 45. 2? + 10z +25 
23. «(3x + 7)(5a — 8) 24. 2x(5a + 8)(7a + 2) 
2 ap. 2 
55. (s-S)'e syste 21 46. x” + 26x + 169 47. x 15x + 56 
2 2 
Wi Factor the expressions in Exercises 26-57. ees ENE eee Sele Ve 
50. x? — dx — 5d 51. 8x7 — dry — 
26, a2 see 27. y2—5y—6 0. 2° —5a+dzr—5 8a xy — 6x + 3y 
28. n2—n—30 29. g? — 129 + 20 52. 2qa?+pqx—14e—7p 53. «? — 16x? + 64a 
30. t? — 27t +50 31. q? + 15q +50 54. 2° — 22° — 63 55. r? — 14r?s? + 49rs® 
32. b” + 2b— 24 33. 27 + Lay + 24y? 56. 8a? + 50ab? 57. 1827448042? +32224 
34, 227+ 122-14 35. 4274+ 192412 
PROBLEMS 
MiIn Problems 58-68, factor each expression completely. 66. 12a? + 60a + 75 
58. ay — a3y3 67. 16st — 24st? + 9st? 
59. 18a? — 2x42 68. (r + 1)? + 12t(r + 1) + 36¢? 
60. b)? — 100 
(+t) WiFor Problems 69-71, expand and combine like terms. 
61. 12—27(t+1)? 
62. 2? + 8x +16 —y? 69. ((x +h) +1)((e@ +h) —1) 
63. ¢@—-¢ 70. (2+ 3(a+b))? 
64. (+1)? — 25(¢+1 3 
ene 2a ) ay (2) ae 
65. 2w? — 16w* + 32w 2 4 2 
2.4 ALGEBRAIC FRACTIONS 
An algebraic fraction is an expression in which one expression is divided by another. 
Cancelation 


Example 1 


Sometimes we can simplify the form of an algebraic fraction by dividing a common factor from the 
numerator and the denominator. We call this canceling the common factor. 


ran 


Solution The numerator has a common factor of 6: 
62 — 6 = 6(a — 1). 
Now, dividing both the numerator and denominator by 3, we obtain 


6c—6 7G(e—1) _ 
ee = 2(a—1). 


We can cancel the 3 because it amounts to expressing the fraction as a product with the number 1: 


1) PAG AG 1) 


ee ee ( — 
3 3 3 1 er) 
10 20 
Example2 _— Simplify palin 
—15m — 5n 
Solution The numerator contains a common factor of 10 and the denominator has a common factor of —5. 


Rewriting, we have 
10m+20n  10(m+2n)  — 2(m+2n) 


15m —5n —58min)~ 38min 


Canceling Expressions 


We can cancel expressions from the numerator and denominator of a fraction, but it is important to 
remember that cancelation is valid only when the factor being canceled is not zero. 


5a? + 10a 

Example 3 Simplify ———_. 

P PY TOa2 + 20 
Solution We factor 5a out of the numerator, giving 


5a® + 10a = 5a(a? + 2), 
and we factor 10 out of the denominator, giving 
10a? + 20 = 10(a? + 2). 
Thus, our original fraction becomes 
5a®+10a  5a(a? + 2) 
10a2+20 10(a? + 2)” 
We simplify by dividing both the numerator and denominator by 5 and (a? + 2). 
5a3+10a ‘da(a*+2) a 


10a2+20 2O0(a2+2) 2° 


Example 4 


Solution 


Example 5 


Solution 


Since the quantity (a? + 2) is never 0, the quantity 


a? +2 
a? +2 


is equal to | for all real values of a, so a/2 is equivalent to the original expression. 


If the expression being factored out is zero for some values of the variables, then the simplifi- 
cation is still valid if we avoid those values. 


Factor the numerator and denominator to simplify 5 6 
ct — 
Notice that we can factor out —1 from the numerator: 


3-2 =—-1(-34+2) = —-1(x — 3). 


We can also factor a 2 from the denominator: 
22 — 6 = 2(a — 3). 


Both numerator and denominator have x — 3 as a factor. So 


Jae alee 


1 ; 
aE oe = provided x F 3. 


(a) If w £ r, show that alisy) = elk 
r—w 
(b) If m 4 n, show that a —1. 
1 
(a) Since Se) = oes we can distribute the —1 to get Suns) aS ei fe Then, 
— r—w r—w r—w 
reordering the numerator, we have 
—(w-r) —-w+r feat me 
r-w r—-w r—-w 
(b) If we factor out a —1 in the numerator and then reorder, we have 
(= SN nese) Sle ie) 1 


m—m m—m LOT 


The techniques for factoring quadratic expressions from Section 2.3 often come in handy for 
simplifying algebraic fractions. 


2k? —8 


Example 6 Simplif : 
Pp a ia ae a 
Solution After factoring out a common factor of 2 in the numerator we are left with an expression that is the 
difference of squares. Therefore, 
2k? — 8 mn 2(k? — 4) _ 2k + 2)(k — 2) 
2-k 2 -k 2—k 
If we factor a —1 from the denominator, we have 
2k? —8 = 2(k? — 4) _ 2(k + 2)k—2} 
2-k 2-k  -1fh- ° 
Therefore, 
2k? —8 
=e a —2(k +2) provided k 4 —2. 
Adding Algebraic Fractions 
Another situation where the distributive law is useful is in adding algebraic fractions. 
Exampl Dre! i i 
ple7 Express 7 + 7 as a single fraction. 
Solution We have 
dee oe ae 9; eo eane lGolicad 
7 7 = 7 i} 7 J rewriting division aS Multiphcation 
1 
=7 -(j +27) factoring out 1/7 
il 
=> (37) collecting like terms 
3j He Ra moe 
— 7 rewriting multiplication as division. 
This is the same answer we get by adding numerators and dividing by their common denominator. 
We can also use the distributive law to reverse the process in Example 7 and express a fraction 
as a sum of two other fractions. 
5 
Example 8 Express oe as the sum of two algebraic fractions. 
Solution We have 
Oe eed 
me Gu ees 


Example 9 


Solution 


Example 10 


Solution 


If two fractions do not have a common denominator, we replace them with equivalent fractions 
that do have a common denominator before adding them. 


Simplify the expression 


by writing it as a single fraction. 


We have 


C fe _ 30e re 25h — 30c+ 25h — 30c+ 25h _ 6c+ 5h 
5 " 3 S55) " O-3) Bess ~~ ao ~ ie 


An Application of Adding Fractions: Fuel Efficiency 


Suppose a car’s fuel efficiency is 25 mpg in the city and 30 mpg on the highway. We want to know 
the average fuel efficiency if the car drives 150 miles in the city and 300 miles on the highway. It 
uses 150/25 = 6 gallons in the city, and 300/30 = 10 gallons on the highway. So 


: Total miles driven City miles + Highway miles 
Average fuel efficiency = —@ —— _ = 
Total gallons gas City gallons + Highway gallons 


_ 1504300 — 450 


ea eee a) 
6+10 ig ee 


Find an algebraic expression for the fuel efficiency if the car drives c miles in the city and h miles 
on the highway. 


We have 
@ h 
City mil High il h 
Average fuel efficiency = lca Bou eel nee eda sey 
City gallons + Highway gallons Cc h 
ah ae me eee a0 
c/25 h/30 
Using Example 9, we can write this as 
cr eth ~ lolle+h) 
Cc " h 6c+5h  6c+5h - 
25 30 150 


Rules for Operations on Algebraic Fractions 


Example 9 illustrates some of the general rules for adding and multiplying algebraic fractions, which 
are the same as the rules for ordinary fractions. 


Addition and Subtraction 


a te Cc . d a ad — cb 
b'd bd *~ b&b d bd 
We call bd a common denominator of the two fractions. 


Multiplication 
; : ; = — provided 6 and d are not zero. 


Division 


ad ; 
= —, __ provided b, c, and d are not zero. 
Cc 


a 2 t 8 
Example1i1 E ingle fracti — + — b) —- 
p Xpress as a single fraction (a) A PAD (b) eas 
: d+b 
Solution (a) Using the rule ; + 7 = —— we have 


3,2 _ 3(p +2) + 2p 
p pt2 p(p + 2) 


Now, using the distributive law and collecting like terms, we get 


3 2 3p+6+ 2p 


— 
p p+2 p(p + 2) 


> p46 
P(p + 2) 
d+b 
(b) Using the rule > + 5 = = ~ © we have 
Ces se st ec ee 
st+t s—t (s+t)(s—t) — 8? — 


Factoring out a —1 from the numerator and reordering, we get 


t SG 
gi s=t Paz 


Example12 Express as a single fraction (a) ——— - —— (b) 
v 


provided b and d are not zero. 


Solution (a) Using the rule - : 7 = = we have 


d bd 
b 
(b) Using the rule aie ae gc we have 
Cl 0 
a b 
CLS GN 
3/(u+w) a) (ew) 7 
vw? /7 vw2/ 7, v+w vw 
WH! ow 
c d 
- Dil 
~ (v+w)vew? 
; 2tz-6 z-1 (r2 — 25) /5r 
Examplei3 Express as a single fraction (a) San a (b) (2 = 10r +25)/(5r — D5) 


Solution (a) Expressing the fractions in factored form gives 


z+2-6 z-1_ (2+3)(z-2) z-1 
22-1 2-2 (z4+1)\(z-1) 2-2 


Canceling out like terms gives 


22+2-6 i eee) ee ere 


2-1 2-2 (+)(—H > etl 


Be sure you understand why z cannot be equal to —1, 1, or 2. 
(b) Using the rule for division of fractions, factoring, and canceling common factors (provided 
r £5), we obtain 


(r? — 25) /5r (eee = 5) 5(r — 5) r+5 


(r2 — 10r + 25)/(5r — 25) 5r (r—5)\(r—-5) or 


Exercises and Problems for Section 2.4 


EXERCISES 
Mi Write each of the expressions in Exercises 1-12 as a single 20. p? +4p ; 3p — 6 
fraction. p?—2p 3p+12 
ae 3 1 wr + 4wr r+r 
ee 2. 2+— * 2r2w+2Qwr 4w+16 
» cd+c 16—2c 
a 9.2 42 ‘ Cd—-8d 444d 
ie aS eel 93, Uitlbu Bw +3 
gpa eg oe eet Cee ee vw-v 5u+15 
L -f& —-2 2 z ni ab+b 3a?+6a 
 2R246b ata 
7. z(e/2) se 
* MiIn Exercises 25-43, write each expression as a sum, differ- 
9 1 a 1 10 1 = 1 ence, or product of two or more algebraic fractions. There 
~a—-b- a+b “ag-a «-—b is more than one correct answer. Assume all variables are 
itive. 
1 4 posi 
i. ae 2. 1+- - : 
r/5 — =—(38r = 
m1 z i 2S ae 27, —* 
2 10 c+2 
5 6p — 3 1 
Min Exercises 13-24, multiply and simplify. Assume any fac- 28. 6p 29. 6 30. yz 
tors you cancel are not zero. 4 
_ —3t 22h +h 
ee i aa = 
B Sp 3pq 14 sry” 8xy°z —2 9s h 
: 6q? 5p . Aa? z 6xry® Cc Cc h(B + b) 
34. — 35. 36. ———— 
1s, 200 , 10076? i: 4 3a + by ab a+b 2 
* 5b 6a * 6a + 12y 10 3 4 1+2a+3b 
37, ———~ 38. 39, —————_ 
v7, 23s __6r u(r +s) ye 4 
As 6r + 9s p+ prt (x +1)? -y 1 
40. ———_ 41, ———————. 22. —_____ 
D ry (p+2)? +b 
z+3 2%+8 
18. . x 
a+4 497412 43. ; 
1 —— 
19, ——_. - b b 
(ela +b) + (a+)) 
PROBLEMS 
44. In electronics, when two resistors, with resistances A WiIn Problems 45-50, find an expression equivalent to one of 
and B, are connected in a parallel circuit, the total re- parts (a)—(f), if possible. 
sistance 1s a 2 
1 (a) 2x (b) oe (c) = 
a oe @ — © — () — 
Rewrite this so there are no fractions in the numerator xr+2 Lo e+1 
or denominator. 
Ld c 1/x 
48. — J 49. 2 50. — : 


MiFor Exercises 51-64, simplify each expression. Assume any 
factors you cancel are not zero. 


Aab® 11 

3 s t 

1. 52. za 

a 

m+2 
eee 54, —3 — 
oe. m*—4 

12" 18 6m 

2 t 
rie t—3 

55. 335 56. Z 
2 4t — 12 

1 1 cy 
25 a? y  « 
57. =-—4 58. -—F 
a ee -+- 

a - 5 y «& 


Die = 
59, Se oo, E41 
cd pea 
1 2 
61, Mal mre 62.2-—2 
3 ae 
7”) 2+2 
m 
2 4 12 3 
63 owe 64 “tate 
1-5 iy 2 


REVIEW EXERCISES AND PROBLEMS FOR CHAPTER 2 


EXERCISES 


MiIn Exercises 1-4, are the two expressions equivalent? 
. a(S”) and 52? 
-2a+b6 and b+2a 


(22) (5y) 
(a+3)+(b+2) and 


and 7xy 


a 


(a+b)+5 
WiGiven the values of r and z in Exercises 5—6, evaluate and 
simplify the expression 
3(z +r)? + 6rz4+ = 
r+z ¢ 


Your answers may involve other letters. 


5.r=-5,z=2 6. r= 5k,z = —3k 


MiIn Exercises 7—12, write the expression in a simpler form, if 
possible. 
7. 3p? — 2q7 + 6pq — p” 
8. y? + 2ay — 4y? + a — Qary 
9. (1/2)A + (1/4)A — (1/3) A 
10. (a+ 4)/3 + (2a — 4)/3 
11. 3(2t — 4) — ¢(3t — 2) + 16 


12. 524 +523 — 324 


Win Exercises 13-22, simplify by using the distributive law 
and combining like terms. 


13. 2(@ + 5) + 3(a — 4) 

14. 7(x — 2) — 5(2x —5) 

15. 3(2x — 5) — 2(5a + 4) +. 5(10 — 32) 
16. 6(2x + 1) — 5(3x — 4) + 6x — 10 

17. 2x(3a + 4) + 3(x? — 5a + 6) 

18. 3a(x + 5) — 4x(3a — 1) + 5(6x — 3) 
19. 2a(a + b) — 5b(a + b) 

20. 5a(a + 2b) — 3b(2a — 5b) + ab(2a — 1) 


21. mn(m + 2n) + 3mn(2m +n) + 5m?n 
22. 5(x? — 3a — 5) — 2a(x? — 5x — 7) 


MFactor the expressions in Exercises 23-52. 


23. 27 —5z+6 24. a? + 8a — 48 
25. v? — 4v — 32 26. b? — 23b — 50 
27. w? + 2w +24 28. 2? +4 —72 
29. 6a? + 52 —6 30. 30t? + 26t + 4 
31. q? —4qz 4+ 32? 32. 12s? +178 —5 


33. 12w? — 10w — 8 34. 10z? — 21z — 10 MiFor Exercises 53-67, simplify each expression. Assume any 

factors you cancel are not zero. 

35. 7? +4 36. (c+ 3)? —d* 

da — 8 10y? — 5y? 
= ee = 53. —— 54. ——__—. 

37. 2° +4 38. x* — 81 3 16 iby 
2 2 

39. 2 — 144 40. x* — 147 4+. 49 - 12w — 36w? Pe dr — 8 

See T ee oe 

41. 2? — 222 + 121 42. 2? — 30 —54 ia in =20 

3t? + 12t 38° — 12s 
. 327 . 2 57, —.——_— 58. ———— 

43. 32° + 22% 4+ 35 44. eo +a24+32r4+3 WP +16 =) 

45. ax + bx — ay — by 46. 12a” + 2b+ 24a + ab go, (@E y)? 60, 287 =32 

te) oy )2 ee a ea 

47, 2° + 2327 + 1322 48. x4 — 182° + 812” oe ae aa 

2 2 
; Pq — pq 2(y — 4) 

49. y? + Ty? — 18 50. 7y° — 28y2° 61. ——>} 62. —=—— 
ees: te (p— 49)? a4 —y) 
a7 52 4943.4 

51. —3t" + 24t?u~ — 48t°v Ox — 322 6a — 2a2 

52. n?+10n + 25¢q? 63. z2—9 * a—a—6 

4 2 
65. 1 66. 9k* + 12k +4 
rp — rp 12k+8 
67, r(rt+ $) —s(r+s) 
r2s + rs? 
PROBLEMS 
68. A store has a 10% off sale, and you plan to buy four 72. The volume of a cylinder is 100 cubic centimeters. If 


69. 
70. 
71. 


items costing a, b, c, and d dollars, respectively. 


(a) Write an expression for the total cost of the four 
items if the 10% is deducted off the total amount. 

(b) Write an expression for the total cost of the four 
items if the price of each item is reduced by 10% 
separately before totaling up. 

(c) Are the expressions in (a) and (b) equivalent? 

(d) Does it matter whether the 10% is taken off each 
item separately or is taken off the total at the end? 


If a/b = 2/3, what is 3a/26? 
If m+n = s+2, what is 2(m+n) 


(s—2)+(1-s)? 


The area of a circle is 30 square meters. What is the 
area of a circle whose radius is three times as long? 
(The area of a circle of radius r is wr.) 


the radius of the cylinder is doubled and the height of 
the cylinder is tripled, what is the volume of the new 
cylinder? (The volume of a cylinder of radius r and 
height h is wr7h.) 


Win Problems 73-75, put the expression 6a” + 12 in the form 
given. Identify the values of r, v, and w, as applicable. 


73. 


2r 74. 3u+3 75. ru+(r+l)w 


Min Problems 76-77, write the expression in the form k — 


a“ , and identify the values of the constants k, m, and n. 
rn 
Ax 3(a@ +5) — 7x 
76. - 77... ——— 
24 —6 x+5 


78. Given w = —2 and v = k — 1, evaluate and simplify: the second position earnings increase by 5%, how 
much does she earn a week? 


2w® + 30 + 3w?v — 3(u — w)?. (e) If the pay for each of the two positions increases 
by 5%, how much does she earn a week? 
79. An employee holds two different part-time positions (f) Which, if any, of the expressions given in (a), (b), 
with the same company, earning $A a week in the first (c), (d), (e) are equivalent? 


position and $B a week in the second position. 


(a) How much does the employee earn a week from Win Problems 80-81, explain how the distributive law a(b + 


this company? c) = ab + ac has been used in the identity. 
(b) Ifthe employee’s total earnings from the company 

increase by 5%, how much does she earn a week? 80. (x? ++ 6) (32° + 6x”) =e (32° af 6x”) +(z+ 
(c) If the first position earnings increase by 5% and 6) (32° + 6x”) 

the second position earnings stay the same, how 

much does she earn a week? 81. (2? +a 6) (30° + 6x”) = 32" (a +a 6) (a + 2) 


(d) If the first position earnings stay the same and 
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3.1 SOLVING EQUATIONS 


In Chapter | we saw that the basic principle for solving equations is to replace the equation with a 
simpler equivalent equation. In this section we look at the practical techniques for doing this. 


Using the Operations of Arithmetic to Solve Equations 


Example 1 


Solution 


Often, mathematics problems that arise in everyday life can be solved by basic arithmetic reasoning. 
For example, suppose you want to know the price p you can pay for a car if the tax is 5% and you 
have a total of $4200 to spend. Since 5% tax on p dollars is 0.05p, the total amount you will spend 
on a car with a sticker price p is p + 0.05p. So you want to know when 


p +0.05p = 4200. 


Using the distributive law we get 


(1 + 0.05)p = 4200 distributive law 
1.05p = 4200 
42 
p= — = 4000 divide both sides by 1.05. 


So if you have $4200 to spend, you can afford a car whose sticker price is $4000. 
You can go quite a long way in solving equations with basic arithmetic operations for producing 
an equivalent equation: 
e Adding or subtracting the same number to both sides 


e Multiplying or dividing both sides by the same number, provided it is not zero 


e Replacing any expression in an equation by an equivalent expression. 


Solve (a) 7+3p=1+45p (b) 1—2(3—a2) =10+ 5a. 
(a) For this equation we collect the p terms on the left and the constant terms on the right. 
7+3p=1+5p 


3p =5p—6 _ subtract 7 from both sides 
—2p = —6 subtract 5p from both sides 


=e we 
p= ma 3. divide both sides by —2. 
We verify that p = 3 is the solution by putting it into the original equation: 
far 3°S = Ise doa} —=2 Ie) = IG. 
(b) First we distribute the —2 and collect like terms: 
1—2(3—a2) =10+52 
1—6+4 27 = 10+ 52 distribute —2 


—5 + 24 = 10+ 52 simplify left side 
—5 — 324 = 10 subtract 5x from both sides 


Checking x = —5: 


= 2/3 =(=5))— 10-55) » 15 = —15. 


Solving Equations with Constants Represented by Letters 


In the previous examples the coefficients and the constant terms were specific numbers. Often we 
have to solve an equation where there are unspecified constants represented by letters. The general 
method for solving such equations is the same. 


Example 2 Solve each of the equations 27 + 12 = 20 and 2x + z = N for the variable x. 
Solution 


eta —e () 20-2 — Ni 
2x =20—12 subtract 12 2c = N—z © subtract z 
20 | IN=B 
c= divide by 2. r= a divide by 2. 


We use the same operations to solve both equations: subtraction in the first step and division in the 
second. We can further simplify the solution on the left by writing (20 — 12)/2 as 4, but there is no 
corresponding simplification of the solution for the equation on the right. 


Example 3 Solve Aw + 3w — 5 = 12 for w. Assume that A is a positive constant. 


Solution We collect terms involving w on the left side of the equal sign and the remaining terms on the right. 


Aw + 3w —5 = 12 


Aw + 3w = 17 add 5 to both sides 
w(A+3)=17 factor out w on the left side 
w = —  _ divide both sides by A + 3. 
As Z 


Dividing both sides by A + 3 is not a legitimate operation unless we know that A + 3 is not zero. 
Since A is positive, A + 3 cannot be zero, and the operation is allowed. 


Example 4 Solve the equation 2q7p + 5p + 10 = 0 for p. 


Solution 


We collect terms involving p on the left of the equal sign and the remaining terms on the right. 


2q°p + 5p+10=0 
2q°p + 5p = —10 subtract 10 from both sides 
p(2q? +5) = —10 factor out p 


= ——— divide by 2g? +5. 
3 2q7 +5 ae 


Since 2q? + 5 cannot be zero, the last step is legitimate. 


What Other Operations Can We Use? 


Example5 


Solution 


Example 6 


Solution 


As we learn about more and more complicated equations, we need more and more operations to 
solve them, in addition to the basic arithmetic ones we have discussed here. To decide whether an 
operation is allowable, we look at whether or not it changes the equality between two quantities. If 
in doubt, we check the solutions we have obtained back in the original equation. 


Solve the equation ¢/z = 8. 


To undo the operation of taking the cube root, we cube both sides of the equation. Since cubing the 
two sides does not change whether they are equal or not, this produces an equivalent equation. 


Vz =8 


z/3 8 rewriting in exponential form 
Ela: =o: cube both sides 
= Oily. 


We check to see that 512 is a solution: /512 = 8. 


In Example 5 we performed a new operation on both sides of an equation: cubing. Cubing two 
numbers does not change whether they are equal or not: different numbers have different cubes. So 
this operation produces an equivalent equation. 


Solve the equation ,/x = —2. 


To undo the operation of taking the square root, we try squaring both sides of the equation. 


(\/x)? = (—2)? square both sides 


If we check the result, we see that 


vi= 2-2, 


so x = 4 is not a solution to the equation. Since square roots are always positive, we recognize that 
/x cannot equal —2 and the equation has no solutions. 


Since different numbers do not necessarily have different squares, the operation of squaring 
both sides of an equation (or taking the square root of both sides of an equation) does not give an 
equivalent equation. Just as we need to be careful about multiplying or dividing by zero, we also 
need to be careful about raising both sides of an equation to an even power. 


Equations with Fractional Expressions 


An equation involving a fractional expression can sometimes be solved by first transforming it into 
a simpler equation. To do this we clear the equation of fractions. One way to do this is to multiply 
by the product of the denominators. The resulting equation is equivalent to the original, except at 
values of the variable that make one of the denominators zero. 


2) 
Example 7 Solve for x (a) —— = as (b) s= Z ,ifs AQ0anda 40 
3+2 6-2 1-2 
Solution (a) Multiply both sides of the equation by (3 + «)(6 — x): 
D2 


Canceling (3 + x) on the left and (6 — 2) on the right, we have 
2(6 — a) =5(3+ 2). 
This is now a simpler equation, with solution given by 


12-27 = 15+ 52 


(n= 
3 
c= — 7 
Since we cleared our fractions by multiplying by a quantity that can be zero, we need to check 


the solution by substitution in the original equation. 


eee ee Sear ee 
Ton © Fay Bb Ole=eyr sit ee 

5 5 5 (oe 
——— = = ____ 2. — = 
fae s ar © Oras 45. 9 


Thus the solution is valid. 


(b) Multiplying both sides by 1 — x gives 
s(l-—az)=a 
Ss — 
SO = Se 
s—a 
i ; 
8 


We can divide by s because it cannot be zero. Again, we need to check our solution. Substituting 
it into the right side of the equation, we get 


Right side = = = Se 5 = Lettside: 
= a 


s-a s—(s—a) 


Exercises and Problems for Section 3.1 


EXERCISES 
Solve the equations in Exercises 1-14. 18. 8, 8 —0. 
e-2 3 
5 1 
1. 0.52 —3 = 11 2. gut4saa-y 1 2 
19, ———_— = 
1 1 
= a =~ 1 
3. 2(a+3) = 10 4. —9+ 10r 3r +57 a 5 
5. 4p—1.3 = —6p—16.7 6. 6n — 3 = —2n + 37 
1 a 
Te 7 = 2=3r+5 8. 0.2(g—6) = 0.6(g—4) z—4 3 
1 
9. Pe ciaa a 10. 5 = 5(t-6) mn, 22°F Kg 
1 5 LF a 
ae —4)=—-= 22. =- 
12. 3d 5 (2d 4) qiat4) er ee 
13. B—4(B —3(1 — B)) = 57 
14. 1.06s — 0.01(240 — s) = 22.67s 23. 3a ae 
a+2 
Solve the equations in Exercises 15-25. 
6h-1 3 
a Gal 5 
Z=2 g=3 a 
2 3 3 5 —~3 5 
16. - = 1 = po ze 
an s5 a ed ar oat, 
PROBLEMS 
Win Exercises 26-37, solve for the indicated variable. Assume 35. 2r —t=r-4 2t, forr. 
all constants are non-zero. 46. Bp he = Sub Be Fonw, 
26. A=I-w, for w. 27. y = 3nt, fort. 37. 3(3g — h) = 6(g — 2h), for g. 
38. Solve for L: 
28. t= tot Su, for w. 29. $= vot + Sat®, for a, ais 3kL —8 = 
30. ab+aw =c-— aw, for w. rkL — 7 
31. 3at +1 = 2t —5z, fort, ifz 4 2/3. Your answer may involve other letters. 
32. u(m + 2) + w(m — 3) = z(m — 1), for m, 39. Suppose x = 3 is a solution to the equation 2z% + 1 = 
ifu+w—z 0. j, where z and 7 are constants. Find a solution to the 


33. x + Y=2Z, for y. equation 


34. ab=c, for b. 


3.2 SOLVING INEQUALITIES 


4z4+5=2j7+4+3. 


Inequality Notation 


Whereas an equation is a statement that two quantities are equal, an inequality is a statement that 
one quantity is greater than (or less than) another. We use four symbols for expressing inequalities: 


x<y means x is less than y 


x>y means x is greater than y 
x<y means zx is less than or equal to y 
x>y means x is greater than or equal to y. 


If z is between x and y, we write x < z < y. 


Example 1 Under normal conditions, water freezes at 0°C and boils at 100°C. If H stands for the temperature 


in °C of a quantity of water, write an inequality describing H given that 


(a) The water has frozen solid. (b) The water has boiled into vapor. 


(c) The water is liquid and is not boiling. 


Solution (a) The value of H must be less than or equal to 0°C, so H < 0. 
(b) The value of H must be greater than or equal to 100°C, so H > 100. 


(c) The value of H must be greater than 0°C and less than 100°C, so0 < H < 100. 


Solutions to Inequalities 


A value of a variable that makes an inequality a true statement is a solution to the inequality. 


Example 2 Which of the given values is a solution to the inequality? 


(a) 20 —t > 12, fort = —10, 10 
(b) 16 —t? <0, fort = —5,0,5. 


Solution (a) We have: 
Fort = —10: 20 — (—10) > 12, a true statement. 
—— 
30 
For t = 10: 20—10> 12, a false statement. 
ee 
10 
So t = —10 is a solution but t = 10 is not. 
(b) We have: 
For ¢ = —5: 16 — (—5)? <0, a true statement. 
———— ee 
=) 
ore —10; 16 —0? <0, a false statement. 
— 
16 
Onti—*5; 16 —5? <0, a true statement. 
Sa 
=9 
Sot = —5 and t = 5 are solutions but t = 0 is not. 


Solving Inequalities 


We solve inequalities the same way we solve equations, by deducing simpler inequalities having the 


same solutions. 


Example 3 Solve the equation 3x — 12 = 0 and the inequality 32 — 12 < 0. 


Solution In this case the steps for solving the equation also work for solving the inequality: 


32 —-12=0 37 —12<0 
ove = 12) 3x2 < 12 add 12 to both sides 
co x <A multiply both sides by 1/3. 


In Example 3, adding 12 to both sides of the inequality, and multiplying both sides by 1/3, did 
not change the truth of the inequality. But we have to be careful when multiplying or dividing both 
sides of an inequality by a negative number. For example, although 2 > 1, this does not mean that 
(—3)-2 > (—3)- 1. In fact, it is the other way around: —6 < —3. When we multiply or divide both 
sides of an inequality by a negative number, we must reverse the direction of the inequality to keep 
the statement true. 


Example 4 Solve the equation 30 — x = 50 and the inequality 30 — x > 50. 


Solution Solving the equation gives 


30 — 2 = 50 
—x = 20 subtract 30 from both sides 
x = —20 multiply both sides by —1. 


To solve the inequality, we start out the same way, since subtracting 30 from both sides of an 
inequality does not change whether it is true or not: 


30 — a > 50 
—x£ > 20 


The last inequality states that, when x is multiplied by —1, the result must be greater than 20. This 
is true for numbers less than —20. We conclude that the correct solution is 


x < —20. 


Notice that multiplying both sides by —1 without thinking could have led to the incorrect solution 
> 0. 


Another way to solve Example 4 is to write 


30-2 > 50 
30 >50+2 add x to both sides 
30-50 >a subtract 50 from both sides 
—20> 2. 


The statement —20 > zx is equivalent to the statement x < —20. 


Example 5 


Solution 


Example 6 


Solution 


Solve the inequality 4 — (8a +2) >6+4 a. 


We have 


4A—(3a+2)>6+4+2 

4— 3% —22>60+2 

2— 30) OE 
—4dr > 4 

eS ll. 


Notice that in the last step of the solution, we had to reverse the direction of the inequality since we 
multiplied both sides by the negative number —1/4. 


Michele will get a final course grade of B+ if the average on four exams is greater than or equal to 
85 but less than 90. Her first three exam grades were 98,74 and 89. What fourth exam grade will 
result in a B+ for the course? 


For Michele’s average to be greater than or equal to 85 but less than 90 we write 


4 
gp < SEES «00. 


Collecting like terms, we have 
261 -— g 


4 


85 < < 90. 
Multiplying the inequality by four gives 
340 < 261+ g < 360. 
Subtracting 261 produces 
M@sGg<, 


Therefore, anything from a 79 up to but not including a 99 will give Michele a B* in the course. 


Determining the Sign of an Expression from Its Factors 


We are often interested in determining whether a quantity N is positive, negative, or zero, which 
can be expressed in terms of inequalities: 


N is positive: N>O 
N is negative: N <0 
N is zero: N=0. 


In practice, determining the sign of an expression often amounts to inspecting its factors and using 
the following facts: 
e A negative number times a negative number is positive. 


e A negative number times a positive number is negative. 


e A positive number times a positive number is positive. 


Example 7 


Solution 


Example 8 


Solution 


Example 9 


Solution 


For what values of x is the quantity 52 — 105 positive? 


Factoring 52 — 105, we obtain 5(a — 21). This shows that if x is greater than 21, the quantity 
5a — 105 is positive. 


What determines the sign of a?x — a?y if a 4 0? 


Factoring, we obtain 


a’z —a’y=a'(z—y). 


Since a? is always positive, 
e Ifa > y, then a?(x — y) is positive. 


e Ifa =y, then a?(x — y) is zero. 
e If x < y, then a(x — y) is negative. 


The quantity H takes on values between 0 and 1, inclusive, that is, 0 < H < 1. For positive A, 
what are the possible values of 


(@) ib lal (bo) 1-H (c) A+AH (d) 34—2HA? 


(a) Since H takes values between 0 and 1, the value of 1 + H varies between a low of 1+ 0 = 1 
and a high of 1 + 1 = 2. So 
1<14+4H <2. 


(b) The value of 1 — H varies between a low of 1 — 1 = 0 anda high of 1 —0 = 1. So 
OQ < ia < il, 


(c) The value of A+ AH can be investigated directly, or by factoring out an A and using the results 
of part (a). 
A+ AH = A(1+ 4H). 


Since A is positive, 
A-1<A(Q1+4)<A-2. 


So 
A<A+ AA < 2A. 
(d) Factoring out an A gives 
3A —2HA = A(3— 2H). 
Since H varies between 0 and 1, the value of 3 — 2H varies between a low of 3 — 2-1 = 1 and 
a high of 3 — 2-0 = 3. Thus 
A-1< A(3—-2H)<A-3 
A < 3A —2AA < 3A. 


Exercises and Problems for Section 3.2 
EXERCISES 


MiIn Exercises 1-6, write an inequality describing the given 
quantity. Example: An MP3 player can hold up to 120 songs. 
Solution: The number of songs is n where 0 < n < 120, n 
an integer. 


1. Chain can be purchased in one-inch lengths from one 
inch to twenty feet. 


2. Water is a liquid above 32°F and below 212°F. 

3. A 200-gallon holding tank fills automatically when its 
level drops to 30 gallons. 

4. Normal resting heart rate ranges from 40 to 100 beats 
per minute. 

5. Minimum class size at a certain school is 16 students, 
and state law requires fewer than 24 students per class. 


6. An insurance policy covers losses of more than $1000 
but not more than $20,000. 


MEach of the inequalities in Exercises 7-12 can be solved by 
performing a single operation on both sides. State the oper- 
ation, indicating whether or not the inequality changes di- 
rection. Solve the inequality. 


PROBLEMS 


7. 12x > 60 8. —5t < 17.5 


9, -4.1+¢< 2.3 10. —15.03 > s+ 11.4 


12. 27 > -—m 


Mach of the inequalities in Exercises 13-18 can be solved 
by performing two operations on both sides. State the oper- 
ations in order of use and solve the inequality. 


13. 5y +7 < 22 14, —2(n — 3) > 12 


15. 13 < 25 — 3a 16. 3.7-—v < 5.3 


17. arr <6 18. o> 20-3 


19. Table 3.1 shows values of z and the expression 4 — 22z. 
For which values of z in the table is 


(a) 4-22 < 2? (b) 4—2z> 2? 
(ec) 4-—2z=2? 


Table 3.1 


20. Table 3.2 shows values of a and the expressions 2+ a” 


and 10 — 2a. For which values of a in the table is 


(a) 24a? < 10 — 2a? 
(b) 2+ a? > 10- 2a? 
(c) 2+a? = 10 — 2a? 


Table 3.2 


21. In 2008, the euro varied in value from $1.24/euro to 
$1.60/euro. Express the variation in the dollar cost, c, 
of a 140 euro hotel room during 2008 as an inequality. 


22. An oven’s heating element turns on when the the inter- 
nal temperature falls to 20 degrees below the set tem- 
perature and turns off when the temperature reaches 
10 degrees above the set temperature. You preheat the 
oven to 350 degrees before putting a cake in and bak- 
ing it an hour at 350. Write an inequality to describe 
the temperature in the oven while the cake is baking. 


23. A company uses two different-sized trucks to deliver 
sand. The first truck can transport x cubic yards, and 
the second y cubic yards. The first truck makes S trips 
to a job site, while the second makes T trips. 


(a) What do the following expressions represent in 
practical terms? 


(a) S+T (b) x+y 
(ce) #S+yT (d) (xS+yT)/(S+T) 
(e) «eS >yT (fh y>a 


(b) If cS > yT and y > x what does this suggest 
about S and 7’? Verify your answer using algebra. 


Wi For what values of x are the quantities in Problems 24-27 26. (x — 3)(a@+ 2) 27. a? +a"-2 


negative? 


24. x-—7 


25. 32+ 18 


3.3 ABSOLUTE VALUE EQUATIONS AND INEQUALITIES 


The difference between two numbers, say 5 and 3, depends on the order in which we subtract them. 
Subtracting the smaller from the larger gives a positive number, 5 — 3 = 2, but subtracting the larger 
from the smaller gives a negative number, 3 — 5 = —2. Sometimes we are more interested in the 
distance between the two numbers than the difference. Absolute value measures the magnitude of 
a number, without distinguishing whether it is positive or negative. Thus, for example, the absolute 
value of 5 — 3 is the same as the absolute value of 3 — 5, namely 2. 


Absolute Value 


Example 1 


Solution 


On the number line the absolute value of a number «, written |x|, is the distance between 0 and x. 
For example, |5| is the distance between 0 and +5, so |+5] equals 5. See Figure 3.1. Likewise, |—5| 
is the distance between 0 and —5, so |—5| also equals 5. See Figure 3.2. Since distance is always 
positive (or zero), |a| > 0 for every value of x. 


5 5 
— re:OO-jTr 
t- & t- & 
—5 0 5 —5 0 5 
Figure 3.1: Distance on the number Figure 3.2: Distance on the number 
line line 


Evaluate the following expressions. 
(a) |100| (b) |-3| (c) |0| 


(a) The absolute value of 100 is the distance between 0 and 100, so |100| = 100. 
(b) The absolute value of —3 is the distance between 0 and —3, so |—3] = 3. 
(c) The absolute value of 0 is the distance between 0 and 0, so |0| = 0. 


Measuring Distance 


To find the distance between 2 and 5 on the number line, we subtract 2 from 5 to get 3. See Fig- 
ure 3.3. 


Figure 3.3: Distance on the number line 


Example 2 


Solution 


Notice that the distance between 2 to 5 is the same as the distance between 5 and 2. This means 
we could equally well subtract 5 from 2 as subtract 2 from 5, provided we take the absolute value: 


Distance from 2 to 5 = |5 — 2| =|+3|=3 
Distance from 5 to 2 = |2—5| =|—3] =3. 


In general: 


The expression |a — b| gives the distance between a and b on the number line. 


Notice that |a — b] is equivalent to |b — a|, because the distance between a and b is the same as 
the distance between b and a. 


Interpret each expression as a distance between two points and evaluate it. 
(a) [5-3] (b) [3 —5] (c) |[5+3| 


(a) The expression |5 — 3] gives the distance between 5 and 3, which is 2. Confirming this, we see 
that |5 — 3] = |2| = 2. 

(b) The expression |3 — 5| gives the distance between 3 and 5, which is 2. Confirming this, we see 
that |3 — 5| = | — 2| = 2, the same as the answer to part (a). 

(c) Writing |5 + 3] in the form |a — b|, we have |5 + 3] = |5 — (—3)]. This expression gives the 
distance between 5 and —3, which is 8. Confirming this, we see that |5 + 3] = [8] = 8. 


An Algebraic Definition for Absolute Value 


When we define |x| as the distance between 0 and x, we are giving a geometric definition, because 
distance is a geometric concept. We now give an algebraic definition of ||. Notice that if x is a 
positive number (or zero), then || is the same as x. However, if x is a negative number, then || has 
the opposite sign as x, which means |x| equals x multiplied by —1: 


Definition of Absolute Value 


If x is any real number then: 


e |jzj=ax if~a>0 


e |jzj=—-a ifx<0. 


We can see how this rule works by looking at a few specific cases: 


For x > 0: If « = +8, then 
If~=+44,then |x] = x = +4 =4 


8 

| 

| 

T 
w 
w 


For x < 0: If x = —3, then 
If « = —4, then |x| = —x = —(—4) = 


8 
| 
| 
| 
| 
1. 
w 
~~ 
l 
Ee Ww 


and so on. 


Example 3 Evaluate the following expressions using the algebraic definition of absolute value. 


(a) |100| (b) |-3| (c) |0| (d) Tal’ a <0 
Solution (a) Since 100 is positive, its absolute value is the same as itself, so |100| = 100. 
(b) Since —3 is negative, its absolute value has the opposite sign, so |—3| = —(—3) = 3. 
(c) The absolute value of 0 is the same as itself, so |0| = 0. 
(d) Since a is negative, its absolute value has the opposite sign, so |a| = —a. Thus, 
eiige AMS | 
la] —a 


Absolute Value Equations 


We can use the geometric interpretation of |x| to solve equations involving absolute values. 


Example 4 Solve for x: 
(a) |ja—2)/=4 (b) |x +6] = 15 (c) |v —2|=-—-3. 


Solution (a) The statement 
jc—2|=4 


means that the distance between x and 2 equals 4. We know that 7 = 6 is 4 units to the right of 
2, and x = —2 is 4 units to the left of 2, so the solutions are x = —2 and x = 6. Substituting 


these values into the original equation, we have: 


|6—2|=|4| =4 as required 


|(—2) — 2| = |—4| =4 as required. 
(b) We can rewrite this equation as 
|x — (—6)| = 15. 
This statement means that the distance between x and —6 equals 15. We know that x = 9 is 15 
units to the right of —6, and « = —21 is 15 units to the left of —6, so the solutions are x = —21 
and x = 9. Substituting these values into the original equation, we have: 
|—21+6| =|—15| = 15 as required 
[9+ 6| =|15| =15 as required. 
(c) The statement 


|x — 2| = -3 


means that the distance between x and 2 equals —3. We conclude there is no solution, because 


a distance cannot be negative. 


Example5 


Solution 


Solving Absolute Value Equations Algebraically 


In Example 4, we solved the equation |x — 2| = 4 by thinking geometrically. We can also solve it 
algebraically. The key is to notice that there are two possibilities: 


Since |x — 2| =4, 
theneither x—-2=4 —+2x2=6 


or x—-2=-—4 P= —72, 


These solutions, x = —2 and x = 6, are the same as we got in part (a) of Example 4. Notice that 
we rewrote the equation |a — 2| = 4 as two separate equations: x — 2 = 4 and a — 2 = —4. This is 
similar to rewriting the equation (a — 2)? = 4 as two separate equations: 2 —2 = 2 andx—2 = —2. 


Solve: 
(a) |[8t—4|=11 (b) 3|22 —5|—7=-1 


(a) We first rewrite the equation |3¢ — 4| = 11 as two separate equations: 


ae = 4 = SEIT ae = 4 = =I 


3t = 15 3t = —7 
a 
t=5 =--. 
3 


Checking our answer, we see that: 


[3-5—4| =|15—4| =|+11|=11 as required 
|3-(—7/3) — 4| = |—7 — 4] = |—11] =11 as required. 


(b) First, we isolate the absolute value: 


Meee ree 
3 |2e —5| =6 
2215 | 2 


Next, we rewrite this as two separate equations: 


22a —5 = +2 224-5 = —-2 
Dap = 7 Me = @ 
i= D5 ap = 19), 


Checking our answer, we see that: 


3 |2(3.5) — 5| —7 = 3|7 —5| —-7 =3|4+2|-—7=3-2—7=-1 as required 
3 |2(1.5) — 5| —7 = 3|3 —5| —-7 =3|-2|; -7=3-2—7=-1 as required. 


Absolute Value Inequalities 


Example 6 


Solution 


Example 7 


Solution 


Since || gives the distance between 0 and z, the inequality |2| < 5 tells us that the distance between 
0 and x must be less than 5. Looking at the number line, we see in Figure 3.4 that this means that x 
must be between —5 and +5. 


xz 


SSS 
—5-4-3-2-10 12 3 4 5 
Figure 3.4: Solution of |x| <5 
We can write our solution to this inequality as x < 5 and x > —5. We say “and” because both 
conditions must be true. We can write this solution more compactly as 


—9<2<5. 


Solve |a| > 5. 


The statement 
elSs 


means that the distance between 0 and z is greater than 5. Looking at the number line, we conclude 
that x must not be between —5 and 5, not can it equal 5 or —5. See Figure 3.5. 


SOS SS SS eee = 
—5—4—-3-2-10 12 3 4 5 
5 


Figure 3.5: Solution of |x| > 


We can write the solution to Example 6 as x < —5 or x > 5. Here, we say “or” instead of “and” 
because either condition (but not both) must apply. Note that there is no compact way of writing 


x<—bd5orx“z>5. 
In particular, writing something like 5 < x > —5 is incorrect! 
Solve each absolute value inequality. 
(a) |22—-3|/<7 (b) |1—42| > 10 
(a) In order for |2a — 3| < 7, two things must be true: 
HEB Sf el Bes < 7, 
In other words, 2% — 3 must be between —7 and 7. We have: 


2x —3>-7 Dap Bs << ff 
22 > —4 27 < 10 


xr>--—2 << By 


Since both these statements must be true, we see that x must be between —2 and 5, and we can 
write —2 <2 <5. 
(b) In order for |1 — 42| > 10, one of two things must be true: 


l=éhe< iQ or i—4be > il, 


In other words, 1 — 4x must not be between —10 and 10. We have: 


1—4z < —10 1-4r 210 
1<-10+42 1>10+ 42 
11 < 4¢ —9 = Ag 
Uo: & 3 —2.25 > 5B. 
Thus, either x < —2.25 or x > 2.75. 
Exercises and Problems for Section 3.3 
EXERCISES 
MiIn Exercises 1-7, are there values of x which satisfy the (b) The distance between x and 2 is exactly 6. 
statements? Explain how you can tell without finding, or at- (c) The distance between t and —2 is exactly 1. 
tempting to find, the values. (d) The distance between z and zero is less than 4. 
(e) The distance between z and zero is greater than or 
1. |x| -3=10 2. |x — 3| = 10 equal to 9. 
(f) The distance between w and —5 is greater than 7. 
3. |x +7| = -3 4. |22+5| =|—7—- 10] 
5, jn—1]>2 é. Boalt <0 MiIn Exercises 11-15, solve the absolute value equation by 


writing it as two separate equations. 


7. |5+2|+7<0 


11. |jx—1| =6 12. 5 = |22|-—3 
8. Interpret each of the following absolute values as a dis- 13. |2t—1| =3 14. 2 ae 
tance on the number line. Evaluate when possible. 3 
(a) |3.5| (b) |-14, © (7-2 15.9 — Po 
@) |-7-2| © |z-4| @® |z+4I 
9. Classify each statement as true or false. 
(a) |—25| <0 (b) —|-11]=11 MiIn Exercises 16-19, solve the inequality. 
(c) [5 —7| = [5| — |7| (d) [12 — 11] = [11 — 12| 16. |5 + 2w| <7 
() Ife<y,|e])<|y| @ |e] =|-2l : 
. : . . 17. |=+ 7 >2 
10. Write an absolute value equation or inequality to de- 3 
scribe each of the following situations. 18. |8 — 22| <6 


(a) The distance between « and zero is exactly 7. 19. |[3z —9| > 4 


PROBLEMS 


MiIn Problems 20-25, write an absolute value equation or in- 
equality whose solution matches the graph. 


20. 
[——@—}—+——}—}—@—}— & 
-4-3 -2-10 1 2 3 4 
Figure 3.6 
21. 
> >— + +—_ ++ o—_- « 
-4-3 -2-1 0 1 2 3 4 
Figure 3.7 
22: 
———_+—_ +*_+_+_+ + & 


—-4-3 —-2 -1 0 1 2 3 4 


Figure 3.8 


23. 
+++} —@—}- « 
-4-3 -2 -1 0 1 2 3 4 
Figure 3.9 
24. 
——o—+—_+—_+—#_+—+— 
-4-3 -2 -1 0 1 2 3 4 
Figure 3.10 
25% 


SSS SSO 2 
-4-3 -2 -1 0 1 2 3 4 


Figure 3.11 


REVIEW EXERCISES AND PROBLEMS FOR CHAPTER 3 


EXERCISES 


WSolve the equations in Exercises 1-4. 


1. 0.52 -—5=9 
2. -7+4+9h= —4t 
3. —6(2k — 1) = 5(3 — 2k) 


4. 4—(r—3) =6(1-7r) 


Wiln Exercises 5-7, solve for the indicated variable. Assume 
all constants are non-zero. 


5. ba —-d=ax+c, for z,ifa—bF40. 
tL—a 
t-1° 

7. 2m+n = p, form. 


6. S= for t, if S # L. 


Solve the equations in Exercises 8-11. 


8 =2+6 
c43. 3 § 
a 7 
7 45 
wo, 5+ 22> =? 
1. 74245 = 


MEach of the inequalities in Exercises 12-15 can be solved 
by performing a single operation on both sides. State the 
operation, indicating whether or not the inequality changes 
direction. Solve the inequality. 


12. 15a > 45 13. 14 < —q 


14. 10.7+2>—8 15. = > 


SUS 


Mach of the inequalities in Exercises 16-25 can be solved 
by performing two operations on both sides. State the oper- 
ations in order of use and solve the inequality. 


16. 64+ 32 < 13 17. 7—4n <5-—5n 
18. —3(t — 2) > —15 19. 2k > 12—7k 

20. 8 — 4b > 22b 21. —13 —12s < -17 
22. 3q¢+2< 50 23. —8 < —4(x — 5) 
24.44-—s<64 25. Trin >8 


Win Exercises 26-29, are there values of x which satisfy the 32 
statements? Explain how you can tell without finding the 
values. 33 
26. |a| +8 =15 34 
27. || +8=7 35 


28. |7x — 70| = |14 — 100 
29, |—-7—e/+1<0 


k; 
5-=|=4 
p-5| 
|3 — 4w| -2=6 


[3p + 7 
4 
3|¢ — 2| = 8 — |x —2| 


+2=5 


WiIn Exercises 36-39, solve the inequality. 


|2h+7|<5 
j 
4—-“|>7 
a5] 2 
|d — 3] 
2-4 35 
T= 
14 — [3c — 4| <6 


36. 

Min Exercise 30-35, solve the absolute value equation by 37 

writing it as two separate equations. : 

30. |z -3) =7 38. 

31. |4— 3¢) =5 39. 
PROBLEMS 

WSolve the equations in Problems 40-43 for the indicated 48. 


variable in terms of the other letters. 


40. p\/q+ np = k, for ¢ 41. p\/q4+ np = k, for p 


pe SS pie 

H fie s—l 49 
fa Se = Fy dogs 

ey a 


WiFor what values of x are the quantities in Problems 44—47 
positive? 


44. 7+5 45. 4a — 28 50. 


46. —Tx — 35 47. (x + 3)(a — 12) 


: www.boursorama.com 


In 2008, shares of Total varied on the Paris bourse at 
prices from 33.18 euro to 58.90 euro.' Also during the 
year, the euro varied in value from $1.24 to $1.60. How 
many shares, s, of Total might you have been able to 
buy on any given day in 2008 with $10,000? Your an- 
swer should be an inequality. 


. A ccompany’s one-pound boxes of pasta actually weigh 


1 Ib plus or minus 1/32 Ibs. You serve 4 friends with 
2 boxes. Write and solve an inequality to express the 
amount of pasta per person. Do you think your friends 
would notice the difference between the heaviest and 
lightest packages? 


A scale for weighing agricultural produce is accu- 
rate within plus or minus 2%. If the price of corn is 
$40/ton, write and solve an inequality describing how 
much money a farmer gets for 10 tons of corn. 
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4.1 WHAT IS A FUNCTION? 


Example 1 


Solution 


In everyday language, function expresses the notion of one thing depending on another. We might 
say that election results are a function of campaign spending, or that ice cream sales are a function 
of the weather. In mathematics, the meaning of function is more precise, but the idea is the same. If 
the value of one quantity determines the value of another, we say the second quantity is a function 
of the first. 


A function is a rule that takes numbers as inputs and assigns to each input exactly one 


number as output. The output is a function of the input. 


A 20% tip on a meal is a function of the cost, in dollars, of the meal. What is the input and what is 
the output to this function? 


The input is the amount of the bill in dollars, and the output is the amount of the tip in dollars. 


Function Notation 


Example 2 


Solution 


We use function notation to represent the output of a function in terms of its input. The expression 
f (20), for example, stands for the output of the function f when the input is 20. Here the letter f 
stands for the function itself, not for a number. If f is the function in Example 1, we have 


f(20) = 4, 
since the tip for a $20 meal is (0.2)(20) = $4. In words, we say “f of 20 equals 4.” In general, 


f (Amount of bill) = Tip. 


For the function in Example 1, let B stand for the bill in dollars and 7’ stand for the tip in dollars. 


(a) Express the function in terms of B and T. 
(b) Evaluate f (8.95) and f (23.70) and interpret your answer in practical terms. 


(a) Since the tip is 20% of B, or 0.2B, we have 
P= (CB) S028, 


(b) We have 
f (8.95) = 0.2(8.95) = 1.79 


and 
f (23.70) = 0.2(23.70) = 4.74. 


This tells us the tip on a $8.95 meal is $1.79, and the tip on a $23.70 meal is $4.74. 


Example 3 


Solution 


Example 4 


Solution 


Example 5 


Solution 


If you buy first-class stamps, the total cost in dollars is a function of the number of stamps bought. 


(a) What is the input and what is the output of this function? 

(b) Use function notation to express the fact that the cost of 14 stamps is $6.16. 

(c) If a first-class stamp costs 44 cents, find a formula for the cost, C’, in dollars, in terms of the 
number of stamps, n. 


(a) The input is the number of stamps, and the output is the total cost: 
Total cost = f (Number of stamps). 
(b) If the total cost is $6.16 for 14 stamps, then 
f(14) = 6.16. 
(c) Since 44 cents is 0.44 dollars, n stamps cost 0.44n dollars, so 


C = f(n) =0.44n. 


Dependent and Independent Variables 


A variable used to stand for the input, such as B in Example 2 or n in Example 3, is also called the 
independent variable, and a variable used to stand for the output, such as JT’ in Example 2 or C in 
Example 3, is also called the dependent variable. Symbolically, 


Output = f (Input) 
Dependent = f (Independent). 


The cost in dollars of tuition, 7’, at most colleges is a function of the number of credits taken, c. 
Express the relationship in function notation and identify the independent and dependent variables. 


We have 
Tuition cost = f(Number of credits), or T= f(c). 


The independent variable is c, and the dependent variable is T’. 


The area of a circle of radius r is given by A = rr?. What is the independent variable? What is the 
dependent variable? 


We use this function to compute the area when we know the radius. Thus, the independent variable 


is r, the radius, and the dependent variable is A, the area. 


In a situation like Example 5, where we have a formula like 
A=mr? 


for the function, we often do not bother with function notation. 


Evaluating Functions 


If f(a) is given by an algebraic expression in x, then finding the value of f(5), for instance, is the 
same as evaluating the expression at x = 5. 


Example 6 If f(x) = 5 — \/2, evaluate each of the following: 
(a) (0) (b) (16) (co) f(12?). 


Solution (a) We have f(0) =5— V0=5. 
(b) We have f(16) =5—- V16=5-—4=1. 
(c) We have f (127) =5 — V122 =5—-12=—7. 


Example 6 (c) illustrates that the input to a function can be more complicated than a simple 
number. Often we want to consider inputs to functions that are numerical or algebraic expressions. 


Example 7 Let h(x) = x? — 32 + 5. Evaluate the following: 
(a) h(a)—2 (b) h(a — 2) (c) h(a— 2) — h(a). 


Solution To evaluate a function at an expression, such as a — 2, it is helpful to remember that a — 2 is the 
input, and to rewrite the formula for f as 


Output = h(Input) = (Input)? — 3 - (Input) + 5. 
(a) First input a, then subtract 2: 
h(a) —2= (a)? — 3(a) +52 
— 


h(a) 
=a? —3a+3. 


(b) In this case, Input = a — 2. We substitute and multiply out: 


hia =2) =(a = 2)? —3(a — 2) 45 
=o —Ag Ao LOE 
=a? —7a+15. 


(c) We must evaluate h at two different inputs, a — 2 and a. We have 


h(a — 2) — h(a) = (a — 2)? — 3(a — 2) + 5 — ((a)? — 3(a) +5) 
=@ —4d¢+4=3¢46+5=(a —3a +5) 
= —4a+ 10. 


Example 8 


Solution 


Example 9 


Solution 


Let n = f(p) be the average number of days a house in a particular community stays on the market 
before being sold for price p (in $1000s), and let po be the average sale price of houses in the 
community. What do the following expressions mean in terms of the housing market? 


(a) (250) (b) f(po + 10) (c) f(0.9po) 


(a) This is the average number of days a house stays on the market before being sold for $250,000. 

(b) Since po + 10 is 10 more than po (in thousands of dollars), f(po + 10) is the average number 
of days a house stays on the market before being sold for $10,000 above the average sale price. 

(c) Since 0.9po is 90% of po, or 10% less than po, f(0.9po) is the average number of days a house 
stays on the market before being sold at 10% below the average sale price. 


When interpreting the meaning of a statement about functions, it is often useful to think about 
the units of measurement for the independent and dependent variables. 


Let f(A) be the number of gallons needed to paint a house with walls of area A ft?. 


(a) In the statement f(3500) = 10, what are the units of the 3500 and the 10? What does the 
statement tell you about painting the house? 

(b) Suppose f(A) = A/350. How many gallons do you need to paint a house whose walls measure 
5000 ft?? 10,000 ft?? 

(c) Explain in words the relationship between the number of gallons and A. What is the practical 
interpretation of the 350 in the expression for the function? 


(a) The input, 3500, is the area of the walls, so its units are ft?. The output, 10, is the number of 
gallons of paint. The statement f (3500) = 10 tells us that we need 10 gallons to paint 3500 ft? 
of wall. 

(b) For walls measuring 5000 ft? we need f (5000) = 5000/350 = 14.3 gallons. For walls measur- 
ing 10,000 ft? we need f(10,000) = 10,000/350 = 28.6 gallons. 

(c) The expression tells us to divide the area by 350 to compute the number of gallons. This means 
that 350 ft? is the area covered by one gallon. 


Tables and Graphs 


We can often see key features of a function by making a table of output values and by drawing 
a graph of the function. For example, Table 4.1 and Figure 4.1 show values of g(a) = a? for 


a = —2,—1,0,1 and 2. We can see that the output values never seem to be negative, which is 
confirmed by the fact that a square is always positive or zero. 
Table 4.1. Values of g(a) 
g(a) = a ° 4+ e 
a (input) g(a) = a? (output) 37 
= 4 ot 
—1 i e4:: « 
0 0 
| i ry i | a 
1 i —2 -1 1 2 
2 4 


Figure 4.1: Graph of values of g(a) = a? 


Example 10 


Solution 


Example 11 


e 4+ e 4- 
° e 
° 3+ 
° e 
© 2+ 6 
e ° 
e 
Al: pa 
i | | | a | | 1 | a 
—2 -1 1 2 —2 -1 1 2 
Figure 4.2: More values Figure 4.3: Graph of 
of g(a) = a? g(a) =a” 


If we plot more values, we get Figure 4.2. Notice how the points appear to be joined by a 
smooth curve. If we could plot all the values we would get the curve in Figure 4.3. This is the graph 
of the function. A graphing calculator or computer shows a good approximation of the graph by 
plotting many points on the screen. 


Explain how Table 4.1 and Figure 4.3 illustrate that g(a) = g(—a) for any number a. 


Notice the pattern in the right column of Table 4.1: the values go from 4 to 1 to 0, then back to 1 
and 4 again. This is because (—2)? and 2? both have the same value, namely 4, so 


Similarly, 
Gal) = gia 
We can see the same thing in the symmetrical arrangement of the points in Figures 4.1 and 4.2 about 


the vertical axis. Since both a? and (—a)? have the same value, the point above a on the horizontal 
axis has the same height as the point above —a. 


For the function graphed in Figure 4.4, find f(x) for 2 = —3, —2, —1,0,1, 2,3. 


Figure 4.4 


Solution The coordinates of a point on the graph of f are (a, f(a)) for some number a. So, since the point 
(—3, 0) is on the graph, we must have f(—3) = 0. Similarly, since the point (—2, 2) is on the graph, 
we must have f(—2) = 2. Using the other marked points, we get the values in Table 4.2. 


Table 4.2 


Exercises and Problems for Section 4.1 
EXERCISES 


Min Exercises 1-2, write the relationship using function nota- | Min Exercises 15-20, evaluate the expressions given that 
tion (that is, y is a function of x is written y = f(a)). 
h(t) = 10 — 3t. 
1. Weight, w, is a function of caloric intake, c. 
2. Number of molecules, m, in a gas, is a function of the 15. h(r) 16. h(2u) 17. h(k — 3) 


volume of the gas, v. 9 & 
. . : 18. h(4 —n) 19. h(5t*) 20. h(4—t°) 
3. The number, NV, of napkins used in a restaurant is 

N = f(C) = 2C, where C is the number of cus- 

tomers. What is the dependent variable? The indepen- 21. If f(z) =1- x” — x, evaluate and simplify f-2). 


dent variable? : : 
22. The sales tax on an item is 6%. Express the total cost, 


4. A silver mine’s profit, P, is P = g(s) = —100,000 + C, in terms of the price of the item, P. 
50,000s dollars, where s is the price per ounce of sil- 


ver. What is the dependent variable? The independent no Leer Te Ue vole a Mere oF a balloon abten: 


perature T°C. If f(40) = 3, 


variable? 
(a) What are the units of the 40 and the 3? 
WiIn Exercises 5—6, evaluate the function for = —7. (b) What is the volume of the balloon at 40°C? 
5. f(x) =2/2-1 6. f(z) =27—-3 


MiIn Exercises 24—26 use the table to fill in the missing values. 
(There may be more than one answer.) 


7. Let g(x) = (12 — x)? — (x — 1)°. Evaluate 


24. (a) g(0) =? (b) g(?) =0 
(a) g(2) (b) g(5) (c) g{—5) =? (d) g(?)=—5 
(ec) (0) (d) g(-1) 
8. Let f(x) = Qn? + 7x + 5. Evaluate 
(a) f(3) (b) f(a) 
(c) f(2a) (d) f(-2) 
WiIn Exercises 9-14, evaluate the expressions given that 25. (a) (0) =? (b) A(?) =0 
so! a (c) h(-2) =? (d) h(?)=-2 
f(@)= 3-7, 9) = = 
9. f(0) 10. g(0) 11. g(-1) 


12. f(10) 13. f(1/2) 14. g (v8) 


2h(0) (b) h(?) = 2h(—3)-+h(2) 
(©) h(2)=A(-2) —@)_—A(?) = ACL) +2) 


MiIn Exercises 27-29, use the graph to fill in the missing val- 
ues. (There may be more than one answer.) 


28. (a) h(0) =? (b) h(?) =0 


27. (a) f(0) =? (b) f(?)=0 29. (a) g(0) =? (b) g(?) =0 
U 
pea 
2 
PROBLEMS 
30. Table 4.3 shows the 5 top winning teams in the NBA (a) d(30) = 111 (b) d(a) = 10 
playoffs between 2000 and May 20, 2007 and the num- (c) d(10) =b (d) s=d(v) 


31. 


32. 


ber of games each team has won. 


Table 4.3 
Team Playoff games won 
Lakers 66 
Spurs 66 
Pistons 61 
Nets 43 
Mavericks 41 


(a) Is the number of games a team won a function of 
the team? Why or why not? 

(b) Is the NBA team a function of the number of 
games won? Why or why not? 


Let r(p) be the revenue in dollars that a company re- 
ceives when it charges p dollars for a product. Explain 
the meaning of the following statements. 


(a) (15) = 112,500 (b) r(a)=0 
(c) r(1)=6 (d) c=r(p) 
Let d(v) be the braking distance in feet of a car trav- 


eling at v miles per hour. Explain the meaning of the 
following statements. 


WiThe lower the price per song, the more songs are down- 
loaded from an online music store. Let n = r(p) give the 
average number of daily downloads as a function of the 
price (in cents). Let po be the price currently being charged 
(in cents). What do the expressions in Problems 33-40 tell 
you about downloads from the store? 


33. (99) 34. r(po) 
35. r(po — 10) 36. r(po — 10) — r(po) 
37. 365r(po) 38. r(0.80p0) 
39. r(po) 40. po « r(po) 
24 


MEvaluate the expressions in Problems 41-42 given that 


f(n) = 5n(n +1). 


41. f(100) 42. f(n+1)— f(n) 


WDifferent strains of a virus survive in the air for different MHA car with tire pressure P Ibs/in? gets gas mileage g(P) (in 


time periods. For a strain that survives t minutes, let h(t) mpg). The recommended tire pressure is Po. What do the 
be the number of people infected (in thousands). The most expressions in Problems 45-46 tell you about the car’s tire 
common strain survives for to minutes. What do the expres- pressure and gas mileage? 
sions in Problems 43-44 tell you about the number of people 
infected? 
h(2t ) 45. g(0.9Po) 46. g(Po) = g(Po = 5) 

0 

43. h(to + 3) 44. (to) 


4.2 FUNCTIONS AND EXPRESSIONS 


A function is often defined by an expression. We find the output by evaluating the expression at the 
input. By paying attention to the form of the expression, we can learn properties of the function. 


Using Expressions to Interpret Functions 


Example 1 


Solution 


Example 2 


Bernardo plans to travel 400 miles over spring break to visit his family. He can choose to fly, drive, 
take the train, or make the journey as a bicycle road trip. If his average speed is r miles per hour, 
then the time taken is a function of r and is given by 


_ 400 


r 


Time taken at r miles per hour = T(r) 


(a) Find T(200) and T(80) and give a practical interpretation of the answers. 
(b) Use the algebraic form of the expression for T(r) to explain why T(200) < T (80), and explain 
why the inequality makes sense in practical terms. 


(a) We have hon ioe 
E200) = 500 > 2 and T(80)= 30 7 5. 
This means that it takes Bernardo 2 hours traveling at 200 miles per hour and 5 hours traveling 
at 80 miles per hour. 
(b) In the fraction 400/r, the variable r occurs in the denominator. Since dividing by a larger num- 
ber gives a smaller number, making 7 larger makes T(r) smaller. This makes sense in practical 
terms, because if you travel at a faster speed you finish the journey in less time. 


It is also useful to interpret the algebraic form graphically. 


For the function T(r) in Example 1, 


(a) Make a table of values for 7 = 25, 80, 100, and 200, and graph the function. 
(b) Explain the shape of the graph using the form of the expression 400/7. 


Solution 


Example 3 


Solution 


Example 4 


Solution 


(a) Table 4.4 shows values of the function, and Figure 4.5 shows the graph. 


Table 4.4 Values time taken, T’(7°), in hours 
of T(r) = 400/r 20 


speed, 7 (mph 
100 200 300 400 a 


Figure 4.5: Graph of 400/r 
(b) The graph slopes downward as you move from left to right. This is because the points to the 
right on the graph correspond to larger values of the input, and so to smaller values of the output. 
Since the output is read on the vertical axis, as one moves to the right on the horizontal axis, 
output values become smaller on the vertical axis. 


Constants and Variables 


Sometimes an expression for a function contains letters in addition to the independent variable. We 
call these letters constants because for a given function, their value does not change. 


Einstein’s famous equation E = mc? expresses energy E as a function of mass m. Which letters in 
this equation represent variables and which represent constants? 


We are given that F is a function of m, so EF is the dependent variable and m is the independent 
variable. The symbol c is a constant (which stands for the speed of light). 


Which letters in an expression are constants and which are variables depends on the context in 
which the expression is being used. 


A tip of r percent on a bill of B dollars is given in dollars by 


iF 
ipl Se 
P* 700 
Which letters in the expression (r/100)B would you call variables and which would you call con- 
stants if you were considering 


(a) The tip as a function of the bill amount? (b) The tip as a function of the rate? 


(a) In this situation, we regard the tip as a function of the variable B and regard r as a constant. If 
we Call this function f, then we can write 


r 


Tip = f(B) = m0, 


(b) Here we regard the tip as a function of the variable 7 and regard B as a constant. If we call this 


function g, then 
ip 


Functions and Equivalent Expressions 


Example5 


Solution 


Example6 


Solution 


A number can be expressed in many different ways. For example, 1/4 and 0.25 are two different 
ways of expressing the same number. Similarly, we can have more than one expression for the same 
function. 


In Example 2 on page 78 we found the expression 0.2B for a 20% tip on a bill. Pares says she has 

an easy way to figure out the tip: she moves the decimal point in the bill one place to the left, then 

doubles the answer. 

(a) Check that Pares’ method gives the same answer on bill amounts of $8.95 and $23.70 as Exam- 
ple 2 on page 78. 

(b) Does Pares’ method always work? Explain your answer using algebraic expressions. 


(a) For $8.95, first we move the decimal point to the left to get 0.895, then double to get a tip of 
$1.79. For $23.70, we move the decimal point to the left to get 2.370, then double to get a tip of 
$4.74. Both answers are the same as in Example 2 on page 78. 

(b) Moving the decimal point to the left is the same as multiplying by 0.1. So first Pares multiplies 
the bill by 0.1, then multiplies the result by 2. Her calculation of the tip is 


2(0.1B). 
We can simplify this expression by regrouping the multiplications: 
2(0.1B) = (2-0.1)B =0.2B. 


This last expression for the tip is the same one we found in Example 2 on page 78. 


For each value of B the two expressions, 2(0.1B) and 0.2B, give equal values for the tip. Al- 
though the expressions appear different, they are equivalent, and therefore define the same function. 


Let g(a) = a? — a. Which of the following pairs of expressions are equivalent? 


(a) g(2a) and 29(a) 
(b) (1/2)g(a) and g(a)/2 
(c) g(a+1) and g(a) +1 


(a) In order to find the output for g, we square the input value, a and subtract a from the square. 
This means that g(2a) = (2a)? — (2a) = 4a? — 2a. The value of 2g(a) is two times the value 
of g(a). So 2g(a) = 2(a? — a) = 2a? — 2a. The two expressions are not equivalent. 

(b) Since multiplying by 1/2 is the same as dividing by 2, the two expressions are equivalent: 


(5) ala) = 5(e? a) = 4 


(c) To evaluate g(a + 1) we have g(a +1) = (a+1)? —(a+1) =a?4+2a+1-—a-1=a’? +a. 
To evaluate g(a) + 1 we add one to g(a), so g(a) + 1 = a? — a +1. The two expressions are 
not equivalent. 


Often we need to express a function in a standard form to recognize what type of function it is. 
For example, in Section 4.5 we study functions of the form Q = kt, where k is a constant. 


Example 7 
(a) Q=5t+rt 


Solution (a) We have 


Express each of the following functions in the form @ = kt and give the value of k. 


) Q=> 


() Q=t(t+1)—-t¢—-1) 


Q=5t+rt=(54+7r)t, 
which is the form Q = kt, withk =5+r. 


(b) Rewriting the fraction as 
Q 


we see that k = —0.1. 
(c) We have 


th =Il 
10 (=) ee 


Q=tt +1) —t¢-—D =F +t-—F +4 = 22, 


SOfki— 


Exercises and Problems for Section 4.2 
EXERCISES 


MiIn Exercises 1-4 
(a) Evaluate the function at the given input values. Which 
gives the greater output value? 


(b) Explain the answer to part (a) in terms of the algebraic 
expression for the function. 


1. f(x) =9-2,2=1,3 


2. g(a) =a—2,a=-—5,-2 
3. C(p) = +. p = 100, 200 
4. h(t) = 3.t=4,6 


Min Exercises 5-8, f(t) = t/2 + 7. Determine whether the 
two expressions are equivalent. 


f(t) 1 
5. 4, f(t) 


7. 2f(t), f(2t) 


6. fH), (F(t)? 
8. f(4¢?), f((2t)”) 


PROBLEMS 


Wiln Exercises 9-16, are the two functions the same function? 
9. f(x) =a? — 4a +5 and g(x) = (2 — 2)? +1 
10. f(x) = 2(@ + 1)(a — 3) and g(x) = x? — 2x — 3. 
11. f(t) = 450 + 30¢, and g(p) = 450 + 30p 
12. A(n) = (n — 1)/2 and B(n) = 0.5n — 0.5 


13. r(x) = 5(@ — 2) + 3and s(x) = 5447 
14. h(t) =t? —t(t— 1) and g(t) =t 
15. Q(t) = 5 — Sand P(t) apa 
480 v—16 
16. B(v) = 30 - = and C(v) = 30 ( - ). 


Miln Exercises 17-20, which letters stand for variables and 
which for constants? 
17. V(r) = (4/3)ar? 18. f(z) =b+mea 


19. P(t) = A(1—rt) 20. B(r) = A(1 — rt) 


21. The number of gallons left in a gas tank after driving d 
miles is given by G(d) = 17 — 0.05d. 


(a) Which is larger, G(50) or G(100)? 
(b) Explain your answer in terms of the expression for 
G(d), and give a practical interpretation. 


22. If you drive to work at v miles per hour, the time avail- 
able for breakfast is B(v) = 30 — 480/v minutes. 


(a) Which is greater, B(35) or B(45)? 
(b) Explain your answer in terms of the expression for 
B(v) and give a practical interpretation. 


23. Abby and Leah go on a 5 hour drive for 325 miles at 
65 mph. After t hours, Abby calculates the distance re- 
maining by subtracting 65t from 325, whereas Leah 
subtracts t from 5 then multiplies by 65. 28. Q= stva 29. Q= ot — pt 
7 


(a) Write expressions for each calculation. 
(b) Do the expressions in (a) define the same function? 


24. To calculate the balance after investing P dollars for 30. Q = (t— 3)(£+ 3) — (+ 9)(t—-1) 


two years at 5% interest, Sharif adds 5% of P to P, 31 


. The price of apartments near a subway is given by 


and then adds 5% of the result of this calculation to it- 
self. Donald multiplies P by 1.05, and then multiplies 000 


Price = eS dollars, 


the result of this by 1.05 again. 10d 


(a) Write expressions for each calculation. 
(b) Do the expressions in (a) define the same function? 


where A is the area of the apartment in square feet and 
d is the distance in miles from the subway. Which let- 
ters are constants and which are variables if 


MiIn Problems 25-30, put the functions in the form Q = kt 
and state the value of k. (a) You want an apartment of 1000 square feet? 


28. Q= 5 


(b) You want an apartment | mile from the subway? 
26. Q=t(n+1) 27. Q=bt+rt (c) You want an apartment that costs $200,000? 


4.3 FUNCTIONS AND EQUATIONS 


Using Equations to Find Inputs from Outputs 


In the last section we saw how to evaluate an expression to find the output of a function given an 
input. Sometimes we want to find the inputs that give a certain output. To do that, we must solve 
an equation. For example, if f(a) = «7, and we want to know what inputs to f give the output 
f(x) = 16, we must solve the equation x? = 16. The solutions « = 4 and x = —4 are the inputs to 


f that give 16 as an output. 


Example 1 


Solution 


In Example 1 on page 85 we saw that the function 


_ 400 


r 


T(r) 


gives the time taken for Bernardo to travel 400 miles at an average speed of r miles per hour. 


(a) Write an equation whose solution is the average speed Bernardo would have to maintain to 
make the trip in 10 hours. 
(b) Solve the equation and represent your solution on a graph. 


(a) We want the time taken to be 10 hours, so we want T(r) = 10. Since T(r) = 400/r, we want 
to solve the equation 


4 
aes 
r 
(b) Multiplying both sides by r we get 
10r = 400, 
4 
— eu! = 40, 


so we see that the solution is r = 40. In function notation, 
T (40) = 10. 


See Figure 4.6. We also know the shape of the graph from Figure 4.5 on page 86. 


time taken, in hours 


Time is 10 hours when speed is 40 mph, so 7'(40) = 10 


it jp======= 


speed, 7 (mph) 


Figure 4.6: Solution to 400/r = 10 is r = 40 


Reading Solutions from the Graph 


In Example | we visualized the solution on a graph. Sometimes it is possible to see the solution 
directly from a table or a graph. 


Example 2 A town’s population t years after it was incorporated is given by the function f(t) = 30,000+2000¢. 


(a) Make a table of values for the population at five-year intervals over a 20-year period starting at 
t = 0. Plot the results on a graph. 
(b) Using the table, find the solution to the equation 


f(t) = 50,000 
and indicate the solution on your plot. 


Solution (a) The initial population in year t = 0 is given by 
f (0) = 30,000 + 2000(0) = 30,000. 
In year t = 5 the population is given by 
f (5) = 30,000 + 2000(5) = 30,000 + 10,000 = 40,000. 
In year t = 10 the population is given by 
f (10) = 30,000 + 2000(10) = 30,000 + 20,000 = 50,000. 


Similar calculations for year t = 15 and year t = 20 give the values in Table 4.5 and Figure 4.7. 


Table 4.5 Population over 20 years population 
70,000 | 2» 
Population 60,000 | re 
<—__ Population i 
30,000 50,000 | -—— Sas ying 10 
) r -® | 
40,000 30,000 #7 
50,000 20,000 | | 
60,000 10,000 + | 
_ t, time (years) 
oe > lO ls 20 


Figure 4.7: Town’s population over 20 years 


(b) Looking down the right-hand column of the table, we see that the population reaches 50,000 


when t = 10, so the solution to the equation 


f(t) = 50,000 


is t = 10. The practical interpretation of the solution t = 10 is that the population reaches 


50,000 in 10 years. See Figure 4.7. 


It is important not to confuse the input and the output. Finding the output from the input is a 
matter of evaluating the function, whereas finding the input (or inputs) from the output is a matter 


of solving an equation. 


Example 3 For the function graphed in Figure 4.8, give 


(a) f(0) (b) The value of x such that f(a) = 0. 


Figure 4.8 


Solution (a) Since the graph crosses the y-axis at the point (0,3), we have f(0) = 3. 
(b) Since the graph crosses the x-axis at the point (—2,0), we have f(—2) = 0, so # = —2. 


The value where the graph crosses the vertical axis is called the vertical intercept or y-intercept, 
and the values where it crosses the horizontal axis are called the horizontal intercepts, or x-intercepts. 


In Example 3, the vertical intercept is y = 3, and the horizontal intercept is x = —2. 


How Do We Know When Two Functions Are Equal? 


Often, we want to know when two functions are equal to each other. That is, we want to find the 
input value that produces the same output value for both functions. To do this, we set the two outputs 


equal to each other and solve for the input value. 


Example 4 


Solution 


Example 5 


Solution 


The populations, in year t, of two towns are given by the functions 


Town A: P(t) = 600 + 100(¢ — 2000) 
TownB: Q(t) = 200 + 300(t — 2000). 


(a) Write an equation whose solution is the year in which the two towns have the same population. 
(b) Make a table of values of the populations for the years 2000-2004 and find the solution to the 
equation in part (a). 


(a) We want to find the value of ¢ that makes P(t) = Q(t), so we must solve the equation 
600 + 100(¢t — 2000) = 200 + 300(¢ — 2000). 


(b) From Table 4.6, we see that the two populations are equal in the year t = 2002. 


Table 4.6 


*__| 2000 
P(t) | 600 | 700 | 800 _ 
Qo) 


Checking the populations in that year, we see 


P(2002) = 600 + 100(2002 — 2000) = 800 
Q(2002) = 200 + 300(2002 — 2000) = 800. 


Functions and Inequalities 


Sometimes, rather than wanting to know where two functions are equal, we want to know where 
one is bigger than the other. 


(a) Write an inequality whose solution is the years for which the population of Town A is greater 
than the population of Town B in Example 4. 
(b) Solve the inequality by graphing the populations. 


(a) We want to find the values of ¢ that make P(t) > Q(t), so we must solve the inequality 


600 + 100(¢t — 2000) > 200 + 300(¢ — 2000). 


(b) In Figure 4.9, the point where the two graphs intersect is (2002, 800), because the populations 
are both equal to 800 in the year 2002. To the left of this point, the graph of P (the population 
of town A) is higher than the graph of Q (the population of town B), so town A has the larger 
population when t < 2002. 


Population 
1600 - 


1400 - 
1200 - 
1000 - 


800 
600 - 
400 F 
200 F 


(2002,800) 
| 
| 
| 


2000 


2001 


2002 2003 


2004 


Figure 4.9: When is the population of Town A greater than Town B? 


Exercises and Problems for Section 4.3 
EXERCISES 


Win Exercises 1-6, solve f(x) = 0 for z. 
fla) = ve=3- 

3. f(x) = 4a -—9 
5. f(x) = 2/e — 10 


2. f(x) =6—32 
4. f(x) = 2x? — 18 


6. f(x) = 2(2x — 3) +2 


MiIn Exercises 7-11, solve the equation g(t) = a given that: 
7. g(t) =6-—tanda=1 


8. g(t) = (2/3)t + 6 and a = 10 
9. g(t) = a —1)anda=-—3 

10. g(t) = anda =1 

11. g(t) = ri — 1) + 4(2t+ 3) anda =0 


Wi Answer Exercises 12-13 based on the graph of y = v(x) in 
Figure 4.10. 


y 
80 
60 y = v(2) 
40 FAL 
20 

0 £ 


20 40 60 80 100 


Figure 4.10 


12. Solve v(a) = 60. 13. Evaluate v(60). 


MiIn Exercises 14-16, give 
(a) f(0) (b) The values of x such that f(a) = 


Your answers may be approximate. 


14. 


16. 


Figure 4.11 


17. Chicago’s average monthly rainfall, R = f(t) inches, 
is given as a function of month, t, in Table 4.7. (January 
is t = 1.) Solve and interpret: 


(a) f(t) =3.7 (b) f(t) = f(2) 


Table 4.7 


R 


PROBLEMS 


18. 


19. 


20. 


21. 


22. 
23. 
24. 


25. 


The balance in a checking account set up to pay rent, 
m months after its establishment, is given by $4800 — 
400m. 


(a) Write an equation whose solution is the number of 
months it takes for the account balance to reach 
$2000. 

(b) Make a plot of the balance form = 1, 3,5, 7,9, 11 
and indicate the solution m = 7 to the equation in 
part (a). 


The number of gallons of gas in a car’s tank, d miles 
after stopping for gas, is given by 15 — d/20. 


(a) Write an equation whose solution is the number of 
miles it takes for the amount of gas in the tank to 
reach 10 gallons. 

(b) Make a plot of the balance for d = 40, 60, 80, 100, 
120, 140, and indicate the solution m = 100 to the 
equation in part (a). 


A car’s distance (in miles) from home after t hours is 
given by s(t) = 11¢7 +4 40. 


(a) How far from home is the car at t = 0? 

(b) Use function notation to express the car’s position 
after 1 hour and then find its position. 

(c) Use function notation to express the statement 
“For what value of t is the car 142 miles from 
home?” 

(d) Write an equation whose solution is the time when 
the car is 142 miles from home. 

(e) Use trial and error for a few values of t to deter- 
mine when the car is 142 miles from home. 


If f() = 


5_ = , solve f(b) = 20. 


) = 3 — 2/2, solve 3h(x) +1 = 7. 
If w(t) = 3t + 5, solve w(t — 1) = w(2t). 
If w(x) = 0.5 — 0.252, solve 


If h(x 


w(0.22 + 1) = 0.2w(1 — x). 


In Table 4.8, for which values of x is 


(b) f(x) = g(a)? 
(d) g(x) =0? 


(a) f(x) > g(x)? 
(c) f(x) =0? 


Table 4.8 


g(a) (in dollars) 


26. Table 4.9 shows values of % and the expression 3a + 2. 


For which values of x in the table is 
(a) 37+2< 8? (b) 3”2+2>8)? 
(c) 307+2=8)? 

Table 4.9 


z jolij2|3]4 
3n+2{2]5] 8] 11] 14 


27. The height (in meters) of a diver s seconds after begin- 


ning his dive is given by the expression 10+2s—9.8s°. 
For which values of s in Table 4.10 is 


(a) 10 + 2s — 9.857 < 9.89? 
(b) His height greater than 9.89 meters? 
(c) Height = 9.89 meters? 


Table 4.10 


: i eae a 
10 + 28 — 9.88? 8.55 


28. Table 4.11 shows values of vu and the expressions 


12 — 3v and —3 + 2v. For which values of v in the 
table is 

(a) 12 — 3u < —3+4 2v? 

(b) 12 — 3v > —34 2v? 

(c) 12 —3v = —34 2v? 


Table 4.11 


29. Table 4.12 shows monthly life insurance rates, in dol- 


lars, for men and women. Let m = f(a) be the rate for 
men at age a, and w = g(a) be the rate for women at 
age a. 


(a) Find (65). 

(b) Find g(50). 

(c) Solve and interpret f(a) = 102. 

(d) Solve and interpret g(a) = 57. 

(e) For what values of a is f(a) = g(a)? 
(f) For what values of a is g(a) < f(a)? 


Table 4.12 


Age [35 | 40] 45 | 50 | 10 
f(x) (in dottars) 
13 


30. If a company sells p software packages, its profit per 


package is given by $10,000 — i 


Figure 4.12. 


, as shown in 


(a) From the graph, estimate the number of packages 
sold when profits per package are $8000. 

(b) Check your answer to part (a) by substituting it 
into the equation 


1 
10,000 — — = 8000. 


profit ($) 
10,000 
8000 
6000 
4000 
2000 


Figure 4.12 


31. The tuition for a semester at a small public university t 


years from now is given by $3000 + 100¢, as shown in 
Figure 4.13. 


(a) From the graph, estimate how many years it will 
take for tuition to reach $3700. 

(b) Check your answer to part (a) by substituting it 
into the equation 


3000 + 100¢ = 3700. 


4.4 FUNCTIONS AND CHANGE 


tuition ($) 


4000 
3500 
3000 
A. | | | : F : | | | i t years 
1 3 5 
Figure 4.13 


32. Antonio and Lucia are both driving through the desert 


from Tucson to San Diego, which takes each of them 7 
hours of driving time. Antonio’s car starts out full with 
14 gallons of gas and uses 2 gallons per hour. Lucia’s 
SUV starts out full with 30 gallons of gas and uses 6 
gallons per hour. 


(a) Construct a table showing how much gas is in each 
of their tanks at the end of each hour into the 
trip. Assume each stops for gas just as the tank is 
empty, and then the tank is filled instantaneously. 

(b) Use your table to determine when they have the 
same amount of gas. 

(c) If they drive at the same speed while driving and 
only stop for gas, which of them gets to San Diego 
first? (Assume filling up takes time.) 

(d) Now suppose that between | hour and 6.5 hours 
outside of Tucson, all of the gas stations are closed 
unexpectedly. Does Antonio arrive in San Diego? 
Does Lucia? 

(e) The amount of gas in Antonio’s tank after ¢ hours 
is 14 — 2¢ gallons, and the amount in Lucia’s tank 
is 30 — 6¢ gallons. When does 


(i) 14 — 2¢ = 30 — 6t? 
(ii) 14 — 2t = 0? 
(iii) 30 — 6t = 0? 


Functions describe how quantities change, and by comparing values of the function for different 
inputs we can see how fast the output changes. For example, Table 4.13 shows the population P = 
f(t) of a colony of termites ¢ months after it was started. Using the Greek letter A (pronounced 


“delta’) to indicate change, we have 


Change in first 6 months = AP = f(6) — f(0) = 4000 — 1000 = 3000 termites 
Change in first 3 months = AP = f(3) — f(0) = 2500 — 1000 = 1500 termites. 


Although the colony grows by twice as much during the first 6 months as during the first 3 
months (3000 as compared with 1500), it also had twice as long in which to grow. Sometimes it is 


Table 4.13 Population of a colony of termites 


t(monthsy | 0 | 3 | 6 | 9 | 2 
P= f(t 2800 


more useful to measure not the change in the output, but rather the change in the output divided by 
the change in the input, or average rate of change: 


g AP t it 

Average rate of change AP __ 3000 termites == Shiieniiiesianili 
in first 6 months At 6 months 
g AP 1500 termit 

Average rate of change = AP 500 termites > piv teaabeeianantl: 
in first 3 months At 3 months 


Thus, on average, the colony adds 500 termites per month during the first 6 months, and also during 
first 3 months. Even though the population change over the first 3 months is less than over the first 
6 months (1500 versus 3000), the average rate of change is the same (500 termites/month). 


An Expression for the Average Rate of Change 
If the input of the function y = f(a) changes from x = a to x = b, we write 


Change in input = New x-value — Old x-value = b—a 


Change in output = New y-value — Old y-value = f(b) — f(a). 


The average rate of change of y = f(a) between x = aand x = bis given by 


Ch inoutput A b) — 
Average rate of change = patos haa iad ae ae OS HEN 
Changeininput Az b—a 


Example 1 Find the average rate of change of g(x) = (x — 2)? + 3 on the following intervals: 
(a) Between 0 and 3 (b) Between —1 and 4. 
Solution (a) We have 


Average rate G(3)— 90) Ae a 
of change 3—0 3 , 
(b) We have 


g(—1) = (-1- 2)? +3 = 12 


Example 2 


Solution 


Averagerate — g(4)—g(—1) 7-12 
of change AS (— 1) 5 


For the termite colony in Table 4.13, 


(a) What is the change in the population the last 6 months? Months 6 to 9? 
(b) What is the average rate of change of the population during the last 6 months? Months 6 to 9? 


(a) In the last 6 months, we have 


Change in last 6 months = AP = f(12) — f(6) = 2800 — 4000 = —1200 termites 
Change from months 6 to9 = AP = f(9) — f(6) = 7000 — 4000 = 3000 termites. 


The change in the last 6 months is negative because the colony decreases in size, losing 1200 
termites. However, for the first 3 of those months, months 6 to 9, it increases by 3000 termites. 


(b) For the last 6 months, we see that 
Average rate of change — AP _ f(12)—f(6) | —1200 termites _ 5 termites 
in last 6 months EE 6 ~ 6months month 
Average rateofchange — AP _ f(9)—f(6) _ 3000termites termites 
for months 6 to 9 7 At 9-6 _ 3 months 7 month ; 


The average rate of change over the last 6 months is negative, because the net change is negative, 
as we saw in (a). In general, if f(b) < f(a) then the numerator in the expression for the average 
rate of change is negative, so the rate of change is negative (provided b > a). 

As for months 6 to 9, even though the population change over this period is the same as 
over the first 6 months (3000 termites), the average rate of change is larger from months 6 to 9. 
This is because adding 3000 termites in a 3-month period amounts to more termites per month 
than adding the same number of termites in a 6-month period. 


Interpreting the Expression for Average Rate of Change 


Suppose a car has traveled F(t) miles ¢ hours after it starts a journey. For example, F'(3) is the 
distance the car has traveled after 3 hours and F'(5) is the distance it has traveled after 5 hours. Then 
the statement F'(5) — F'(3) = 140 means that the car travels 140 miles between 3 and 5 hours after 
starting. We could also express this as an average rate of change, 


F(5) — F(3) 
5-3 


= 70. 


Here 5 — 3 = 2 is the two-hour period from 3 to 5 hours after the start, during which the car travels 
F(5) — F(3) = 140 miles, and the statement tells us that the average velocity of the car during the 
2 hour period is 70 mph. 


Example 3 


Solution 


Example 4 


Solution 


Interpret the following statements in terms of the journey of the car. 
F(a+5) — F(a) 


(a) F(a+5) — F(a) =315 (b) : 


=1603 


(a) Since F(a) is the distance the car has traveled after a hours and F'(a + 5) is the distance it has 
traveled after a + 5 hours (that is, after 5 more hours), F(a + 5) — F(a) = 315 means it travels 
315 miles between a and a + 5 hours after starting. 

(b) Notice that (a+5)—a = 5 is the five-hour period during which the car travels F'(a+5)—F(a) = 
315 miles. The change in input is 5 hours, and the change in output is 315 miles. The statement 

(Go a) a) ao) (a) are 
5 ~~ 6 fa44+5)-—a 
tells us that the average rate of change of F’, or average velocity of the car, during the 5 hour 
period is 63 mph. 


Using Units to Interpret the Average Rate of Change 


It if often useful to consider the units of measurement of the input and output quantities when 
interpreting the average rate of change. For instance, as we saw in Example 3, if the input is time 
measured in hours and the output is distance measured in miles, then the average rate of change is 
measured in miles per hour, and represents a velocity. 


A ball thrown in the air has height h(t) = 90t — 16t? feet after t seconds. 


(a) What are the units of measurement for the average rate of change of h? What does your answer 
tell you about how to interpret the rate of change in this case? 

(b) Find the average rate of change of h between 
@) ¢=CUnili—2 (Gu) ig —eleandiis—o2 Gu) ¢=2andi—4 

(c) Use a graph of fh to interpret your answers to part (b) in terms of the motion of the ball. 


(a) In the expression 
h(o) — h(a) 
b-a 
the numerator is measured in feet and the denominator is measured in seconds, so the ratio is 
measured in ft/sec. Thus it measures a velocity. 
(b) We have 
(i) Average rate of change between t = 0 andt = 2 
h(2)—h(0) (90-2—16-4)—(0-0) 116 
ai al 5 58 ft/sec 
(ii) Average rate of change between t = 1 andt = 2 
h(2) — h(1) s (90-2 — 16-4) — (90 — 16) = 42 Doe 
2-1 2-1 1 
(iii) Average rate of change between t = 2 andt = 4 
h(4)—h(2) (90-4—16-16)—(90-2—16-4) -—12 


= SS = 6 a 
= es) 5 6 ft/sec 


(c) Figure 4.14 shows the ball rising to a peak somewhere between 2 and 3 seconds, and then 
starting to fall. The average velocity is positive during the first two seconds because the height 
is increasing during that time period. The height is also increasing between t = 1 andt = 2, 
but since the ball is rising more slowly, the velocity is less. Between t = 2 and t = 4 the ball 
rises and falls, experiencing a net loss in height, so its average velocity is negative. 


100 


50 


t (sec) 


Figure 4.14: Height of a ball 


Exercises and Problems for Section 4.4 
EXERCISES 


MiFind the average rate of change of f(x) = x” + 3a on the 


intervals indicated in Exercises 1-4. 


1. 
3: 


MiFind the average rate of change of g(x) = 2x? — 3x? on the 


2. Between —2 and 4. 
4. Between 3 and 1. 


Between 2 and 4. 


Between —4 and —2. 


intervals indicated in Exercises 5-8. 


2: 
is 


9. 


6. Between —1 and 4. 
8. Between —0.1 and 0.1. 


Between | and 3. 
Between 0 and 10. 
The value in dollars of an investment t years after 2003 
is given by 

V = 1000 - 2‘/°. 
Find the average rate of change of the investment’s 
value between 2004 and 2007. 


. Atmospheric levels of carbon dioxide (COz) have risen 


from 336 parts per million (ppm) in 1979 to 382 parts 
per million (ppm) in 2007.' Find the average rate of 
change of COz levels during this time period. 


. Sea levels were most recently at a low point about 


22,000 years ago.” Since then they have risen approxi- 
mately 130 meters. Find the average rate of change of 
the sea level during this time period. 


. Global temperatures may increase by up to 10°F be- 


tween 1990 and 2100.* Find the average rate of change 
of global temperatures between 1990 and 2100. 


'National Oceanic & Atmospheric Administration, http://www.esrl.noaa.gov/gmd/aggi. Page last accessed September 


26, 2007. 


?See http://en.wikipedia.org/wiki/Sea_level_rise, http://en.wikipedia.org/wiki/Last_glacial_maximum, and related links. 


Pages last accessed September 13, 2006. 


3See http://en.wikipedia.org/wiki/Global_warming. Page last accessed September 13, 2006. 


PROBLEMS 


iTable 4.14 gives values of D = f(t), the total US debt (in $ 
billions) t years after 2000.* Answer Problems 13-16 based 
on this information. 


Table 4.14 


D (§ billions) 
5674.2 
5807.5 
6228.2 
6783.2 
7379.1 
7932.7 
8507.0 
9007.7 

10,024.7 


oN nn FWY KF OS 


13. Evaluate 
£(5) — f@) 
5-1 
and say what it tells you about the US debt. 
14. Which expression has the larger value, 
£(5) — FQ) £(3) — f(0), 
5-3 3-0 © 
Say what this tells you about the US debt. 
15. Show that 


Average rate of change 
from 2005 to 2006 


Average rate of change 
from 2004 to 2005. 


Does this mean the US debt is starting to go down? If 
not, what does it mean? 
16. Project the value of f(10) by assuming 


f(10) — F(6) _ f(6) — FO) 
10-6 6-0 


Explain the assumption that goes into making your pro- 
jection and what your answer tells you about the US 
debt. 


MiLet g(t) give the market value (in $1000s) of a house in 
year t. Say what the following statements tell you about the 
house. 


WiLet f(t) be the population of a town that is growing over 
time. Say what must be true about a in order for the expres- 
sions in Problems 2()—22 to be positive. 


(3) = F(a) 
a. 


20. f(a) — f(3) 


= 


2. f(t+a)= (ELD) 


WLet s(t) give the number of acres of wetlands in a state in 
year t. Assuming that the area of wetlands goes down over 
time, say what the statements in Problems 23-25 tell you 
about the wetlands. 


23. s(25) — s(0) = —25,000 
s(20) — s(10) 
20 — 10 
25. s(30) — s(20) < s(20) — s(10) 


24. = —520 


WiLet g(t) give the amount of electricity (in kWh) used by a 
manufacturing plant in year t. Assume that, thanks to con- 
servation measures, g is going down over time. Assuming 
the expressions in Problems 26-28 are defined, say what 
must be true about h in order for them to be negative. 


(5 +h) — 9(5) 
h 


26. g(h) — g(10) 7 


28. g(h+1)—g(h—-1) 


i Methane is a greenhouse gas implicated as a contributor to 
global warming. Answer Problems 29-32 based on the ta- 
ble of values of Q = w(t), the atmospheric methane level 
in parts per billion (ppb) t years after 1980.° 


4See http://www.treasurydirect.gov/govt/reports/pd/histdebt/histdebt_histoS.htm. Page last accessed April 25, 2009. 
5National Oceanic & Atmospheric Administration, http://www.esrl.noaa.gov/gmd/aggi. Page last accessed September 


26, 2007. 


29. Evaluate Does this mean the average methane level is going 


w(10) — w(5) down? If not, what does it mean? 
10-5 7 F : 
and say what it tells you about atmospheric methane 32. Project the value of w(—20) by assuming 
levels. w(0) — w(—20) _ w(10) — w(0) 
30. Which expression is larger, 20 = 10 . 
w(10) — w(0) or w(25) — w(10) ? Explain the assumption that goes into making your pro- 
10 —0 25 — 10 jection and what your answer tells you about atmo- 

Say what this tells you about atmospheric methane lev- spheric methane levels. 


els. 
31. Show that 


Average rate of change Z Average rate of change 
from 1995 to 2000 from 2000 to 2005. 


4.5 FUNCTIONS AND MODELING 


When we want to apply mathematics to a real-world situation, we are not always given a function: 
sometimes we have to find one. Knowledge about the real world can help us to choose a particular 
type of function, and we then use information about the exact situation we are modeling to select a 
function of this type. This process is called modeling. In this section we consider situations that can 
be modeled by a proportional relationship between the variables. 


Direct Proportionality 


Suppose a state sales tax rate is 6%. Then the tax, 7’, on a purchase of price P is given by the 
function 
Tax = 6% x Price or T = 0.06P. 


Rewriting this equation as a ratio, we see that T'/P is constant, T’/P = 0.06, so the tax is propor- 
tional to the purchase price. In general 


A quantity Q is directly proportional to a quantity ¢ if 


@ = lkets 


where &; is the constant of proportionality. We often omit the word “directly” and simply say 
Q is proportional to t. 


In the tax example, the constant of proportionality is k = 0.06, because T = 0.06P. Similarly, 
in Example 2 on page 78, the constant of proportionality is k = 0.2, and in Example 3 on page 79, 
the constant of proportionality is 0.44. 


Example 1 A car gets 25 miles to the gallon. 
(a) How far does the car travel on | gallon of gas? 2 gallons? 10 gallons? 20 gallons? 
(b) Express the distance, d miles, traveled as a function of the number of gallons, g, of gas used. 
Explain why d is proportional to g with constant of proportionality 25. 


Solution 


Example 2 


Solution 


Example 3 


Solution 


(a) The car travels 25 miles on each gallon. Thus 


Distance on 1 gallon =25-1 = 25 miles 
Distance on 2 gallons = 25-2 = 50 miles 
Distance on 10 gallons = 25-10 = 250 miles 
Distance on 20 gallons = 25-20 = 500 miles. 


(b) Since an additional gallon of gas enables the car to travel an additional 25 miles, we have 
@ = 2x. 
Thus d is proportional to g, with constant of proportionality 25, the car’s mileage per gallon. 
Notice that in Example 1, when the number of gallons doubles from | to 2, the number of miles 


doubles from 25 to 50, and when the number of gallons doubles from 10 to 20, the number of miles 
doubles from 250 to 500. In general: 


The Behavior of Proportional Quantities 


If Q = kt, then doubling the value of ¢ doubles the value of Q, tripling the value of ¢ triples 
the value of Q, and so on. Likewise, halving the value of t halves the value of Q, and so on. 


Vincent pays five times as much for a car as Dominic. Dominic pays $300 sales tax. How much 
sales tax does Vincent pay (assuming they pay the same rate)? 


Since Vincent’s car costs five times as much as Dominic’s car, Vincent’s sales tax should be five 
times as large as Dominic’s, or 5 - 300 = $1500. 


For the same car as in Example 1: 


(a) How many gallons of gas are needed for a trip of 5 miles? 10 miles? 100 miles? 

(b) Find g, the number of gallons needed as a function of d, the number of miles traveled. Explain 
why g is proportional to d and how the constant of proportionality relates to the constant in 
Example 1. 


(a) We have 
: 5 
Number of gallons of gas for5 miles = 35 = 0.2 gallon 
10 
Number of gallons of gas for 10 miles = of = 0.4 gallon 
100 
Number of gallons of gas for 100 miles = = 4 gallons. 


75) 


(b) Since each mile takes 1/25 gallon of gas, 


d 1 
= — = | — jd, 
I~ 35 (55) 
Thus g is proportional to d and the constant of proportionality is 1/25, the reciprocal of the 
constant in Example 1. We can also see that g is proportional to d by solving for g ind = 25g. 


Sometimes we have to rewrite the expression for a function to see that it represents a direct 


proportionality. 
Example 4 Does the function represent a direct proportionality? If so, give the constant of proportionality, k:. 
@) ie) = ge (D) oe) =a 33 (c) F(a) =2a+5a 
(d) u(t) = V5t (e) A(n) =n? @. PO) =2 + st 
Solution (a) Here f(a) is proportional to z with constant of proportionality k = 19. 
(b) We rewrite this as g(x) = (1/53), so g(x) is proportional to x with constant of proportionality 
= 1/53, 


(c) Simplifying the right-hand side, we get F(a) = 2a + 5a = 7a, so F(a) is proportional to a 
with constant k = 7. 

(d) Here u(t) is proportional to t with constant k = /5. 

(e) Rewriting this as A(n) = 7?n, we see that it represents a direct proportionality with constant 
=a, 


(f) Here P(t) is not proportional to t, because of the constant 2 on the right-hand side. 


Solving for the Constant of Proportionality 


If we do not know the constant of proportionality, we can find it using one pair of known values for 
the quantities that are proportional. 


Example 5 A graduate assistant at a college earns $80 for 10 hours of work. Express her earnings as a function 
of hours worked. What is the constant of proportionality and what is its practical interpretation? 


Solution We have 
B= f(t) =kt, 


where F is the amount earned and ¢ is the number of hours worked. We are given 
80 = f(10) = 10k, 


and solving for k we have 
_ 80 dollars 


~ 10 hours 
Thus, / = 8 dollars/hour, which is her hourly wage. 


= 8 dollars/hour. 


Example 6 


Solution 


A person’s heart mass is proportional to his or her body mass.° 


(a) A person with a body mass of 70 kilograms has a heart mass of 0.42 kilograms. Find the constant 
of proportionality, k. 
(b) Estimate the heart mass of a person with a body mass of 60 kilograms. 


(a) We have 
Jal = Tho 1B). 


for some constant k. We substitute B = 70 and H = 0.42 and solve for k: 


0.42 =k-70 


0.42 
k = — = 0.006. 
70 


So the formula for heart mass as a function of body mass is 
H = 0.006B, 


where H and B are measured in kilograms. 
(b) With B = 60, we have 
HT = 0.006 - 60 = 0.36 kg. 


Proportionality and Rates 


Example 7 


Solution 


Example 8 


In general the average rate of a change of a function between two points depends on the points we 
choose. However, the function f(t) = kt describes a quantity which is growing at a constant rate k. 


Show algebraically that the average rate of change of the function f(t) = kt between any two 
different values of t is equal to the constant k. 


We have 


f(b) — fla) _ kb=ka _ k(b~a) _, 
ba) ba baa 


Thus, if two quantities are proportional, the constant of proportionality is the rate of change of 
one quantity with respect to the other. Using the units associated with a rate of change often helps 
us interpret the constant k. For instance, in Example 5 on page 103, the constant of proportionality 
can be interpreted as a pay rate in dollars per hour. 


Suppose that the distance you travel, in miles, is proportional to the time spent traveling, in hours: 
Distance = k x Time. 


What is the practical interpretation of the constant k? 


®K. Schmidt-Nielsen: Scaling, Why is Animal Size So Important? (Cambridge: CUP, 1984). 


Solution 


Example 9 


Solution 


Example 10 


Solution 


To see the practical interpretation of k, we write 
miles = Units of & x hours. 


Therefore, 
miles 


Units of k = ; 
hours 


The units of k are miles per hour, and it represents speed. 


The data rate of an Internet connection is the rate in bytes per second that data, such as a web page, 
image, or music file, can be transmitted across the connection.’ Suppose the data rate is 300 bytes 
per second. How long does it take to download a file of 42,000 bytes? 


Let T be the time in seconds and N be the number of bytes. Then 


N = 300T 
42,000 bytes = 300 bytes/sec - T 
42,000 bytes 
= ———— _ =]14 
300 bytes/sec Cece 


so it takes 140 seconds to download the file. 


Give the units of the constant 25 in Example | on page 101 and give a practical interpretation of it. 
In the equation d = 25g, the units of g are gallons and the units of distance, d, are miles. Thus 


miles = Units of & - gallons 


il 
Unite of = 


gallons 
= miles per gallon, or mpg. 


The constant tells us that the car gets 25 miles to a gallon of gas. 


Families of Functions 


Because the functions Q = f(t) = kt all have the same algebraic form, we think of them as a 
family of functions, one function for each value of the constant /. Figure 4.15 shows graphs of 
various functions in this family. All the functions in the family share some common features: their 
graphs are all lines, and they all pass through the origin. There are also differences between different 
functions in the family, corresponding to different values of k. Although & is constant for any given 
member of the family, it changes from one member to the next. We call k a parameter for the family. 


7Sometimes mistakenly called “bandwidth.” See http://foldoc.doc.ic.ac.uk/foldoc/contents.html. 


Figure 4.15: The family of functions y = kt 


Exercises and Problems for Section 4.5 
EXERCISES 


MiIn Exercises 1-4 is the first quantity proportional to the sec- 
ond quantity? If so, what is the constant of proportionality? 


1. dis the distance traveled in miles and t is the time trav- 
eled in hours at a speed of 50 mph. 


2. P is the price paid in dollars for 6 barrels of oil at a 
price of $70. 


3. pis the sale price of an item whose original price is po 
in a 30% off sale. 


4. Cis the cost of having n drinks at a club, where each 
drink is $5 and there is a cover charge of $20. 


WiFor each of the formulas in Exercises 5-13, is y directly 
proportional to 2? If so, give the constant of proportionality. 


5. y= 52x 6. y=2-7 
7.y=nu-°n 8. y=V5-a 
9 y=2/9 10. y =9/z 

lL. y=xr+2 12. y = 3(a + 2) 


13. y = 6z where z = 7x 


MiIn Exercises 14-17, assume the two quantities are directly 
proportional to each other. 
14. If r = 36 when s = 4, find r when s is 5. 
15. If p = 24 when q = 6, find q when p is 32. 
16. If y = 16 when x = 12, find y when z is 9. 
17. If s = 35 when t = 25, find ¢ when s is 14. 


18. The interest paid by a savings account in one year is 
proportional to the starting balance, with constant of 
proportionality 0.06. Write a formula for J, the amount 
of interest earned, in terms of B, the starting balance. 
Find the interest earned if the starting balance is 


(a) $500 (b) $1000 (c) $5000. 
19. If y is directly proportional to x, and y = 6 when 


x =A, find the constant of proportionality, write a for- 
mula for y in terms of x, and find z when y = 8. 


MiIn Exercises 20-28, determine if the graph defines a direct 


proportion. If it does, estimate the constant of proportional- 
ity. 


20. y 21. y 
20 8 
15 6 
10 4 
5 2 
x x 
3 6 9 12 2 4 6 8 10 


22. =Y 23. y 26. y 27. 
4 2 2 4 
3 
3 1 0 £ 2 
I-alli@ Trl C_| al 
2 0 2, x 
1 1 -3 0 3 1 2 
~ 2 
1 2 3 4 S210 dh 2 
28. 
24. y 25. y 
5 
. 2 
0 1 
0 x 
x 
_e 12 3 4 
—4 0 4 
3 
—3 0 3 
PROBLEMS 
29. A factory makes 50 vehicles a week. Is t, the number of (a) What is the constant of proportionality, and what 


30. 


31. 


32. 


33. 


34. 


weeks, proportional to v, the number of vehicles made? 
If so, what is the constant of proportionality? 


One store sells 70 pounds of apples a week, and a sec- 
ond store sells 50 pounds of apples a week. Is the total 
number of pounds of apples sold, a, proportional to the 
number of weeks, w? If so, what is the constant of pro- 
portionality? 


The perimeter of a square is proportional to the length 
of any side. What is the constant of proportionality? 


A bike shop’s revenue is directly proportional to the 
number of bicycles sold. When 50 bicycles are sold, 
the revenue is $20,000. 


(a) What is the constant of proportionality, and what 
are its units? 
(b) What is the revenue if 75 are sold? 


The total cost of purchasing gasoline for your car 
is directly proportional to the the number of gallons 
pumped, and 11 gallons cost $36.63. 


(a) What is the constant of proportionality, and what 
are its units? 
(b) How much do 15 gallons cost? 


The required cooling capacity, in BTUs, for a room air 
conditioner is proportional to the area of the room be- 
ing cooled. A room of 280 square feet requires an air 
conditioner whose cooling capacity is 5600 BTUs. 


8 


35. 


36. 


www.internettrains.com, accessed December 11, 2004. 


are its units? 
(b) If an air conditioner has a cooling capacity of 
10,000 BTUs, how large a room can it cool? 


You deposit $P into a bank where it earns 2% interest 
per year for 10 years. Use the formula B = P(1 +r)‘ 
for the balance $B, where r is the interest rate (written 
as a decimal) and ¢ is time in years. 


(a) Explain why B is proportional to P. What is the 
constant of proportionality? 

(b) Is P proportional to B? If so, what is the constant 
of proportionality? 


The length m, in inches, of a model train is propor- 
tional to the length r, in inches, of the corresponding 
real train. 


(a) Write a formula expressing m as a function of r. 

(b) An HO train is 1/87" the size of a real train.* 
What is the constant of proportionality? What is 
the length in feet of a real locomotive if the HO 
locomotive is 10.5 inches long? 

(c) A Z scale train is 1/ 220°" the size of a real train. 
What is the constant of proportionality? What is 
the length, in inches, of a Z scale locomotive if the 
real locomotive is 75 feet long? 


37. 


38. 


The cost of denim fabric is directly proportional to the 
amount that you buy. Let C’ be the cost, in dollars, of x 
yards of denim fabric. 


(a) Write a formula expressing C’ as a function of x. 

(b) One type of denim costs $28.50 for 3 yards. Find 
the constant of proportionality and give its units. 

(c) How much does 5.5 yards of this type of denim 
cost? 


The distance MM, in inches, between two points on a 
map is proportional to the actual distance d, in miles, 
between the two corresponding locations. 


(a) If 1/2 inch represents 5 miles, find the constant of 
proportionality and give its units. 


39. 


40. 


(b) Write a formula expression V/ as a function of d. 
(c) How far apart are two towns if the distance be- 
tween them on the map is 3.25 inches? 


The blood mass of a mammal is proportional to its body 
mass. A rhinoceros with body mass 3000 kilograms 
has blood mass of 150 kilograms. Find a formula for 
the blood mass of a mammal in terms of the body mass 
and estimate the blood mass of a human with body 
mass 70 kilograms. 


The distance a car travels on the highway is propor- 
tional to the quantity of gas consumed. A car travels 
225 miles on 5 gallons of gas. Find the constant of pro- 
portionality, give units for it, and explain its meaning. 


REVIEW EXERCISES AND PROBLEMS FOR CHAPTER 4 


EXERCISES 


1. 


2. 


Let f(r) be the weight of an astronaut in pounds at the 
distance r, in thousands of miles from the earth’s cen- 
ter. Explain the meaning of the following statements. 


(a) f(4) = 180 
(ce) f(36) = 


When there are c cars on campus, the number of cars 
without a parking space is w(c) = —2000-+ c. Express 
in function notation the number of cars without park- 
ing spaces when there are 8000 cars on campus, and 
evaluate your expression. 


(b) f(a) = 36 
@) w= f(r) 


WM Evaluate the expressions in Exercises 3-8 given that 


10. 


z+1 
F@) = set 
f(0) *. f(—1) (0.5) 
f(-0.5) 7. (3) 8. f(r) 
P+1 
Let g(t) = ae gs, Evaluate 
(a) 9(3) (b) g(-1) = © >= g(a) 
Let g(s) = 7 -. Evaluate 
(a) g(4) (b) g(a) 
() gla)+4 (d) g(at+4) 


11. 


12. 


C(t) cars (in millions) 


13. 


Use Table 4.16 to evaluate the expressions. 


(a) g(10) — 10 (b) 6g(0) 
(c) g(10)—g(-10) (dd) g(5)+7g(5) 


Table 4.16 


Table 4.17 gives the number of passenger cars in the 
US from 1990 to 1994 as a function of year. (t = 0 is 
1990.) 


Table 4.17 


off 2 ta 


t (years) 


128.3 | 126.6 | 127.3 


(a) Evaluate C'(1) and interpret its meaning. 
(b) If C(t) = 127.3, find ¢ and interpret its meaning. 


Census figures for the US population, P(t) (in mil- 
lions), t years after 1950, are in Table 4.18. 


Table 4.18 


(a) Evaluate P(20) and interpret its meaning. 
(b) If P(t) = 281.4, find ¢ and interpret its meaning. 


14. Using Figure 4.16, evaluate 
(a) f(2)— f) (b) (2) — f(-1) 


(c) 2f(-1) + f(2) (d) 1/f(—2) 
6 
S(t) 
0 t 
6 


Figure 4.16 


15. Using Figure 4.17, estimate 


(a) d(2)/d(1) (b) d(1)-d(1) 
(c) 4d(-2)—d(-1) @)_4d(—2) — (-1) 


d(s) 


Figure 4.17 


Min Exercises 16-19, g(z) = 4z” —3. Determine whether the 
two expressions are equivalent. 


16. 2?9(z),49(z) 


18. g(V2), 


17. 4g(z), g(4z) 


g(z) 19. g(z-z),9(2") 


Win Exercises 20-27, find the x value that results in f(a) = 3. 


20. f(a) =5a—2 21. f(x) =5a—5 


_ 22 5 


22. f(e) = = 23. f(a) = 5 


24. The population of a town, t years after it was founded, 
is given by P(t) = 5000 + 350¢. 


(a) Write an equation whose solution is the number of 
years it takes for the population to reach 12,000. 

(b) Make a plot of the population for t = 14, 16, 18, 
20, 22, 24 and indicate the solution to the equation 
in part (a). 


25. The number of stamps in a person’s passport, t years 
after the person gets a new job which involves overseas 
travel, is given by N(t) = 8 + 4t. 


(a) Write an equation whose solution is the number of 
years it takes for the passport to have 24 stamps. 

(b) Make a plot of the number of stamps for t = 
1, 2,3,4,5,6, and indicate the solution to the 
equation in part (a). 


26. The number of dirty socks on your roommate’s floor, t 
days after the start of exams, is given by s(t) = 10+2t. 


(a) Write an equation whose solution is the number of 
days it takes for the number of socks to reach 26. 

(b) Make a plot of the number of socks for t = 
2,4, 6, 8,10,12, and indicate the solution to the 
equation in part (a). 


27. For accounting purposes, the value of a machine, t¢ 
years after it is purchased, is given in dollars by V (t) = 
100,000 — 10,000¢. 


(a) Write an equation whose solution is the number 
of years it takes for the machine’s value to reach 
$70,000. 

(b) Make a plot of the value of the machine att = 
1, 2,3, 4, 5, 6, and indicate, on the graph, the solu- 
tion to the equation in part (a). 


3 


MiFind the average rate of change of f(x) = «* — x? on the 


intervals indicated in Exercises 28-30. 


28. Between 2 and 4. 29. Between —2 and 4. 


30. Between —4 and —2. 


31. Let f(NV) = 3N give the number of glasses a cafe 
should have if it has an average of N clients per hour. 


(a) How many glasses should the cafe have if it ex- 
pects an average of 50 clients per hour? 

(b) What is the relationship between the number of 
glasses and N’? What is the practical meaning of 
the 3 in the expression f(N) = 3N? 


MiIn Exercises 32-37, is y directly proportional to x? If so, 
give the constant of proportionality. 


32. x = 5y 33. y= 22-2 


34. 2y = —32 35. y—2 = 32 


36. y/3 = V5a 37. y= ax — 2 


PROBLEMS 


WiInterpret the expressions in Problems 38-40 in terms of the 
housing market, where n = f(p) gives the average num- 
ber of days a house stays on the market before being sold 
for price p (in $1000s), and po is the average sale price of 
houses in the community. 


38. 


40. 


41. 


42. 


43. 


f (po) 39. f(po) +10 


f(po) — f(0-9po) 


The depth, in inches, of the water in a leaking cauldron 
after t hours is given by H(t) = (—0.08¢ + 6)”. 

(a) Find H(O) and interpret its meaning. 

(b) Interpret the meaning of H(75) = 0. 

Using Figure 4.18, find 


(a) (4) 
(b) The values of a such that f(a) = 4 
(c) The values of x such that f(a) = 1 


Figure 4.18 


Consider the graphs in Figure 4.19. 


(a) Evaluate f(0) and g(0). 

(b) Find x such that f(a) = 0. 

(c) Find a such that g(x) = 0. 

(d) For which values of x is f(a) = g(x)? 
(e) For which values of x is g(x) > f(a)? 


Figure 4.19 


MEvaluate and simplify the expressions in Problems 44—53. 


44. f(5) given f(t) = a 


45. g(3) given g(z) = zVz+1—(z—5)°. 


46. g(A4) given g(t) = \/ 16 — 25 — ??. 
47. g(—2) given g(x) = 2V/ 25 — 4V/10 — 32. 


48. f(4) given f(x) = “SS 

49. g(2t +1) given g(t) = 4t — 2. 

50. h (4t”) given h(t) = /9t — 4. 

51. —2g(—x/2) given g(x) = —22°. 

52. h(2x — b — 8) given h(a) = 2a — b — 2. 
53. u(3z — 2r — s) given u(r) = 2z — 3r — 4s. 


54. Solve h(r) = —4 for r given that h(a) = - — = 
— 5x 
55. Solve w(2v + 7) = 3w(v — 1) given that w(v) = 


3u + 2. 


MiTable 4.19 gives V = f(t), the value in Canadian dollars” 
(CAD) of $1 (USD) ¢ days after November 1, 2007. For in- 
stance, 1 USD could be traded for 0.9529 CAD on Novem- 
ber 1. Use the table in Problems 56-58, and say what your 
answers tell you about the value of the USD. 


Table 4.19 


v 0.9298 


50 
56. Evaluate f(3). 57. Evaluate 
= 76) 


58. Evaluate and say which value is larger: 


18)-fO y4 £6=f0) 
3—0 6—3 


°http:/www.oanda.com/convert/fxhistory, page accessed November 7, 2007. 


Answer Problems 59-61 given that a family uses q(t) gal- 
lons of gas in week ¢ at an average price per gallon of p(t) 
dollars. 


59; 


60. 


61. 


62. 


63. 


Explain what this expression tells you about the fam- 
ily’s use of gasoline: 


p(t)q(t) — p(t — 1)q(t — 1). 


Suppose p(t2) > p(t1) and p(t2)q(t2) < p(ti)a(tr). 
What does this tell you about the family’s gasoline us- 
age? 


Write an expression for the family’s average weekly 
expenditure on gasoline during the four-week period 
2<¢<5. 


Atmospheric levels of carbon dioxide (CO2) have risen 
from 336 parts per million (ppm) in 1979 to 382 parts 
per million (ppm) in 2007.'° Assuming a constant rate 
of change of COz, predict the level in the year 2020. 


Methane is a greenhouse gas implicated as a con- 
tributor to global warming. The atmospheric methane 
level'' in parts per billion (ppb) ¢ years after 1980, 
Q = w(t), is in Table 4.20. Assuming a constant rate 
of change in methane levels between years 15 and 20, 
estimate w(18). 


Table 4.20 


Wi The investment portfolio in Problems 64-67 includes stocks 
and bonds. Let v(t) be the dollar value after t years of the 
portion held in stocks, and let w(t) be the value held in 
bonds. 


64. 


65. 


66. 


Explain what the following expression tells you about 
the investment: 
w(t) 
v(t) + w(t)’ 


The equation w(t) = 2v(t—1) has a solution at t = 5. 
What does this solution tell you about the investment? 


Write an expression that gives the difference in value 
of the stock portion of the investment in year t and the 
bond portion of the investment the preceding year. 


67. Write an equation whose solutions are the years in 
which the value of the bond portion of the investment 
exceed the value of the stock portion by exactly $3000. 


68. The area, in cm?, of glass used in a door of width w, in 
em, is A(w) = 4500 + w. (See Figure 4.20.) 


(a) From the graph, estimate the width of a door using 
7000 cm? of glass. 
(b) Check your answer to part (a) algebraically. 


amount of glass, A(w), (cm?) 
14,500 + 


12,000 
9500 
7000 


4500 


Figure 4.20 


Wi The development time of an insect is how long it takes the 
insect to develop from egg to adult. Typically, development 
time goes down as the ambient temperature rises. Table 4.21 
gives values of T = g(/), the development time in days at 
an ambient temperature H°C for the bluebottle blowfly.'” 
Answer Problems 69-71 and say what your answers tell you 
about the development time of blowflies. 


Table 4.21 


19 
7 | 68 | 58 | 50 | 43 | a7 | 32 | 29 | 26 | 24 | 22 


20 
21 


69. Evaluate g(14). 
70. Estimate the solution to g(H) = 23. 
71. Evaluate and say which value is larger: 


g(12) 910), g(15) = (42) 
12-10 15 — 12 


!0National Oceanic & Atmospheric Administration, http://www.esrl.noaa.gov/gmd/aggi. Page last accessed September 


26, 2007. 
‘ibid. 


 http://www.sciencebuddies.org/mentoring/project_ideas/Zoo_p023.shtml, accessed October 23, 2007. 


72. 


73. 


74. 


75. 


76. 


77. 


78. 


During the holiday season, a store advertises “Spend 
$50, save $5. Spend $100, save $10.” Assuming that 
the savings are directly proportional to the amount 
spent, what is the constant of proportionality? Interpret 
this in terms of the sale. 


The distance D, in miles, traveled by a car going at 30 
mph is proportional to the time ¢, in hours, that it has 
been traveling. 


(a) How far does the car travel in 5 hours? 

(b) What is the constant of proportionality? Show that 
the units on each side of the proportionality rela- 
tionship agree. 


The formula for the circumference of a circle is given 
by C = 2zr, where r is the radius of the circle. Is the 
circumference proportional to the radius? 


Hooke’s law states that the force F’ required to com- 
press a spring by a distance of x meters is given by 
F = —kza.\s F directly proportional to x? 


The number of tablespoons of grounds needed to brew 
coffee is directly proportional to the number of 8 oz 
cups desired. If 18 tablespoons are needed for 12 cups 
of coffee, how many cups can be brewed using 44 ta- 
blespoons? What are the units of k? 


The number of grams of carbohydrates ingested is pro- 
portional to the number of crackers eaten. If 3 crackers 
cause 36 grams of carbohydrates to be ingested, how 
many grams of carbohydrates are ingested if 8 crack- 
ers are eaten? What are the units of k, the constant of 
proportionality? 


Which of the lines (A-E) in Figure 4.21 represent a 
function that is a direct proportion? For those that are, 
find k. 


79. 


80. 


81. 


8 E 
4 

D 
2 C 

A B 
x 
1 3 5 7 
Figure 4.21 


Observations show that the heart mass H of a mammal 
is 0.6% of the body mass M, and that the blood mass 
B is 5% of the body mass." 


(a) Write a formula for M in terms of H. 

(b) Write a formula for / in terms of B. 

(c) Write a formula for B in terms of H. Is this con- 
sistent with the statement that the mass of blood in 
a mammal is about 8 times the mass of the heart? 


When you convert British pounds (£) into US dollars 
($), the number of dollars you receive is proportional 
to the number of pounds you exchange. A traveler re- 
ceives $400 in exchange for £250. Find the constant of 
proportionality, give units for it, and explain its mean- 
ing. 


Three ounces of broiled ground beef contains 245 calo- 
ries.'* The number of calories, C, is proportional to the 
number of ounces of ground beef, b. Write a formula 
for C' in terms of b. How many calories are there in 4 
ounces of ground beef? 


13K. Schmidt-Nielsen, Scaling, Why is Animal Size so Important? (Cambridge: CUP, 1984). 


'4The World Almanac Book of Facts, 1999, p. 718. 
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5.1. LINEAR FUNCTIONS 


Linear functions describe quantities that have a constant rate of increase (or decrease). For instance, 
suppose a video store charges $2.50 for overnight rentals plus a late fee of $2.99 per day. If C = f(t) 
is the total cost as a function of t, the number of days late, then 


f (0) = Rental plus 0 days late fee = 2.50 = 2.50 + 0(2.99) = 2.50 
f(1) = Rental plus 1 day late fee = 2.50 + 2.99 = 2.50 + 1(2.99) = 5.49 
f (2) = Rental plus 2 days late fee = 2.50 + 2.99 + 2.99 = 2.50 + 2(2.99) = 8.48 
KS = 
2 


f (3) = Rental plus 3 days late fee = 2.50 + 2.99 + 2.99 + 2.99 = 2.50 + 3(2.99) = 11.47 
Se 
3 


f(t) = Rental plus t days late fee = 2.50 + 2.99+---+2.99 =2.50+4 2.99t. 
SS 
t 
So 
C = f(t) =2.50 + 2.991. 


See Table 5.1 and Figure 5.1. Notice that the values of C’ go up by 2.99 each time ¢ increases by 1. 
This has the effect that the points in Figure 5.1 lie on a line. 


Table 5.1 C 
12 + Q 
a Pos (3, 11.47) 
fe an 
8 U7” (2,8.48) 
6 + a” 
7 
ise (1, 5.49) 
e 
2 7 (0, 2.50) 
i i | £ 
1 2 3 


Figure 5.1: Cost, C, of renting a video as 
a function of t, the number of days late 


The Family of Linear Functions 
The function f(t) = 2.50 + 2.99¢ belongs to the family of linear functions: 


A linear function is a function that can be written 


f(t) =b+ mt, for constants b and m. 


We call the constants b and m the parameters for the family. 


For instance, the function f(t) = 2.50 + 2.99¢ has b = 2.50 and m = 2.99. 


Example 1 


Solution 


What is the Meaning of the Parameters 6 and m? 


In the family of functions representing proportionality, y = kx, we found that the constant k has an 
interpretation as a rate of change. The next example shows that m has the same interpretation for 
linear functions. 


The population of a town ¢ years after it is founded is given by the linear function 
P(t) = 30,000 + 2000¢. 


(a) What is the town’s population when it is founded? 

(b) What is the population of the town one year after it is founded? By how much does the popula- 
tion increase every year? 

(c) Sketch a graph of the population. 


(a) The town is founded when t = 0, so 
Initial population = P(0) = 30,000 + 2000(0) = 30,000. 


Thus, the 30,000 in the expression for P(t) represents the starting population of the town. 
(b) After one year, we have t = 1, and 


P(1) = 30,000 + 2000(1) = 32,000, 
an increase of 2000 over the starting population. After two years we have t = 2, and 
P(2) = 30,000 + 2000(2) = 34,000, 


an increase of 2000 over the year | population. In fact, the 2000 in the expression for P(t) 
represents the amount by which the population increases every year. 

(c) The population is 30,000 when t = 0, so the graph passes through the point (0, 30,000). It slopes 
upward since the population is increasing at a rate of 2000 people per year. See Figure 5.2. 


population 
38,000 - 


36,000 | P(t) 
34,000 - 
32,000 - 
30,000 


Figure 5.2: Population of a town 


The next example gives a decreasing linear function—one whose output value goes down when 
the input value goes up. 


Example 2 The value of a car, in dollars, t years after it is purchased is given by the linear function V(t) = 
18,000 — 1700¢. 


(a) What is the value of the car when it is new? 
(b) What is the value of the car after one year? How much does the value decrease each year? 
(c) Sketch a graph of the value. 


Solution (a) As in Example 1, the 18,000 represents the starting value of the car, when it is new: 
Initial value = V(0) = 18,000 — 1700(0) = $18,000. 
(b) The value after one year is 
V(1) = 18,000 — 1700(1) = $16,300, 


which is $1700 less than the value when new. The car decreases in value by $1700 every year 
until it is worthless. Another way of saying this is that the rate of change in the value of the car 
is —$1700 per year. 

(c) Since the value of the car is 18,000 dollars when t = 0, the graph passes through the point 
(0, 18,000). It slopes downward, since the value is decreasing at the rate of 1700 dollars per 
year. See Figure 5.3. 


value ($) 
18,000 


14,000 ies ue 


10,000 + 
6000 F 


2000 F 


| ¢ (years) 
3 


Figure 5.3: Value of a car 


Example | involves a population given by P(t) = 30,000 + 2000¢, so 


Current population = Initial population + Growth rate x Number of years. 
—— ——— ——— ee 


30,000 people 2000 people per year t 
In Example 2, the value is given by V(t) = 18,000 + (—1700)t, so 


Total cost = Initial value + Change per year x Number of years. 
-eo—_e_—  ——_ 


$18,000 —$1700 per year t 


In each case the coefficient of ¢ is a rate of change, and the resulting function is linear, Q = b+ mt. 


Notice the pattern: 


Output = Initial value + Rate of change x Input. 
LS=—=_—OmOwOOC OTS O/F 


y b m 


Graphical and Numerical Interpretation of Linear Functions 


Example 3 


Solution 


Example 4 


Solution 


We can also interpret the constants b and m in terms of the graph of f(a) = b+ mz. 


(a) Make a table of values for the function f(a) = 5 + 2a, and sketch its graph. 
(b) Interpret the constants 5 and 2 in terms of the table and the graph. 


(a) See Table 5.2 and Figure 5.4. 


Table 5.2 i y Foner 
f(x) 
5 9 The slope is the change 
inywhenvis _ 
\ 7 increased by 1 unit 
The y-intercept 
9 is the valueof ——> 5 
y when «x is 0 
11 3 
1 


Figure 5.4: Graph of y = 5 + 2x 


(b) The constant 5 gives the y-value where the graph crosses the y-axis. This is the y-intercept or 
vertical intercept of the graph. From the table and the graph we see that 2 represents the amount 
by which y increases when z is increased by | unit. This is called the slope. 


In Example 3, the constant m is positive, so the y-value increases when z is increased by 1 
unit, and consequently the graph rises from left to right. If the value of m is negative, the y-value 
decreases when z is increased by | unit, resulting in a graph that falls from left to right. 


For the function g(a) = 16 — 32, 


(a) What does the coefficient of x tell you about the graph? 
(b) What is the y-intercept of the graph? 


(a) Since the coefficient of x is negative, the graph falls from left to right. The value of the coeffi- 
cient, —3, tells us that each time the value of x is increased by | unit, the value of y goes down 
by 3 units. The slope of the graph is —3. 

(b) Although we cannot tell from Figure 5.5 where the graph crosses the y-axis, we know that 7 = 0 
on the y-axis, so the y-intercept is y = 16 —3-0= 16. 


Table 5.3 y 


nA BB WIS 
Pe fb ANIC 
| 
ww 


3 + The slope is the 
change in y when_3 
+ a is increased 


Figure 5.5: Graph of y = 16 — 3a 


In general, we have 


For the linear function 


Q= f(t) =b+mt, 


e b = f(O) is the initial value, and gives the vertical intercept of the graph. 


e mis the rate of change and gives the slope of the graph. 
e Ifm > 0, the graph rises from left to right. 
e Ifm <0, the graph falls from left to right. 


Example 5 Find the vertical intercept and slope, and use this information to graph the functions: 
(a) f(x) = 100+ 25a (b) g(t) =6 —0.5t 
Solution (a) The vertical intercept is 100 and the slope is 25, so f(a) starts at 100 when x = 0 and increases 


by 25 each time x increases by 1. See Figure 5.6. 
(b) The vertical intercept is 6 and the slope is —0.5, so g(t) starts at 6 when t = 0 and decreases by 
0.5 each time t increases by 1. See Figure 5.7. 


Figure 5.6: Graph of y = 100 + 25” Figure 5.7: Graph of y = 6 — 0.5t 


Interpreting Linear Functions Using Units 


Example 6 


Solution 


Example 7 


Solution 


It is often useful to consider units of measurement when interpreting a linear function Q = b+ mt. 
Since b is the initial value of Q, the units of b are the same as the units of Q. Since m is the rate of 
change of Q with respect to t, the units of m are the units of Q divided by the units of t. 


Worldwide, soda is the third most popular commercial beverage, after tea and milk. The global 
consumption of soda! rose at an approximately constant rate from 150 billion liters in 1995 to 179 
billion liters in 2000. 


(a) Find a linear function for the quantity of soda consumed, S, in billions of liters, ¢ years after 
1995. 
(b) Give the units and practical interpretation of the slope and the vertical intercept. 


(a) To find the linear function, we first find the rate of change, or slope. Since consumption in- 
creased from S = 150 to S = 179 over a period of 5 years, we have 


YS RS Ie 29 _5¢ 
AGS 5 aa 
When t = 0 (the year 1995), we have S' = 150, so the vertical intercept is 150. Therefore 


Rate of change = 


S = 150 + 5.8¢. 


(b) Since the rate of change is equal to A.S/At, its units are S-units over t-units, or billion liters 
per year. The slope tells us that world soda production has been increasing at a constant rate of 
5.8 billion liters per year. 
The vertical intercept 150 is the value of S when t is zero. Since it is a value of S, the units 
are S-units, or billion liters of soda. The vertical intercept tells us that the global consumption 
of soda in 1995 was 150 billion liters. 


Functions Where the Independent Variable Is Not Time 


Units are particularly useful in interpreting functions where the independent variable is not time. 


A borehole is a hole dug deep in the earth, for oil or mineral exploration. Often temperature gets 
warmer at greater depths. Suppose that the temperature in a borehole at the surface is 4°C and rises 
by 0.02°C with each additional meter of depth. Express the temperature T’ in °C as a function of 
depth d in meters. 


The temperature starts at 4°C, and increases at the rate of 0.02 degrees per meter as you go down. 
Thus 


Temperature at d meters = Temperature at surface + Rate of change x Depth 
SSS ee 
Tee aoe 0.02 degrees per meter d meters 


T =4+0.02d. 


!The Worldwatch Institute, Vital Signs 2002 (New York: W.W. Norton, 2002), p. 140. 


Exercises and Problems for Section 5.1 
EXERCISES 


1. 


A homing pigeon starts 1000 miles from home and flies 
50 miles toward home each day. Express distance from 
home in miles, D, as a function of number of days, d. 


You buy a saguaro cactus 5 ft high and it grows at a rate 
of 0.2 inches each year. Express its height in inches, h, 
as a function of time ¢ in years since the purchase. 


The temperature of the soil is 30°C at the surface and 
decreases by 0.04°C for each centimeter below the sur- 
face. Express temperature T as a function of depth d, 
in centimeters, below the surface. 


Wi Give the values for b and m for the linear functions in Exer- 


cises 4-9. 
4. f(x) = 3a"+412 5. g(t) = 250t — 5300 
6. h(n) = 0.01n + 100 7. u(z) = 30 
8. w(c) = 0.5¢ 
9. u(k) = 0.007 — 0.003k 


10. 


11. 


12. 


The cost, $C, of hiring a repairman for h hours is given 
by C = 50 + 25h. 


(a) What does the repairman charge to walk in the 
door? 
(b) What is his hourly rate? 


The cost, $C, of renting a limousine for h hours above 
the 4 hour minimum is given by C' = 300 + 100h. 


(a) What does the 300 represent? 
(b) What is the hourly rate? 


The population of a town, t years after it is founded, is 
given by P(t) = 5000 + 350¢. 


(a) What is the population when it is founded? 

(b) What is the population of the town one year after it 
is founded? How much does it increase by during 
the first year? During the second year? 


MiIn Exercises 13-23, identify the initial value and the rate of 
change, and explain their meanings in practical terms. 


PROBLEMS 


13. 


14. 


13: 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


An orbiting spaceship releases a probe that travels di- 
rectly away from Earth. The probe’s distance s (in km) 
from Earth after t seconds is given by s = 600 + 5t. 


After a rain storm, the water in a trough begins to evap- 
orate. The amount in gallons remaining after t days is 
given by V = 50 — 1.2t. 


The monthly charge of a cell phone is 25 + 0.06n dol- 
lars, where n is the number of minutes used. 


The number of people enrolled in Mathematics 101 is 
200 — 5y, where y is the number of years since 2004. 


On a spring day the temperature in degrees Fahrenheit 
is 50 + 1.2h, where h is the number of hours since 
noon. 


The value of an antique is 2500+ 80n dollars, where n 
is the number of years since the antique is purchased. 


A professor calculates a homework grade of 100 — 3n 
for n missing homework assignments. 


The cost, C, in dollars, of a high school dance attended 
by n students is given by C' = 500 + 20n. 


The total amount, C,, in dollars, spent by a company on 
a piece of heavy machinery after t years in service is 
given by C = 20,000 + 1500t. 


The population, P, of a city is predicted to be P = 
9000 + 500¢ in t years from now. 


The distance, d, in meters from the shore, of a surfer 
riding a wave is given by d = 120 — 5t, where t is the 
number of seconds since she caught the wave. 


MiIn Exercises 24—29, identify the slope and y-intercept and 
graph the function. 


24. 


26. 


28. 


f(x) =2x2+3 25. f(r) =4-2 


f(x) = -2+0.52 27. f(x) = 32-2 


f(x) = 22 +5 29. f(x) = —0.5r — 0.2 


30. 


If the tickets for a concert cost p dollars each, the num- 
ber of people who will attend is 2500 — 80p. Which of 
the following best describes the meaning of the 80 in 
this expression? 


(i) The price of an individual ticket. 


(ii) The slope of the graph of attendance against ticket 
price. 

(iii) The price at which no one will go to the concert. 

(iv) The number of people who will decide not to go if 
the price is raised by one dollar. 


31. 


32. 


33. 


5.2 WORKING WITH LINEAR EXPRESSIONS 


Example 1 


Long Island Power Authority charges its residential 
customers a monthly service charge plus an energy 
charge based on the amount of electricity used.” The 
monthly cost of electricity is approximated by the func- 
tion: C = f(h) = 36.60 + 0.14h, where h represents 
the number of kilowatt hours (kWh) of electricity used 
in excess of 250 kWh. 


(a) What does the coefficient 0.14 mean in terms of 
the cost of electricity? 
(b) Find f(50) and interpret its meaning. 


The following functions describe four different collec- 
tions of baseball cards. The collections begin with dif- 
ferent numbers of cards and cards are bought and sold 
at different rates. The number, B, of cards in each col- 
lection is a function of the number of years, t, that the 
collection has been held. Describe each of these collec- 
tions in words. 


(a) B= 200 +4 100¢ 
(c) B= 2000 — 100¢ 


(b) B= 100+ 200t 
(d) B= 100 — 200¢ 
Match the functions in (a)—(e) with the graphs in Fig- 


ure 5.8. The constants s and k are the same in each 
function. 


(a) f(z) =s (b) f(z) =ka 
(c) f(x) =kx—-s (d) f(x) = 2s —kax 
(e) f(x) = 2s — 2ka 
y 
(i) 
(ii) 
(i) 
(iv) 
v) 
Figure 5.8 


34. 


35: 


36. 


37. 


The velocity of an object tossed up in the air is modeled 
by the function v(t) = 48 — 32¢, where ¢ is measured 
in seconds, and u(t) is measured in feet per second. 


(a) Create a table of values for the function. 

(b) Graph the function. 

(c) Explain what the constants 48 and —32 tell you 
about the velocity. 

What does a positive velocity indicate? A negative 
velocity? 


(d) 


If a is aconstant, does the equation y = aa + 5a define 
y as a linear function of x? If so, identify the slope and 
vertical intercept. 


The graphs of two linear functions have the same slope, 
but different «-intercepts. Can they have the same y- 
intercept? 


The graphs of two linear functions have the same x- 
intercept, but different slopes. Can they have the same 
y-intercept? 


Give the slope and y-intercept for the graphs of the functions 


in Problems 38-43. 

38. f(x) = 220 — 12x 39. f(r) = 5? -ll 

40. f(x) = ——12 ry ee 
7 3 

42. f(x) =15-2(3-22) 43. f(x) =a2 


44. 


45. 


If n birds eating continuously consume V in? of seed in 
T hours, how much does one bird consume per hour? 


If n birds eating continuously consume W ounces of 
seed in T hours, what are the units of W/(nT)? What 
does W/(nT’) represent in practical terms? 


An expression, such as 3 + 2¢, that defines a linear function is called a linear expression. When we 
are talking about the expression, rather than the function it defines, we call b the constant term and 


m the coefficient. 


(a) u(t) = 20+ 4t 
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Identify the constant term and the coefficient in the expression for the following linear functions. 
(b) v(t) =8—0.3¢ 


(c) w(t) =t/7+5 


Solution 


(a) We have constant term 20 and coefficient 4. 
(b) Writing u(t) = 8 + (—0.3)t, we see that the constant term is 8 and the coefficient is —0.3. 
(c) Writing w(t) = 5 + (1/7)t, we see that the constant term is 5 and the coefficient is 1/7. 


Different forms for linear expressions reveal different aspects of the functions they define. 


The Slope-Intercept Form 


Example 2 


Solution 


The form that we have been using for linear functions is called the 


Slope-Intercept Form 


The form 
f(z) =b+mz or y=b+me 


for expressing a linear function is called slope-intercept form, because it shows the slope, m, 
and the vertical intercept, b, of the graph. 


Expressing a function in slope intercept form is helpful in reading its initial value and rate of 
change. 


The cost C of a vacation lasting d days consists of the air fare, $350, plus accommodation expenses 
of $55 times the number of days, plus food expenses of $40 times the number of days. 


(a) Give an expression for C’ as a function of d that shows air fare, accommodation, and food 
expenses separately. 

(b) Express the function in slope-intercept form. What is the significance of the vertical intercept 
and the slope? 


(a) The cost is obtained by adding together the air fare of $350, the accommodation, and the food. 
The accommodation for d days costs 55d and the food costs 40d. Thus 


C = 350 + 55d + 40d. 


(b) Collecting like terms, we get 
C = 350 + 95d 


dollars, which is linear in d with slope 95 and vertical intercept 350. The vertical intercept rep- 
resents the initial cost (the air fare) and the slope represents the total daily cost of the vacation, 
$95 per day. 


The Point-Slope Form 


Although slope-intercept form is the simplest form, sometimes another form reveals a different 
aspect of a function. 


Example 3 


Solution 


Example 4 


Point-Slope Form 


The form 
f(z) = yo+m(x—29) or y=yotm(x— 20) 
for expressing a linear function is called point-slope form, because 
e The graph passes through the point (xo, yo). 


e The slope, or rate of change, is m. 


The population of a town ¢ years after it is founded is given by 
P(t) = 16,000 + 400(¢ — 5). 


(a) What is the practical interpretation of the constants 5 and 16,000 in the expression for P? 
(b) Express P(t) in slope-intercept form and interpret the slope and intercept. 


(a) The difference between point-slope form and slope-intercept form is that the coefficient 400 
multiplies the expression t — 5, rather than just t. Whereas the slope-intercept form tells us the 
value of the function when t = 0, this form tells us the value when ¢t = 5: 


P(5) = 16,000 + 400(5 — 5) = 16,000 + 0 = 16,000. 


Thus, the population is 16,000 after 5 years. 
(b) We have 


P(t) = 16,000 + 400(t — 5) Population in year 5 is 16,000. 
= 16,000 + 400¢ — 400-5 Five years ago, it was 2000 fewer. 
= 14,000 + 400¢ Thus, the starting value is 14,000. 


From the slope-intercept form we see that 400 represents the growth rate of the population per 
year. When we subtract 400-5 from 16,000 in the above calculation, we are deducting five years 
of growth in order to obtain the initial population, 14,000. 


How Do We Find the Slope? 


In Section 4.4 we saw how to find the average rate of change of a function between two points. For 
a linear function this rate of change is equal to the slope and is the same no matter which two points 
we choose. 


Find formulas for the linear functions graphed below. 


(a) y 


Solution (a) We use any two points to find the slope. If we use the points (0, —10) and (5, 10), we have 


_ Ay _ 10—(-10) — 20 | 
UST eB 


The slope is m = 4. We see in the graph that the y-intercept is —10, so a formula for the 
function is 


y= —10+4+ 42. 
(b) We use the two points (0,5) and (4, 0) to find the slope: 


NG 05. =5 5 
Ke @ 22) 0 2 4 


The slope is m = —5/4. The slope is negative since the graph falls from left to right. We see in 
the graph that the y-intercept is 5, so a formula for the function is 


5 
ne 


Example 5 Find linear functions satisfying: 


(a) f(5) = —8 and the rate of change is —3 
(b) g(5) = 20 and g(8) = 32. 


Solution (a) The graph passes through (xo, yo) = (5, —8) and has slope m = —3, so we use point-slope 
form: 


f(x) = yo + m(zx — x0) 
(3) (—3)(e 5) 
= —-8-—3274+15 

= ff = shi, 


(b) The graph passes through (5, 20) and (8, 32), so the slope is 


Nu = Ee anl 
mz=c => — 
Ag 8—5 3 


A. 


Using point-slope form with the point (9, yo) = (5,20), we have 


g(x) = yo + m(x — 29) 


= 20+ 4(a — 5) 
= 20+ 4x — 20 
= dlp. 


Notice that in either case, we could have left the equation of the line in point-slope form instead 
of putting it in slope-intercept form. 


How Do We Recognize a Linear Expression? 


Example 6 


Solution 


Example 7 


Solution 


Sometimes a simple rearrangement of the terms is enough to recognize an expression as linear. 


Is the expression linear in x? If it is, give the constant term and the coefficient. 


(a) 5+0.2x (b) 3+5/z () 3425 
(d) 2(a@+1)+32-—5 (e) (l+2)/2 (f) axt+a+b 


(a) This expression is not linear because of the x? term. 

(b) This expression is not linear because of the \/z term. 

(c) This expression is linear. Writing this as y = 3+ (V5) x, we see that the constant term is 3 and 
the coefficient is J5. 

(d) We distribute the 2 and combine like terms: 


2(a+1)+3¢—-5=27+2+32-5=-3+52, 


so we see that the expression is linear. The constant term is —3, and the coefficient is 5. 
(e) Distributing the 1/2 we get 
lope i. il 
= aa be, 
2 2” oh 
so we see that the expression is linear. The constant term is 1/2, and the coefficient is 1/2. 
(f) We collect the x terms to get ax + 2+b =b+(a+1)z, so we see that the expression is linear. 
The constant term is b, and the coefficient is a + 1. 


How Do We Decide If a Function Is Linear? 


To decide if a function f(x) given by an expression is linear, we focus on the form of the expression 
and see if it can be put in the form f(a) = b+ ma. 


Is each function linear? 


(a) The share of a community garden plot with area A square feet divided between 5 families is 
f(A) = A/5 square feet per family. 

(b) The gasoline remaining in an electric generator running for h hours is G = 0.75 — 0.3h. 

(c) The circumference of a circle of radius r is C = 2rr. 

(d) The time it takes to drive 300 miles at v mph is T = 300/v hours. 


(a) This function is linear, since we can rewrite it in the form f(A) = 0+ (1/5)A. The initial value 
is 0 and the rate of change is 1/5. 

(b) Since G = 0.75 + (—0.3)h, we see this is linear with initial value 0.75 and rate of change —0.3. 

(c) This function is linear, with initial value 0 and rate of change 27. 

(d) This function is not linear, since it involves dividing by v, not multiplying v by a constant. 


Expressions Involving More Than One Letter 


In Example 6(f) there were constants a and b in the expression az + + b, in addition to the variable 
a. We could change perspective on this expression, and regard a as the variable and x and b as the 
constants. Writing it in the form 


xa + (x + b) = Constant - a + Constant, 


we see that it gives a linear function of a. In this case we say that the expression is linear in a. 


Example 8 (a) Is the expression xy? + 5xy + 2y — 8 linear in x? In y? 
(b) Is the expression 7r?h linear in r? In h? 
Solution (a) To see if the expression is linear in x, we try to match it with the form b + ma. We have 
zy? + Sey + 2y —8 = (Qy —8) + G7? + 5y)e 


which is linear in x with b = 2y — 8 and m = y? + 5y. Thus the expression is linear in 2. It is 
not linear in y because of the y? term. 

(b) The expression is not linear in r because of the r? term. It is linear in h, with constant term 0 
and coefficient 7r?. 


Exercises and Problems for Section 5.2 


EXERCISES 
WiIn Exercises 1-8, is the expression linear? 23. Find the slope of each of the lines in Figure 5.9. 
P' Pp g 
1. 5¢-—3 2. 57 +1 
3. 6r+r—-1 4. (3a + 1)/4 (a) y (b) y 
7 20 
5. (3a+1)/a 6. 5r? +2 is 
5 
7. 424 (1/3)a 8. 6A — 3(1 — 3A) 12 
3 8 
; a ae ae : it 4 
For each of the linear expressions in x in Exercises 9-14, i 45 
give the constant term and the coefficient of x. 2 4 6 8 12345 
9. 32 +4 10. 5c —2# +5 Figure 5.9: Find the slope of each of these lines 


ll. wt+ur4+1 12. c+rx 
13. mz+mn+5x2+m+7 
14. 5— 2(a + 4) + 6(2x + 1) 


24. For working n hours a week, where n > 40, a personal 


Min Exercises 15-18, rewrite the function in slope-intercept trainer is paid, in dollars, 
form. 
15. f(x) =124 3(a - 1) P(n) = 500 + 18.75(n — 40). 
16. f(x) = 1800 + 500(a + 3) 
17. g(n) = 14 — 2/3(n — 12) What is the practical meaning of the 500 and the 
18. j(t) = 1.24 0.4(t— 5) 18.75? 

MiIn Exercises 19-22, the form of the expression for the func- 25. When n guests are staying in aroom, where n > 2, the 
tion tells you a point on the graph and the slope of the graph. Happy Place Hotel charges, in dollars, 


What are they? Sketch the graph. 


19. f(z) =3(@-1) +5 20. f(t) =4—2(t +2) C(n) = 79 + 10(n — 2). 


21. g(s)=(s—1)/2+3 22. h(x) = —-5—- (4-1) 
What is the practical meaning of the 79 and the 10? 


26. A salesperson receives a weekly salary plus a commis- 
sion when the weekly sales exceed $1000. The per- 
son’s total income in dollars for weekly sales of s dol- 
lars (where s > 1000) is given, in dollars, by 


T(s) = 600 + 0.15(s — 1000). 


What is the practical meaning of the 600 and the 0.15? 


27. Find a possible formula for the linear function h(a) if 
h(—30) = 80 and h(40) = —60. 


28. Find a possible formula for the linear function f (2) if 
(20) = 70 and f(70) = 10. 


PROBLEMS 


29. Find a possible formula for the linear function f(a) if 
f(—12) = 60 and f(24) = 42. 


MiIn Exercises 30-33, does the description lead to a linear 


function? If so, give a formula for the function. 

30. The distance traveled is the speed, 45 mph, times the 
number of hours, t. 

31. The area of a circle of radius r is rr”. 


32. The area of a rectangular plot of land w ft wide and 20 
ft long is 20w ft’. 


33. The area of a square plot of land x ft on a side is x? ft?. 


34. Greta’s Gas Company charges residential customers $8 
per month even if they use no gas, plus 82¢ per therm 
used. (A therm is a quantity of gas.) In addition, the 
company is authorized to add a rate adjustment, or sur- 
charge, per therm. The total cost of g therms of gas is 
given by 


Total cost = 8+ 0.82g + 0.109g. 


(a) Which term represents the rate adjustment? What 
is the rate adjustment in cents per therm? 
(b) Is the expression for the total cost linear? 


35. A car trip costs $1.50 per fifteen miles for gas, 30¢ per 
mile for other expenses, and $20 for car rental. The to- 
tal cost for a trip of d miles is given by 


Total cost = 1.5 (=) + 0.3d + 20. 
(a) Explain what each of the three terms in the expres- 
sion represents in terms of the trip. 
(b) What are the units for cost and distance? 
(c) Is the expression for cost linear? 


Min Problems 36-46, is the given expression linear in the in- 
dicated variable? Assume all constants are non-zero. 


a+b 
36. = a 37. Qnr? + arh,r 
38. 2ar? + arh,h 39. ax* + br +c3,a 
40. ax? +b2 +3, 2 41. 2ax+br+caqa 
42. 2ax+br4+c,2% 43. 3xy+5xa+2—-10y, x 


44, 3ny+5r+2—10y,y 45. P(P—c),P 


46. P(P—c),c 


Min Problems 47-49, find the function graphed and give a 


practical interpretation of the slope and vertical intercept. 


47. R, inches of rain 
_ |S, inches of snow 
10 20 30 40 
48. m, distance from home (miles) 
250 + 
200 
150 (3, 170) 
100 
50 
! : : _ h, time (hrs) 
1 2 3 4 
49. T,, temperature (°F) 
45 - 
(0,40) @ (1,37) 
35 7 (3, 31) 
15) 
5 i 
— h, time since midnight (hrs) 
2 4 6 


50. 


51. 


52. 


53. 


54. 


55. 


5.3 


Example 1 


A boy’s height h, in feet, t years after his 10” birthday, 
is given by h = 4+0.2t. Which of the following equiv- 
alent expressions for this function shows most clearly 
his height at age 20? What is that height? 


(i) h=44+0.2t (Gi) h=6+0.2(t—10) 
(iii) h = 10+0.2(t—30) 


The number of books you can afford to buy, b, is a func- 
tion of the number of CDs, c, you buy and is given by 
b = 10 — 0.5c. Which of the following equivalent ex- 
pressions for this function most clearly shows the num- 
ber of books you can afford if you buy 6 CDs? 


(i) b=10-0.5c (ii) b=6-—0.5(c—8) 
(iii) b= 7—0.5(c —6) 


A company’s profit after t months of operation is given 
by P(t) = 1000 + 500(t — 4). 


(a) What is the practical meaning of the constants 4 
and 1000? 

(b) Rewrite the function in slope-intercept form and 
give a practical interpretation of the constants. 


After t hours, Liza’s distance from home, in miles, is 
given by D(t) = 138 + 40(¢ — 3). 


(a) What is the practical interpretation of the constants 
3 and 138? 

(b) Rewrite the function in slope-intercept form and 
give a practical interpretation of the constants. 


A cyclist’s distance in km from the finish line, t min- 
utes after reaching the flat, is given by f(t) = 45 — 
0.5(t — 12). 


(a) What is the practical meaning of the constants 12, 
45, and 0.5? 

(b) Express f in a form that clearly shows the distance 
from the start of the flat to the finish line. 


The number of butterflies in a collection x years after 
1960 is given by B(x) = 50 + 2(a — 20). 


(a) What is the practical interpretation of the constants 
20, 50, and 2? 


SOLVING LINEAR EQUATIONS 


56. 


(b) Express B in a form that clearly shows the size of 
the collection when it started in 1960. 


The cost, C(w), of mailing a large envelope weigh- 
ing w ounces, 0 < w < 13, can be modeled by the 
equation C(w) = 0.88 + 0.17(w — 1). (Note that all 
fractional ounces are rounded up to the next integer.) 


(a) What is the practical interpretation of the constants 
0.88 and 1? 

(b) What does the 0.17 represent? 

(c) How much would it cost to mail a large envelope 
weighing 9.1 ounces? 


Min Problems 57-59, why do we expect the situation to be 
modeled by a linear function? Give an expression for the 
function. 


Bie 


58. 


59. 


The profit from making q widgets is the revenue minus 
the cost, where the revenue is the selling price, $27, 
times the number of widgets, and the cost is $1000 for 
setting up a production line plus $15 per widget. 


The construction costs of a road d miles long with 4 
toll booths are $500,000 per mile plus $100,000 per 
toll booth. 


A farmer builds a fence with two gates, each 4 meters 
wide, around a square field x meters on a side. The cost 
of the fence is $10 per meter plus $300 per gate. 


MiFor Problems 60-62, write an expression in x representing 
the result of the given operations on x. Is the expression lin- 
ear in x? 


60. 
61. 
62. 
63. 


Add 5, multiply by 2, subtract x. 
Add 5, multiply by a, subtract 2. 
Add x, multiply by 5, subtract 2. 


Find a possible formula for the linear function y = 
g(x) given that: 


e The value of the expression g(100) is 30, and 
e The solution to the equation g(x) = 15 is —50. 


We are often interested in knowing which input values to a linear function give a particular output 


value. This gives rise to a linear equation. 


For the town in Example | on page 115, the population ¢ years after incorporation is given by 


P(t) = 30,000 + 2000t. How many years does it take for the population to reach 50,000? 


Solution 


We want to know the value of ¢ that makes P(t) equal to 50,000, so we solve the equation 


30,000 + 2000¢ = 50,000 


2000¢t = 20,000 subtract 30,000 from both sides 
__ 20,000 


2000 


= 10. divide both sides by 2000 


Thus, it takes 10 years for the population to reach 50,000. 


Finding Where Two Linear Functions Are Equal 


Example 2 


Solution 


Linear equations also arise when we want to know what input makes two linear functions f(a) and 
g(x) have the same output. 


Incandescent light bulbs are cheaper to buy but more expensive to operate than fluorescent bulbs. 
The total cost in dollars to purchase a bulb and operate it for ¢ hours is given by 


f(t) = 0.50 + 0.004t (for incandescent bulbs) 
g(t) = 5.00 +0.001¢ (for fluorescent bulbs). 


How many hours of operation gives the same cost with either choice? 


We need to find a value of t that makes f(t) = g(t), so 


0.50 + 0.004¢ = 5.00 + 0.001¢ — set expressions for f(t) and g(t) equal 


0.50 + 0.003¢ = 5.00 subtract 0.001¢ 
0.003¢ = 4.50 subtract 0.50 
4.50 


= 0.003 = 1500 divide by 0.003. 


After 1500 hours of use, the cost to buy and operate an incandescent bulb equals the cost to buy and 
operate a fluorescent bulb.’ Let’s verify our solution: 


Cost for incandescent bulb: f (1500) = 0.50 + 0.004(1500) = 6.50 
Cost for fluorescent bulb: g(1500) = 5.00 + 0.001(1500) = 6.50. 


We see that the cost of buying and operating either type of bulb for 1500 hours is the same: $6.50. 


Using a Graph to Visualize Solutions 


If we graph two functions f and g on the same axes, then the values of t where f(t) = g(t) 
correspond to points where the two graphs intersect. 


3m fact incandescent bulbs typically last less than 1000 hours, which this calculation does not take into account. 


Example 3 


Solution 


In Example 2 we saw that the cost to buy and operate an incandescent bulb for 1500 hours is the 
same as the cost for a fluorescent bulb. 


(a) Graph the cost for each bulb and indicate the solution to the equation in Example 2. 
(b) Which bulb is cheaper if you use it for less than 1500 hours? More than 1500 hours? 


See Figure 5.10. The t-coordinate of the point where the two graphs intersect is 1500. At this 
point, both functions have the same value. In other words, t = 1500 is a solution to the equation 
f(t) = g(t). Figure 5.10 shows that the incandescent bulb is cheaper if you use it for less than 1500 
hours. For example, it costs $4.50 to operate the incandescent bulb for 1000 hours, whereas it costs 
$6.00 to operate the fluorescent bulb for the same time. On the other hand, if you operate the bulb 
for more than 1500 hours, the fluorescent bulb is cheaper. 


cost (dollars 
i Cost of incandescent bulb, f(t) = 0.50 + 0.004¢ 
Te ee ee Cost of fluorescent bulb, g(t) = 5.00 + 0.001¢ 
6 | 
5 | 
4 | Costs agree when t = 1500 
| 
3 | 
2 | 
1 | 


! ! __ t, time (hours) 
500 1000 1500 2000 


Figure 5.10: Costs of operating different types of bulb 


How Many Solutions Does a Linear Equation Have? 


Example 4 
Solution 


In general a linear equation has one solution. If we visualize the equation graphically as in Exam- 
ple 3, we see that the two lines intersect at one point. 


Solve (a) 3a2+5 = 3(a +5) (b) 344+5=3(@41)+2. 
(a) We have 


32 +5 = 3(4+5) 
32 +5=302+15 
ij = 15, 


What is going on here? The last equation is false no matter what the value of x, so this equation 
has no solution. Figure 5.11 shows why the equation has no solution. The graphs of y = 3x +5 
and y = 3(a + 5) have the same slope, so never meet. 


= l0}4— 


Figure 5.11: Graphs of y = 3x + 5 and 
y = 3(a + 5) do not intersect 


(b) We have 


3c +5 = 3(a@ +1) +2 
80 +5=30+5 
0=0 


You might find this result surprising as well. The last equation is true no matter what the value 
of x. So this equation has infinitely many solutions; every value of x is a solution. In this case, 
the graphs of y = 3a + 5 and y = 3(a +1) +2 are the same line, so they intersect everywhere. 


In summary 


A linear equation can have no solutions, one solution, or infinitely many solutions. See Fig- 


ure 5.12. 


No solutions: Graphs of 


f and g never intersect y Infinite solutions: Graphs 


y One solution: Graphs of 
of f and g the same 


f and g intersect in one point 


x x x 


Figure 5.12: Graphs of f(x) and g(a) 


Looking Ahead When Solving Equations 


With foresight, we do not need to solve equations like the ones in Example 4 all the way to the end. 


Example 5 At what point during solving the equations in Example 4 could you have stopped and foreseen the 
number of solutions? 


Solution 


Example 6 


Solution 


Example 7 


Solution 


In part (a), we can see at the second line that no value of « satisfies the equation. The left side has 5 
added to 3x, and the right side has 15 added to the same 3x. So 3a + 5 can never equal 3x + 15, no 
matter what value 3x takes on. 

In part (b), we see from the second line that the two sides, 3a +5 and 3(a+1)+2 are equivalent 
expressions, so they are equal for all values of x. 


You can also often use the context of an equation to make predictions about the solutions. 


For the equation comparing light bulb performance in Example 3, explain how you could predict 
that the solution is a positive number. 


A positive solution means that there is a time in the future (after you buy the bulbs) when the two 
bulbs end up costing the same. This makes sense, because although the incandescent bulb is cheaper 
to buy, it uses energy at a greater rate, so the cost of using it will eventually catch up with the 
fluorescent bulb. This is illustrated in Figure 5.10 on page 130, where the graph for the incandescent 
bulb starts out lower but rises more steeply than the other graph. 


Sometimes you can tell whether the solution is going to be positive or negative just by looking 
at the sign of the coefficients. 


Is the solution positive, negative, or zero? 


(a) 53x = —29 (b) 292 + 53 = 53x + 29 
(©) 292-13 = 53% + 29 (d) 29% + 53 = 53x + 53 


(a) The solution is negative, since it is the ratio of a negative number and a positive number. 
(b) When we collect all the x terms on the right and the constant term on the left, we get 


Positive number = (Positive number), 


because 53 > 29, so the solution is positive. 
(c) This time the equation is equivalent to 


Negative number = (Positive number)z,, 


because 13 < 29, so the solution is negative. 
(d) Since the constant terms are the same on both sides, the equation is equivalent to 


0 = (Positive number), 


so the solution is 0. 


Equations with More Than One Letter 


Example 8 


Suppose you pay a total of $16,368 for a car whose list price (the price before taxes) is $p. Find the 
list price of the car if you buy it in: 

(a) Arizona, where the sales tax is 5.6%. 

(b) New York, where the sales tax is 8.25%. 

(c) A state where the sales tax is r. 


Solution (a) If p is the list price in dollars then the tax on the purchase is 0.056p. The total amount paid is 
p +0.056p, so 


p + 0.056p = 16,368 
(1 + 0.056)p = 16,368 


16,368 
— Fons a Lassa = 1 . 
? = agne6 
(b) The total amount paid is p + 0.0825p, so 
p + 0.0825p = 16,368 
(1 + 0.0825)p = 16,368 
16,368 
Se = 1 0. 
o> e00ws eee 
(c) The total amount paid is p + rp, so 
p+rp = 16,368 
(1+ 1r)p = 16,368 
= pO ;308 dollars. 
1l+r 


In part (c) of Example 8, there is a constant r in the equation, in addition to the variable p. 
Since the equation is linear in p, we can solve it. The only difference is that the solution contains 
the constant r. 

Equations with more than one letter can be nonlinear in some of the letters, but still be linear in 
the letter that you are trying to solve for. 


Example 9 If P dollars is invested at an annual interest rate r compounded monthly, then its value in dollars 
after T years is 
Bee 7p 
(1455) 


What amount must be invested to produce a balance of $10,000 after T years? 


Solution We must solve the equation 


P 1 r 2d 1 
( +=) = 10,000 


for P. If we treat r and T as constants, then the expression on the left is linear in P, because it is P 
multiplied by an expression that involves only r and T’. So it is of the form 


constant 
ip Ne 
IP (1 + =) = P x constant. 
12 
Thus, we can solve for P by dividing through by the constant: 


10,000 


Fr 
(lap) 


Exercises and Problems for Section 5.3 


EXERCISES 
1. The tuition cost for part-time students taking C' credits 12. 3t+ 2(¢ — 1) -4 
at Stonewall College is given by 300 + 200C dollars. 3 
' wie : . 13. 2(r +5) — 3 = 3(r — 8) + 20 
(a) Find the tuition cost for eight credits. 
(b) If the tuition cost is $1700, how many credits are 14. 224+ © = 27 
taken ? 15. 4¢+ 2(t+1)-—5t=13 
2. A car’s value t years after it is purchased is given by 16. 9 a 5 —0 
reg LS ee 


4, 


V(t) = 18,000 — 1700¢. How long does it take for the 
car’s value to drop to $2000? 


For the function f(t) = — a 
(a) Evaluate f(11) (b) Solve f(t) = 2. 
Solve g(a) = 7 given that g(a) = as 

Jep= ls Ge) = in 3" 


Min Exercises 5-9, a company offers three formulas for the 
weekly salary of its sales people, depending on the number 
of sales, s, made each week: 


(a) 
(c) 


5: 


100 + 0.10s dollars 
175 dollars 


(b) 150+ 0.05s dollars 


How many sales must be made under option (a) to re- 
ceive $200 a week? 


How many sales must be made under option (c) to re- 
ceive $200 a week? 


At what sales level do options (a) and (b) produce the 
same salary? 


At what sales level do options (b) and (c) produce the 
same salary? 


At what sales level do options (a) and (c) produce the 
same salary? 


WiSolve the equations in Exercises 10-16. 


WWithout solving them, say whether the equations in Exer- 
cises 17-28 have a positive solution, a negative solution, a 
zero solution, or no solution. Give a reason for your answer. 


17. 


19. 


21. 


23. 


25. 


27. 


3a =5 18. 3a+7=5 
5z+7=3 20. 3u—7=5 
7—5w =3 22. 4y = 9y 

4b = 9b +6 24. 6p = 9p —4 
8r+3=2r+11 26. 8+3t=2+411t 
2—1le=8—3c 28. 8d+3=11d+3 


MiIn Exercises 29-35, does the equation have no solution, one 
solution, or an infinite number of solutions? 


29. 
30. 
31. 
32. 
33. 
34. 


44+3=7 
4,+3=-7 
4¢4+3=4(44+1)-1 


4¢4+3=4(24+1)4+1 
4r+3=3 
4¢4+3=4(¢-1)4+5 


35. 4 3=A4(c2—-1)+7 
We FS = 7 1. 13t+2=49 cote =) 

36. Solve ¢(t + 3) —t(¢-—5) = 4(¢ — 5) — 7(€ — 3) 
PROBLEMS 
37. You have a coupon worth $20 off the purchase of a sci- 39. A car rental company charges $37 per day and $0.25 


38. 


entific calculator. At the same time the calculator is of- 
fered with a discount of 20%, and no further discounts 
apply. For what tag price on the calculator do you pay 
the same amount for each discount? 


Apples are 99 cents a pound, and pears are $1.25 a 
pound. If I spend $4 and the weight of the apples I buy 
is twice the weight of the pears, how many pounds of 
pears do I buy? 


per mile. 


(a) Compute the cost of renting the car for one day, 
assuming the car is driven 100 miles. 

(b) Compute the cost of renting the car for three days, 
assuming the car is driven 400 miles. 

(c) Andy rented a car for five days, but he did not keep 
track of how many miles he drove. He gets a bill 
for $385. How many miles did he drive? 


40. Using Figure 5.13, determine the value of s. (d) If you want to average 100 mph for the entire jour- 
ney, what is V? 


2s 15 Win Problems 43-50, decide for what value(s) of the constant 
e e e A (if any) the equation has 
e e (a) The solution x = 0 (b) A positive solution in x 
0 35 (c) No solution in x. 
Figure 5.13 43. 3x =A 44, Ax = 3 
45. 3a +5=A 46. 32+ A=5 
41. The floor plan for a room is shown in Figure 5.14. The 47. 3a +A=—5e4+A 48. Ax +3—=Axr+5 


total area is 144 ft”. What is the missing length? 


49. 


a 50. —=5 
x 


Min Problems 51-57, f(t) = 2t + 7. Does the equation have 
no solution, one solution, or an infinite number of solutions? 


4 6 


51. f(t) =7 52. 2f(t) = f(2t) 
Figure 5.14: Not drawn to scale 
9 53. f(t)=f(tt+1)-2 54. f(t)=f(-t) 
55. f(t) =—f(t 56. f(t) +1=ft+1 
42. You drive 100 miles. Over the first 50 miles you drive Fe) fe) Fe) A ) 
50 mph, and over the second 50 miles you drive V mph. 57. f(t) + f(3t) — 2f(2t) =0 
(a) Calculate the time spent on the first 5O miles and 58. If bb + mix = be + mex, what can be said about the 


on the second 50 miles. 


constants 61,771, b2, and mz if the equation has 
(b) Calculate the average speed for the entire 100 mile 


journey (a) One solution? 
(c) If you want to average 75 mph for the entire jour- (b) No solutions? 
ney, what is V? (c) An infinite number of solutions? 


5.4 EQUATIONS FOR LINES IN THE PLANE 


The formula y = b+ ma expresses y as a linear function of x, whose graph is a line. But it can also 
be thought of in a different way, as a linear equation in two variables, whose solution is a line in the 
xy-plane. In this section we use this point of view to analyze the geometry of lines. 


Slope-Intercept Form and Point-Slope Form Revisited 


In Section 5.2 we used slope-intercept form and point-slope form to interpret linear functions. We 
can also use them to understand lines. 


Example 1 


Solution 


Example 2 


Solution 


For each of the following equations, find the vertical intercept and slope of its graph by putting the 
equation in slope-intercept form. Use this information to match the equations with the graphs. 


(a) y—5=8(c +1) (b) 32+ 4y = 20 (c) 6r-15=2y-3 


(!) y (ll) y (Il) y 
Dis Dee i= 
104 10+ 10 
ee ae 
+ = a + x 
=o 2 =F 2 25 2 
24 ape ETOee 


Figure 5.15: Which graph goes with which equation? 


We solve for y in each case: 
(a) y—5=8(@+1) 
y—5=8r+8 
=e spa o = Ise eee 
The y-intercept is 13 and the slope is 8. This matches graph (III). 


(b) 3a + 4y' = 20 
Ay = 20 — 3z 
_ 2-32 20 3, 3 
ne eee 


The y-intercept is 5 and the slope is —3/4. Since the slope is negative, the y-values decrease as 
the z-values increase, and the graph falls. This matches graph (1). 


(c) Ge = 15) = 23) 
2y— 00 lo 3) — 07 — ae 
7652 6 12 _ 643 
= ee ee Ge 


The y-intercept is —6 and the slope is 3. This matches graph (II). Notice that this graph rises 
more gently than graph (III) because its slope is 3, which is less than 8, the slope of graph (II). 


Explain how the form of the equation 
y=5+3(a¢ — 2) 


enables you to see without calculation that 


(a) its graph passes through the point (2, 5) (b) the slope is 3. 


(a) When we put 7 = 2 in 5 + 3(x — 2) the second term is zero, so we know the value is 5: 


y=5+3(2 


2)=5+0=5. 


(b) The coefficient 3 in y = 5 + 3(a — 2) becomes the coefficient of « when we distribute it over 
the x — 2: 


y =5+4+3(a — 2) = constant + 3x + constant. 


Combining the constants, we see the graph has slope 3. See Figure 5.16. 


Equations of Horizontal an 


=i1G4L 


Figure 5.16: Graph of y = 5 + 3(a@ — 2) 


d Vertical Lines 


A line with positive slope rises and one with negative slope falls as we move from left to right. What 
about a line with slope m = 0? Such a line neither rises nor falls, but is horizontal. 


Example 3 Explain why the equation y = 4 represents a horizontal line and the equation x = 4 represents a 
vertical line, when regarded as equations in two variables x and y. 


Solution We can think of y = 4 as an equation in x and y by rewriting it 


y=4+0-2. 


The value of y is 4 for all values of x, so all points with y-coordinate 4 lie on the graph. As we see 
in Figure 5.17, these points lie on a horizontal line. Similarly, the equation x = 4 means that z is 4 
no matter what the value of y is. Every point on the vertical line in Figure 5.18 has x equal to 4. 


| 


y 
ra Value of y is 4 


no matter what 
| the value of a 


AAs | | 


(—2,4) (-1,4)31 (4,4) (2,4) 
ae 
ise 
| 1 1 | Ge 
=e PPS 


Figure 5.17: The horizontal line y = 4 has slope 0 


y 
Value of x is 4 
3+ (4,3) ¢+— no matter what 
ob the value of y 
tr (4, 1) 
—i—4 foe 8 
LY slew @ 1 ts 
(4, -1) 


Figure 5.18: The vertical line z = 4 has an undefined slope 


In Example 3 the equation x = 4 cannot be put into slope-intercept form. This is because the 
slope is defined as Ay/Ax and Az is zero. A vertical line does not have an equation of the form 
y = ma + b, and its slope is undefined. 

In summary, 


For any constant k: 
e The graph of the equation y = k is a horizontal line, and its slope is zero. 


e The graph of the equation x = k is a vertical line, and its slope is undefined. 


The Standard Form of a Linear Equation 


The slope-intercept and point-slope forms for linear equations have one of the variables isolated on 
the left side of the equation. Linear equations can also be written in a form like 5a + 4y = 20, where 
neither x nor y is isolated on one side. This is called standard form. 


Standard Form for a Linear Equation 


Any line, including horizontal and vertical lines, has an equation of the form 


Az + By =C, where A, B, and C are constants. 


Example 4 What values of A, B, and C in the standard form give the horizontal and vertical lines in Example 3? 


Solution Writing y = 4 as 
Oevese ile ay — 4 


we have A = 0, B = 1, and C = 4. Similarly, writing x = 4 as 
1-7+0-y=4 


we have A = 1, B = 0, and C = 4. 


The standard form makes it easy to find the places where a line intercepts the axes. 


Example5 Find the intercepts of the line 5a + 4y = 20 and graph the line. 


Solution The y-axis is the line x = 0, so we put x = 0 and get 


20 
5:-0+4y = 4y = 20, Vero 


So the y-intercept is 5. Similarly, the x-intercept is 4, because putting y = 0 we get 


D 
o@ +4-0=52 = 20, nao a4 


Slopes of Parallel and Perpendicular Lines 


Example 6 


Solution 


Figure 5.19 shows two parallel lines. These lines are parallel because they have equal slopes. 


ly ly 
lo 


lp 


Figure 5.19: Parallel lines: Figure 5.20: Perpendicular lines: J has a positive slope and 
1, and lz have equal slopes Iz has a negative slope 


What about perpendicular lines? Two perpendicular lines are graphed in Figure 5.20. We can 
see that if one line has a positive slope, then any line perpendicular to it must have a negative slope. 
Perpendicular lines have slopes with opposite signs. 

We show (on page 141) that if 7; and /2 are two perpendicular lines with slopes m; and ma, 
then ™ is the negative reciprocal of m2. If m, and mg are not zero, we have the following result: 


Let 1; and [2 be two lines having slopes m1 and mz, respectively. Then: 
e These lines are parallel if and only if m, = mg. 


e These lines are perpendicular if and only ifm, = ——. 
m2 


In addition, any two horizontal lines are parallel and m,; = mz = O. Any two vertical lines 
are parallel and m, and mz are undefined. A horizontal line is perpendicular to a vertical line. See 
Figures 5.21—5.23. 


y Ig3:a=-3 y lata? ipegpeetcg Y 
ry =s ieee 
x x x 
lo:y=-3 


Figure 5.21: Any two horizontal Figure 5.22: Any two vertical lines Figure 5.23: A horizontal line and a 
lines are parallel are parallel vertical line are perpendicular 


Show that the three lines are parallel: 


aves Ay = 70) 
3a + 2y=5 
Da 8yi— oO. 


We find the slope of line 32 + 2y = 20 by putting it in slope-intercept form. 


syns A) — 70) 
2) = 20) = ae 


Example 7 


Solution 


3 
So the slope of the first line is —3/2. 
The only difference between first and second equation is the 5 instead of 20 on the right-hand 
side. This affects the intercept, but not the slope. The equation is 


For the third equation, the coefficients of x and y have changed, but notice they are both multiplied 
by 4. The equation is 


and once again the slope is —3/2. 


Find an equation for 


(a) The line parallel to the graph of y = 12 — 3x with a y-intercept of 7. 
(b) The line parallel to the graph of 5a + 3y = —6 containing the point (9, 4). 
(c) The line perpendicular to the graph of y = 5x — 20 that intersects the graph at x = 6. 


(a) Since the lines are parallel, the slope is m = —3. The y-intercept is b = 7, and from the 
slope-intercept form we get y = 7 — 3a. 

(b) To find the slope of 5a + 3y = —6, we put it in slope-intercept form y = —2 — (5/3). So the 
slope is m = —5/3. Since the parallel line has the same slope and contains the point (9, 4), we 
can use point-slope form y = yo + m(ax — 29) to get 


5 
(c) The slope of the original line is m, = 5, so the slope of the perpendicular line is 
il 
m2 = —& = —0.2. 


The lines intersect at x = 6. From the original equation, this means 
y —oxr — 20'=—> 6 — 20 = 110; 
so the lines intersect at the point (6, 10). Using the point-slope form, we have 


y = 10 + (—0.2) (a — 6) 
= 10) =O Hes I 
= le — 2, 


Justification of the Formula for Slopes of Perpendicular Lines 


Figure 5.24 shows /; and lz, two perpendicular lines through the origin with slope mj, and mg. 
Neither line is horizontal or vertical, som, and ™mz are both defined and nonzero. 

We measure a distance | along the x-axis and mark the point on /, above it. This point has 
coordinates (1, 7m), since x = 1 and since the equation for the line is y = m1: 


y=me2=m:-l=m. 


Likewise, we measure a distance | down along the y-axis and mark the point on /z to the right of it. 


This point has coordinates (—1/mz2, —1), since y = —1 and the equation for the line is y = moa: 
1 
—1= mex so £=-—. 
m2 


By drawing in the dashed lines shown in Figure 5.24, we form two triangles. These triangles have 
the same shape and size, meaning they have three equal angles and three equal sides. (Such triangles 
are called congruent triangles.) We know this is true because both triangles have a side of length 
1 along one of the axes and the angle between that side and and the longest side (the hypotenuse) 
is the same in both triangles, since the axes are perpendicular to each other, and /; and /2 are also 
perpendicular to each other. Therefore the sides drawn with dashed lines are also equal. From the 
coordinates of the two labeled points, we see that these two dashed lines measure m and —1/ma, 
respectively, so 

-1 


m2 


my, = 


A similar argument works for lines that do not intersect at the origin. 


Figure 5.24: Perpendicular lines 


Exercises and Problems for Section 5.4 
EXERCISES 


MWrite the linear equations in Exercises 1-4 in slope- MiIn Exercises 5—10, graph the equation. 
intercept form y = b+-m«a. What are the values of m and b? 


5. y = 32-6 6 y=5 
1. y=100-3(x—20) 2 80x +90y = 100 see ay peice 
x yo = 2 2 
3. 90 + 300 =! 4 2= 30 = 2 9, y=—He—A 10. y = 200 — 4x 


3 


11. Without a calculator, match the equations (a)—(g) to the 21. Through (3, —6) and parallel to y = 5/4(x + 10) 
eee Es 22. Through (12, 20) and perpendicular to y = —4zx — 3. 


(a) y=ax2-3 (b) -—32+2=y 
(c) 2=y (d) y=—4¢ —3 MiFor Exercises 23-32, put the equation in standard form. 
(e—) y=art2 ) y=x/3 
(@) 4=2 23. 2 = 3y —2 24. y=2+A4(a — 3) 
25. 5a = 7 — 2y 26. y—6 = 5(a@ + 2) 
y y y y 
VA | \ 27. c+4=3(y—1) 28. 6(a + 4) = 3(y— 2) 
x | x x 


| | % 29. Wy+a2)=5 


30. 3(2y + 4a — 7) = 5(3y + 2 — 4) 
y 31. y = 5x + 2a, with a constant 
| 32. 5b(y + bx + 2) = 4b(4 — x + 2b), with b constant 


| # 33. Find an equation for the line parallel to the graph of 


(a) y =3-+ 5a with a y-intercept of 10. 

(V) (VI) (Vil) (b) 4a + 2y = 6 with a y-intercept of 12. 

(c) y = 7x + 2 and containing the point (3, 22). 
(d) 9x + y = 5 and containing the point (5, 15). 


MiIn Exercises 12-22, write an equation in point-slope form 


; Win Exercises 3441, are the lines parallel? 
for the line. 


12. Through (2,3) with slope m = 5 34. y= 12+ ax; y = 20 + az, where a is a constant 
13. Through (—1,7) with slope m = 6 35. y=l+ayy=1+t 2a 
14. Through (8, 10) with slope m = —3 36. y=5+4(e—- 2); y= 2440 
15. Through (2, —9) with slope m = —2/3 37. y=24+3(@4+5);y=2+4(e@4+5) 
16. Through (4,7) and (1, 1) 38. 2a + 3y = 5; 40 + 6y =7 
17. Through (6, 5) and (7, 1) 39. qu +ry = 3; qx+ry = 4, where g and r are nonzero 
18. Through (—2, —8) and (2, 4) constants 
19. Through (6, —7) and (—6, —1) 40. y= 7+ 4(x — 2); y = 84 2(2x + 3) 
20. Through (—1,—8) and parallel to y = 5a — 2 41. y=5+6(@+ 2) y=5 + 6(32 — 1) 
PROBLEMS 
Mi Match the statements in Problems 42-43 with the lines I- Tl. y= 5a +30 IV. y=—5(6—2) 
VE V goo Vi, youl <8) 420 
lL y=2%X(x—4)+9 I. y—9=—3(2 —4) 2 : 
MW. y+9=-2(e—-4) IV. y=4r4+9 
Vv. y=9-2(4-2) VIL y=9- : = 44. These three lines pass through the same point. 
42. These three lines pass through the same point. 45. These two lines have the same y-intercept. 


43. These three lines have the same slope. 
46. These two lines have the same slope. 
Mi Match the statements in Problems 44—46 with equations I- 


VI. 47. Find the equation of the line intersecting the graph of 
I y=20+ 2(a - 8) Il. y = 20 —2(a — 8) y=a?—x+3ata =—2and2 =2. 


WFind possible equations for the straight lines in Exer- 


cises 48-50. 

48. The line is perpendicular to the graph of 5a — 3y = 6, 
and the two lines intersect at = 15. 

49. The line is perpendicular to the graph of y = 0.7—0.2” 
and intersects it at x = 1.5. 

50. The line is perpendicular to the graph of y = 400+ 25a 


and intersects it at x = 12. 


Min Problems 51-55, is the point-slope form or slope- 
intercept form the easier form to use when writing an equa- 
tion for the line? 


Si. 
52. 
53; 
54. 


25. 


Slope = 3, Intercept = —6 
Passes through (2,3) and (—6, 7) 
Passes through (—5, 10) and has slope 6 


Is parallel to the line y = 0.4x% — 5.5 and has the same 
y-intercept as the line y = —2x — 3.4 


Is parallel to the line y = 4a — 6 and contains the point 
(2, —3) 


Min Problems 56-59, write the equation in the form y = 
b+ mza, and identify the values of b and m. 


56. 


58. 
59. 
60. 


x 
y — yo = r(x — Zo) 57. y=B-— 


Ar + By=C,if B40 


y = br +miax + bo + mon 


Give an equation for the line parallel to y = 20 — 3a 
and passing through the point (V3, V8). 


MiIn Problems 61-66, which line has the greater 


(a) 


Slope? (b) y-intercept? 


61. 
62. 
63. 
64. 
65. 
66. 
67. 


68. 


69. 


70. 


71. 


72. 


y=3+6r, y=5-32 

y= 20, y=1-—62 

2x2 =4y+3, y=-x-2 

3y =S5@—2, y=2e41 
yt2=3(@-1), y=6-—50z 
y—-3=-—4(@4+2), —2e 4+ 5y = —-3 


Which equation, (a)—(d), has the graph that crosses the 
y-axis at the highest point? 
(a) y=3(@—1)+5 
(ce) y=1-62 


(b) x= 3y+2 
(d) 2y=3xr+4+1 


Which of the following equations has a graph that 
slopes down the most steeply as you move from left 
to right? 


(a) yt+4a=5 (b) y=5a4+3 
(ce) y=10- 22 (dq) y=-32r+42 


Explain the differences between the graphs of the equa- 
tions y = 14v — 18 andy = —14z + 18. 


Put the equation y = 3xt + 2xt” +5 in the form 
y = b+ mz. What are the values of b and m? [Note: 
Your answers could include t.] 


Show that the points (0,12), (3,0), and (17/3, 2/3) 
form the corners of a right triangle (that is, a triangle 
with a right angle). 


(a) Find the equation of the line with intercepts 
(i) (2,0) and (0, 5) 
(ii) Double those in part (i) 
(b) Are the two lines in part (a) parallel? Justify your 
answer. 
(c) In words, generalize your conclusion to part (b). 
(There are many ways to do this; pick one. No jus- 
tification is necessary.) 


5.5 MODELING WITH LINEAR FUNCTIONS AND EQUATIONS 


We have seen that linear functions model situations in which one quantity is varying at a constant 
rate of change with respect to another. How do we know if a linear model is appropriate? 


Deciding When to Use a Linear Model 


Table 5.4 gives the temperature-depth profile measured in a borehole in 1988 in Belleterre, Quebec.* 
How can we decide whether a linear function models the data in Table 5.4? There are two ways to 
answer this question. We can plot the data to see if the points fall on a line, or we can calculate the 


slope to see if it is constant. 


*Hugo Beltrami of St. Francis Xavier University and David Chapman of the University of Utah posted this data at 
http://geophysics.stfx.ca/public/borehole/borehole.html. Page last accessed on March 3, 2003. 


Example 1 


Solution 


Example 2 


Solution 


Table 5.4 Temperature in a borehole at different depths 


d, depth (m) 300 
H,temp@C) | 550 | 5.75 | 600 | 625 | 650 | 675 | 7.00 


Is the temperature data in Table 5.4 linear with respect to depth? If so, find a formula for temperature, 
H, as a function of depth, d, for depths ranging from 150 m to 300 m. 


Since the temperature rises by 0.25°C for every 25 additional meters of depth, the rate of change of 
temperature with respect to depth is constant. Thus, we use a linear function to model this relation- 
ship. The slope is the constant rate of change: 


AH 0.25 : 


To find the linear function, we substitute this value for the slope and any point from Table 5.4 into 
the point-slope form. For example, using the first entry in the table, (d, H) = (150, 5.50), we get 


H = 5.50 + 0.01(d — 150) 
H =5.50+0.01d—1.5 
H =4.0+0.01d. 


The linear function H = 4.0 + 0.01d gives temperature as a function of depth. 


Recognizing Values of a Linear Function 


Values of x and y in a table could be values of a linear function f(x) = b+ mz if the same 
change in x-values always produces the same change in the y-values. 


Which of the following tables could represent values of a linear function? 


. foe) ie eee 


(a) The x-values go up in steps of 5, and the corresponding y-values go down in steps of 3: 
1 = 1 = 33} and il = 1 3} and = Ih = 3}, 


Since the y-values change by the same amount each time, the table satisfies a linear equation. 
(b) The x-values go up in steps of 2. The corresponding y-values do not go up in steps of constant 
size, since 


20 — 10 = 10 and 282 0I— a8) and 34 — 28 = 6. 


Thus, even though the value of Az is the same for consecutive entries in the table, the value of 
Ay is not. This means the slope changes, so the table does not satisfy a linear equation. 


Using Models to Make Predictions 


In Example | we found a function for the temperature in a borehole based on temperature data for 
depths ranging from 150 meters to 300 meters. We can use our function to make predictions. 


Example 3 Use the function from Example | to predict the temperature at the following depths. Do you think 
these predictions are reasonable? 


(a) 260m (b) 350m (c) 25m 


Solution (a) We have H = 4 + 0.01(260) = 6.6, so the function predicts a temperature of 6.6°C at a depth 
of 260 m. This is a reasonable prediction, because it is a little warmer than the temperature at 
250 m and a little cooler than the temperature at 275 m: 


(shallower) (in between) (deeper) 
Depth (m) 250 260 DS 
Temp (°C) 6.50 6.60 6.75 
(cooler) (in between) (warmer) 


(b) We have H = 4 + 0.01(350) = 7.5, so the function predicts a temperature of 7.5°C at a depth 
of 350 m. This seems plausible, since the temperature at 300 m is 7°C. However, unlike in part 
(a), the value 350 is outside the range 150—300 represented in Table 5.4 on the preceding page. 
It is possible that the linear trend fails to hold as we go deeper. 

(c) We have H = 4+ 0.01(25) = 4.25, so the function predicts a temperature of 4.25°C at a depth 
of 25 m. Since this prediction is using a value of d that is well outside the range of our original 
data set, we should treat it with some caution. (In fact it turns out that at depths less than 100 m, 
the temperature actually rises as you get closer to the surface, instead of falling as our function 
predicts, so this is not a good prediction.) 


Modeling With Linear Equations: Constraint Equations 


The standard form of a linear equation is useful for describing constraints, or situations involving 
limited resources. 


Example 4 A newly designed motel has S$ small rooms measuring 250 ft? and L large rooms measuring 400 
ft?. The designers have 10,000 ft? of available space. Write an equation relating S and L. 


Solution Altogether, we have 
Total room space = space for small rooms + space for large rooms 
S_____ SS 
2508 400L 
= 2505 + 400L. 


We know that the total available space is 10,000 ft?, so 


2505 + 400L = 10,000. 


Example5 


Solution 


We graph this by determining the axis intercepts: 


10,000 
Sa) ten os, 
in 400 
10,000 
ii =O © = 22 San 
3a 250 


See Figure 5.25. 


L 
25 0 small rooms, 25 large rooms 
20 - 8 small rooms, 20 large rooms 
15 - 
10 + 24 small rooms, 10 large rooms 
rae 

40 small rooms, 0 large rooms 

() Ls 


| | | | Ss 
8 16 24 32 40 


Figure 5.25: Different combinations of small and large rooms for the motel 


The equation 2505S + 400L = 10,000 in Example 4 on the preceding page is called a constraint 
equation because it describes the constraint that floor space places on the number of rooms built. 
Constraint equations are usually written in standard form. 


Revised plans for the motel in Example 4 on the previous page provide for a total floor space of 
16,000 ft?. Find the new constraint equation. Sketch its graph together with the graph of the original 
constraint. How do the two graphs compare? 


The constraint in this case is the total floor area of 16,000 ft”. Since small rooms have an area of 
250 ft?, the total area of S small rooms is 2509. Similarly, the total area of L large rooms is 400L. 
Since 


Area of small rooms + Area of large rooms = Total area, 


we have a constraint equation 


2505 + 400L = 16,000. 


Since the coefficients of S and L stay the same as in Example 4, the new constraint line is parallel 
to the old one. See Figure 5.26. However, at every value of S' < 40, the value of L is 15 units larger 
than before. Since one large room uses 400 ft?, we see that 6000 ft” provides for the additional 
6000/400 = 15 large rooms. 

Likewise, for every value of L < 25, the value of S is 24 units larger than before. Again, this 
is a consequence of the extra space: at 250 ft? each, there is space for 6000/250 = 24 additional 
small rooms. 


0 small rooms, 40 large rooms 


35 - ‘e8 small rooms, 35 large rooms 
30 F 
25 24 small rooms, 25 large rooms 


20 

ils |= 40 small rooms, 15 large rooms 

10 - 

By IF 64 small rooms, O large rooms 
0 


S 
8 16 24 32 40 48 56 64 


Figure 5.26: Graph of the new motel room constraint equation 2505 + 400L = 16,000 together 
with the old constraint equation 2505 + 400L = 10,000 


Exercises and Problems for Section 5.5 
EXERCISES 


MiIn Exercises 1-5, could the table represent the values of a ay 
linear function? 


1. 
z|-6|-s3/o|s| 6 
y}12[ 8 [4[o|-4 
8. 
. z|o | 2 |10| 20 
21719 [ules v | so | ss | 90 | 130 
yu 55 
3. Totals ie Wi For Exercises 9-12, 
< rs [10 fas | a (a) Write a constraint equation. 
a (b) Choose two solutions. 
4 (c) Graph the equation and mark your solutions. 
. a ES Es Ed a 9. The relation b i f chick d 
. The relation between quantity of chicken and quan- 
u = tity of steak if chicken costs $1.29/Ib and steak costs 
$3.49/lb, and you have $100 to spend on a barbecue. 
= 


|—-2 0] 4 | 10 10. The relation between the time spent walking and driv- 
ing if you walk at 3 mph then hitch a ride in a car trav- 
eling at 75 mph, covering a total distance of 60 miles. 


11. The relation between the volume of titanium and iron 
in a bicycle weighing 5 kg, if titanium has a density of 
4.5g/cm* and iron has a density of 7.87 g/cm? (ignore 
other materials). 


MiIn Exercises 6-8, could the table represent the values of a 
linear function? Give a formula if it could. 


rs ears eee: 


4 
12. The relation between the time spent walking and the 
100.00 | 95.01 | 90.05 | 85.11 | 80.20 | 75.31 P g 


time spent canoeing on a 30 mile trip if you walk at 4 
mph and canoe at 7 mph. 


PROBLEMS 


13. Table 5.5 shows the readings given by an instrument (b) What age is predicted to have a hearing ability 
for measuring weight when various weights are placed score of 40? 
on it.” (c) Give an equation that relates hearing ability and 
Table 5.5 age. 
w,weight (ibs) | 0.0] 0.5] 10] 15| 20] 25 
I, reading 272.8 | 499.6 | 726.4 | 953.2 | 1180.0 deinen) 


100 
(a) Is the reading, J, a linear function of the weight, 80 
w? If so, find a formula for it. 
(b) Give possible interpretations for the slope and ver- sa 
tical intercept in your formula from part (a). [Hint: 40 
1 Ib = 453.6 g.] 20 
14. Table 5.6 shows the air temperature T as a function of a (age) 
the height h above the earth’s surface.° Is T a linear 20 40 60 80 
function of h? Give a formula if it is. Figure 5.27 
Table 5.6 


h, height (m) 0 | 2000 | 4000 | 6000 | 000 | 10,000 
7, temperature (°C) 50 
18. The final plans for the motel in Example 4 call for a to- 


15. A gram of fat contains 9 dietary calories, whereas a tal floor space of 16,000 ft”, and for less spacious small 
gram of carbohydrates contains only 4.’ rooms measuring 200 ft” instead of 250 ft”. The large 
rooms are to remain 400 ft”. Sketch a graph of the re- 
sulting constraint equation together with the constraint 
from Example 5. How do the two graphs compare? 


(a) Write an equation relating the amount /f, in grams, 
of fat and the amount c, in grams, of carbohydrates 
that one can eat if limited to a total of 2000 calo- 


ries/day. 

(b) The USDA recommends that calories from fat MiThe coffee variety Arabica yields about 750 kg of cof- 
should not exceed 30% of all calories. What does fee beans per hectare, while Robusta yields about 1200 
this tell you about f? kg/hectare. In Problems 19-20, suppose that a plantation has 


. a hectares of Arabica and r hectares of Robusta. 
16. Put the equation 250.5 + 400L = 10,000 from Exam- 


ple 4 into slope-intercept form in two different ways by 
solving for (a) L (b) 3S. 19. Write an equation relating a and r if the plantation 


Which form fits best with Figure 5.25? yields 1,000,000 kg of coffee. 


17. The graph in Figure 5.27 shows the relationship be- 


. ae 20. On August 14, 2003, the world market price of coffee 
tween hearing ability score h and age a. 


was $1.42/kg for Arabica and $0.73/kg for Robusta 
(a) What is the expected hearing ability score for a 40 Write an equation relating a and r if the plantation pro- 
year old? duces coffee worth $1,000,000. 


5.6 SYSTEMS OF LINEAR EQUATIONS 


The solutions of a linear equation in two variables x and y are pairs of numbers. For any given 
x-value, we can solve for y to find a corresponding y-value, and vice versa. 


5 Adapted from J.G. Greeno, Elementary Theoretical Psychology (Massachusetts: Addison-Wesley, 1968). 

6 Adapted from H. Tennekes, The Simple Science of Flight (Cambridge: MIT Press, 1996). 

7Food and Nutrition Information Center, USDA, www.nalusda. gov/fnic/Dietary/9dietgui.htm, accessed October 6, 2007. 
Shttp://www.da.gov.ph/tips/coffee.html, accessed October 6, 2007. 

°http://www.cafedirect.co.uk/about/gold_prices.php, accessed August 14, 2003. 


Example 1 


Solution 


Find solutions to the equation 32 + y = 14 given 


(a) «=1,2,3 (b) y=1,2,3. 


(a) We substitute the given values for x, then solve for y: 


3(1) +y = 14 — e—sell 
C2: 3(2)+y=14 > y= 
3(3)o y= 1 


The solutions are the (a, y)-pairs (1, 11), (2,8), (3,5). 
(b) We substitute the given values for y, then solve for x: 


geie sebils iv = wR es 
= 2 Syn so — 14 => cA 
Ue — SO to —) Aero 


The solutions are the (, y)-pairs (13/3, 1), (4, 2), (11/3, 3). 


Sometimes we are interested in finding pairs that satisfy more than one equation at the same 


time. 


Example 2 


Solution 


The total cost of tickets to a play for one adult and two children is $11. The total for two adults and 
three children is $19. What are the individual ticket prices for adults and children? 


If A is the adult ticket price and C is the child ticket price, then 


A+2C=11 and 2A+3C =19. 


We want a pair of values for A and C that satisfies both of these equations simultaneously. Because 
adults are often charged more than children, we might first guess that A = 9 and C = 1. While 
these values satisfy the first equation, they do not satisfy the second equation, since the left-hand 
side evaluates to 
2 Oar eo l= AL, 
whereas the right-hand side is 19. However, the values A = 5 and C' = 8 satisfy both equations: 
Hoe Hess—= Il gal Bes 4p ses) — lg). 


Thus, an adult ticket costs $5 and a child ticket costs $3. 


What is a System of Equations? 


In Example 2, we saw that the (A, C’)-pair (5,3) is a solution to the equation A + 2C' = 11 and also 
to the equation 2A + 3C' = 19. Since this pair of values makes both equations true, we say that it is 
a solution to the system of equations 
A+2C=11 
2A+3C = 19. 


Example 3 


Solution 


Systems of Equations 


A system of equations is a set of two or more equations. A solution to a system of equations 
is a set of values for the variables that makes all of the equations true. 


We write the system of equations with a brace to indicate that a solution must satisfy both 
equations. 


Find a solution to the system of equations 


3a + v= 14 (equation 1) 
2a + = iil (equation 2). 


In Example 1 we saw that solutions to equation | include the pairs (1, 11), (2,8), and (3,5). We can 
also find pairs of solutions to equation 2: 


As before, the solutions are pairs: (1,9), (2,7), (3,5), .... Notice that one of these pairs, (3,5), is 
also a solution to the first equation. Since this pair of values solves both equations at the same time, 
it is a solution to the system. 


In Example 3, we find the solution by trial and error. We now consider two algebraic methods 
for solving systems of equations. The first method is known as substitution. 


Solving Systems of Equations Using Substitution 


Example 4 


Solution 


In this approach we solve for one of the variables and then substitute the solution into the other 
equation. 


Solve the system 


3a + C= 14 (equation 1) 
2a + = iil (equation 2). 


Solving equation | for y gives 
i es 14-32 (equation 3). 


Since a solution to the system satisfies both equations, we substitute this expression for y into 
equation 2 and solve for x: 
22 -+y = 11 
22+14-—32=11 using equation 3 to substitute for y in equation 2 
—SS 


y 


Bee — sn = I = 14) 
=) = —3) 
Li 3: 
To find the corresponding y-value, we can substitute x = 3 into either equation. Choosing equa- 


tion 1, we have 3(3) + y = 14. Thus y = 5, so the (x, y)-pair (3, 5) satisfies both equations, as we 
now verify: 


3(3) +5 = 14 —> (3,5) solves equation 1 
2(3) +5 =11— > (3,5) solves equation 2. 


To summarize: 


Method of Substitution 


e Solve for one of the variables in one of the equations. 


e Substitute into the other equation to get an equation in one variable. 


e Solve the new equation, then find the value of the other variable by substituting back into 
one of the original equations. 


Deciding Which Substitution Is Simplest 


When we use the method of substitution, we can choose which equation to start with and which 
variable to solve for. For instance, in Example 4, we began by solving equation | for y, but this is 
not the only possible approach. We might instead solve equation | for x, obtaining 


14-y 
Yo 
3 


(equation 4). 


We can use this equation to substitute for x in equation 2, obtaining 


14- 
2 ( 3 Z +y =11 using equation 4 to substitute for x in equation 2 


“(14-y)+y=11 
2(14 — y) + 3y = 33 multiply both sides by 3 
28 — 2y + 3y = 33 
y = 33-—28=5. 


From equation 4, we have « = (14 — 5)/3 = 3, so we get the solution (x, y) = (3,5). This is same 
pair of values as before, only this time the fractions make the algebra messier. The moral is that we 
should make our substitution as simple as possible. One way to do this is to look for terms having a 
coefficient of 1. This is why we chose to solve for y in Example 4. 


Solving Systems of Equations Using Elimination 


Example5 


Solution 


Example 6 


Solution 


Another technique for solving systems of equations is known as elimination. As the name suggests, 
the goal of elimination is to eliminate one of the variables from one of the equations. 


We solve the system from Example 4 using elimination instead of substitution: 
3a + C= 14 (equation 1) 
2a + C= il (equation 2). 
Since equation 2 tells us that 27 + y = 11, we subtract 2x + y from both sides of equation 1: 
Ste eee) 
3a +y — (2a +y) =14—11  Cequation3) because 2x + y equals 11 


ate = Aen = = 3} 


ie = 8), 


We have eliminated y from the first equation by subtracting the second equation, allowing us to solve 
for x, obtaining x = 3. As before, we substitute x = 3 into either equation to find the corresponding 
value of y. Our solution, (x, y) = (3,5), is the same answer that we found in Example 4. 


Adding and Subtracting Equations 


In Example 5, we subtracted 2x + y from the left-hand side of equation | and subtracted 11 from the 
right-hand side. We can do this because, if equation 2 is true, then 27 + y has the value 11. Notice 
that we have, in effect, subtracted equation 2 from equation |. We write 


Equation 3 = Equation | — Equation 2. 


Similarly, we say that we add two equations when we add their left- and right-hand sides, respec- 
tively. We also say that we multiply an equation by a constant when we multiply both sides by a 
constant. 


Solve the following system using elimination. 


2a + Ty i (equation 1) 
4x — 2y —ail() (equation 2). 


In preparation for eliminating x from the two equations, we multiply equation 1 by —2 in order to 
make the coefficient of x into —4, the negative of the coefficient in equation 2. This gives equation 3: 


—4a — 14y = a (equation 3 = —2 x equation 1) 
—2(22+7y) —2(—3) 


Notice that equation 2 has a 42 term and equation 3 has a —4 term. We can eliminate the variable 


x by adding these two equations: 


Ag —2y = 10 (equation 2) 
+ —47 = 14y => 6 (equation 3) 
= 16y = 16 (equation 4 = equation 2 + equation 3) 
Solving equation 4, we obtain y = —1. We substitute y = —1 into equation | to solve for x: 
22+ 7(- 1) =-3 solving for x using equation | 
25 =A 
c= 2. 


Thus, (2, —1) is the solution. We can verify this solution using equation 2: 


4-2—2(-1)=8+2=10. 


In summary: 


Method of Elimination 


e Multiply one or both equations by constants so that the coefficients of one of the variables 
are either equal or are negatives of each other. 


e Add or subtract the equations to eliminate that variable and solve the resulting equation 
for the other variable. 


e Substitute back into one of the original equations to find the value of the first variable. 


Solving Systems of Equations Using Graphs 


The number of solutions to a system of linear equations is related to whether their graphs are parallel 
lines, overlapping lines, or lines that intersect at a single point. 


One Solution: Intersecting Lines 
In Example 5 we solved the system of equations: 
3a +y = 14 
2e+y= 11. 
We can also solve this system graphically. In order to graph the lines, we rewrite both equations in 


slope-intercept form: 
y = 14-32 
y =11—- 22. 


The graphs are shown in Figure 5.28. Each line shows all solutions to one of the equations. Their 
point of intersection is the common solution of both equations. It appears that these two lines inter- 
sect at the point (a, y) = (3,5). We check that these values satisfy both equations, so the solution 
to the system of equations is (a, y) = (3,5). 


Example 7 


Solution 


If it exists, the solution to a system of two linear equations in two variables is the point at 
which their graphs intersect. 


10 


ou 
ae ee ee ieee ee Ce a a 
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1 2 3 4 5 


Figure 5.28: The solution to the system y = 14 — 3a and 
y = 11 — 2z is the point of intersection of these two lines 


No Solutions: Parallel Lines 


The system in the next example has no solutions. 


Solve 
6a — 2y = 13 (equation 1) 
9x — 3y = (9 (equation 2). 


We can use the process of elimination to eliminate the x terms. 


18x —6y = 24 (equation 3 = 3 x equation 1) 
18% —6y = 12 (equation 4 = 2 x equation 2). 


There are no values of x and y that can make 18x —6y equal to both 12 and 24, so there is no solution 
to this system of equations. To see this graphically, we rewrite each equation in slope-intercept form: 


Since their slopes, m, are both equal to 3, the lines are parallel and do not intersect. Therefore, the 
system of equations has no solution. See Figure 5.29. 


Example 8 


Solution 


Figure 5.29: The system y = —4 + 3a and y = —2 + 3 has no solution, corresponding to the fact 


that the graphs of these equations are parallel (non-intersecting) lines 


Many Solutions: Overlapping Lines 


The system in the next example has many solutions. 


Solve: 


5 — 2y i (equation 1) 
22 — Ay = 3} (equation 2). 


Notice that equation 2 is really equation | in disguise: Multiplying equation | by 2 gives equation 2. 
Therefore, our system of equations is really just the same equation written in two different ways. 
The set of solutions to the system of equations is the same as the set of solutions to either one of the 
equations separately. To see this graphically, we rewrite each equation in slope-intercept form: 


Y= —2 + Ove 
Y= —2 =p Oue. 
We get the same equation twice, so the two equations represent the same line. The graph of this 


system is the single line y = —2 + 0.52, and any (2, y) point on the line is a solution to the system. 
See Figure 5.30. The system of equations has infinitely many solutions. 


8 


tele 


Figure 5.30: The system 7 — 2y = 4 and 2a — 4y = 8 has infinitely many solutions, since 
both equations give the same line and every point on the line is a solution 


Applications of Systems of Linear Equations 


Example 9 


Solution 


Example 10 


Solution 


At a fabric store, silk costs three times as much as cotton. A customer buys 4 yards of cotton and 
1.5 yards of silk, for a total cost of $55. What is the cost per yard of cotton and what is the cost per 
yard of silk? 


Let x be the cost of cotton and y the cost of silk, in dollars per yard. Then 


Total cost = 4 x Cost per yard of cotton + 1.5 x Cost per yard of silk 
50 = 4a + 1.5y. 


Also, since the price of silk is three times the price of cotton, we have y = 3a. Thus we have the 
system of equations: 
= ane 
05 = 4a + 1.5y. 


We use the method of substitution, since the first equation is already in the right form to substitute 
into the second: 


55 = 4x + 1.5(32) 


Bevel tie 
Hie hie 
55 
ee ws 
oe a 


Thus cotton costs $6.47 per yard and silk costs 3(6.47) = $19.41 per yard. 


A farmer raises chickens and pigs. His animals together have a total of 95 heads and a total of 310 
legs. How many chickens and how many pigs does the farmer have? 


We let x represent the number of chickens and y represent the number of pigs. Each animal has 
one head, so we know x + y = 95. Since chickens have 2 legs and pigs have 4 legs, we know 
2x + 4y = 310. We solve the system of equations: 


e+y=95 
27 + 4y = 310. 


We can solve this system using the method of substitution or the method of elimination. Using the 
method of substitution, we solve the first equation for y: 


=O) = @& 
We substitute this for y in the second equation and solve for z: 


20 + 4y = 310 
2e + 4(95 — x) = 310 
2 + 380 — 4a = 310 


—22 = 310 — 380 
—2x2 = —70 
if = BD, 


Since x = 35 and x + y = 95, we have y = 60. The farmer has 35 chickens and 60 pigs. 


Exercises and Problems for Section 5.6 


EXERCISES 
Solve the systems of equations in Exercises 1-20. Determine the points of intersection for Exercises 21-24. 
Te ela ae a aa er 21. 22. y 
r-y=T7 x+2y=15 ee 
3, 3x2 —4y =7 4. zr=y-9 
y=Axr—5 4x —y=0 
2a+3b=4 3w—z=4 2x + 3y = 13 


in 
cal 


10. 


z—-2w=5 


20n + 50m = 15 
70m + 30n = 22 


{ 
{ 
{ 
13. ee a aa 


11. 12. 


= 30-52 5p — 3q=4 

Or + 10y = 21 | Min Exercises 25-28, solve the system of equations graphi- 
15. - 16. y cally 

7x + lly = 26 llz+8y = —1 
7, J bet yal 1g, J ut Tw =2 25. — 26. {aia 

2a — 3y = 27 13v + 8w = 1 y=3a4+2 y=4a4+1 
19. 8e+2f =4 20. 4p —7q = 2 27. 22 +5y = 7 28. y = 224 4(a — 8) 

4e+5f =-11 5q— 3p =—1 —34 + 2y=1 y = 11—2(@ + 6) 


PROBLEMS 


MiIn Problems 29-33, without solving the equations, decide 
how many solutions the system has. 


36. 


38. 


40. 


41. 


42. 


43. 


x—2y=7 30. z+3y=1 
z+y=9 32+ 9y = 3 
sy = 2-2 32. 4g —y=2 
x=2+3y 122 — 3y = 2 
4r—-3=y 
Lee ee 
yo & ay 


2x+5y=1 
2y— 3x =8 


37, J Ha-78 = 31 
4B — 3a = 2 


39. 3x —2y=A4 
3y — 5a = —5 


You want to build a patio. Builder A charges $3 a 
square foot plus a $500 flat fee, and builder B charges 
$2.50 a square foot plus a $750 flat fee. For each 
builder, write an expression relating the cost C’ to the 
area s square feet of the patio. Which builder is cheaper 
for a 200 square foot patio? Which is cheaper for a 
1000 square foot patio? For what size patio will both 
builders charge the same? 


Which of the following systems of equations have the 
same solution? Give reasons for your answers that do 
not depend on solving the equations. 


ee ae ee i 2278 
x+y = 26 z—y = 26 


aty 
= aig 
Il. ie aa 7 5) 


z—-y=9 9+y=2 


44. 


45. 
46. 


47. 


48. 


Vv 2x —y= 18 

22 +y = 52 
Consider two numbers « and y satisfying the equations 
xt+y=4andx—y=2. 


(a) Describe in words the conditions that each equa- 
tion places on the two numbers. 

(b) Find two numbers x and y satisfying both equa- 
tions. 


Find two numbers with sum 17 and difference 12. 


A motel plans to build small rooms of size 250 ft? and 
large rooms of size 500 ft”, for a total area of 16,000 
ft”. Also, local fire codes limit the legal occupancy of 
the small rooms to 2 people and of the large rooms to 
5 people, and the total occupancy of the entire motel is 
limited to 150 people. 


(a) Use linear equations to express the constraints im- 
posed by the size of the motel and by the fire code. 

(b) Solve the resulting system of equations. What does 
your solution tell you about the motel? 


A fast-food fish restaurant serves meals consisting of 
fish, chips, and hush-puppies. 


e One fish, one order of chips, and one pair of hush- 
puppies costs $2.27. 

e Two fish, one order of chips, and one pair of hush- 
puppies costs $3.26. 

e One fish, one order of chips, and two pairs of hush- 
puppies costs $2.76. 


(a) How much should a meal of two fish, two orders 
of chips, and one pair of hush-puppies cost? 
(b) Show that 


2a+2y+z2=3(a@+yt+2z)—-(a#+y+42z) 
is an identity in x, y, and z. 

(c) Use the identity in part (b) to solve part (a). 

(d) Someone says that you do not need the informa- 
tion that “Two fish, one order of chips, and one 
pair of hush-puppies costs $3.26” to solve part (a). 
Is this true? 


For the system 


24+ 3y=5 

4¢ + by = Nn, 
what must be true about n in order for there to be many 
solutions? 


49. Solve the system of equations Hint: Use the third equation to substitute for z in the 


other two. 
3@+ 2y+5z = 11 


2e —3y+z=7 


= 27: 


REVIEW EXERCISES AND PROBLEMS FOR CHAPTER 5 


EXERCISES 
MiIn Exercises 1-4, give the initial value and the slope and 7. T, temperature (°F) 
explain their meaning in practical terms. 70 
: ae 60 T =50 
1. The rental charge, C’, at a video store is given by 50 
C = 4.29 + 3.99n, where n is the number of days 40 
greater than 2 for which the video is kept. as 
2. While driving back to college after spring break, a stu- 10 ; a 
dent realizes that his distance from home, D, in miles, 2 4 A, hours sinos midnight 


is given by D = 55t + 30, where ¢ is the time in hours 


since the student made the realization. ; . . : 
@ Match functions I-VI, which describe the value of invest- 


3. The cost, C, in dollars, of making n donuts is given by ments after ¢ years, to the statements in Exercises 8-10. 
C = 250 + 0/36. L V=5000+200: I. V=500¢ 

4. The number of people, P, remaining ina lecture hall m Mi. V = 8000 IV. V = 10,000+200(t—10) 
minutes after the start of a very boring lecture is given Vv. V = 200¢ + 7000 VI V = 8500 — 550¢ 


by P = 300 — 19m/3. 
. i 8. These investments begin with the same amount of 


Min Exercises 5-7, describe in words how the temperature One: 


changes with time. 9. This investment’s value never changes. 


10. This investment begins with the most money. 


5. T, temperature (°F) . . . . 
70 MiIn Exercises 11-19, express the quantity as a linear function 
60 of the indicated variable. 
. T = 50+ 2h 11. The cost for h hours if a handyman charges $50 to 
30 come to the house and $45 for each hour that he works. 
- 12. The population of a town after y years if the initial pop- 
hh, hours since midnight ulation is 23,400 and decreases by 200 people per year. 
2 4 6 8 13. The value of a computer y years old if it costs $2400 
when new and depreciates $500 each year. 
14. A company’s cumulative operating costs after m 
6. T,, temperature (°F) months if it needs $7600 for equipment, furniture, etc. 
70 and if the rent is $3500 for each month. 
60 T —50—2h 15. A student’s test score if he answers p extra-credit prob- 
- lems for 2 points each and has a base score of 80. 
30 16. A driver’s distance from home after h hours if she starts 
i 200 miles from home and drives 50 miles per hour 


h, hours since midnight away from home. 


2 4 6 8 17. The cumulative cost of a gym membership after m 
months if the membership fee is $350 and the monthly 
rate is $30. 


18. P = h(t) gives the size of a population at time ¢ in 
years, that begins with 12,000 members and grows by 
225 members each year. 


19. In year t = 0, a previously uncultivated region is 
planted with crops. The depth d of topsoil is initially 
77 cm and begins to decline by 3.2 cm each year. 


20. The number of viewers for a new TV show is 8 million 
for the first episode. It drops to half this level by the 
fifth episode. Assuming viewership drops at a constant 
rate, find a formula for p(n), the number of viewers (in 
millions) for the n‘” episode. 


Wildentify the constants b and m in the expression b + mt for 
the linear functions in Exercises 21-26. 


21. f(t) = 200 + 14¢ 22. g(t) =77t — 46 


23. h(t) =t/3 24. p(t) = 0.003 
25. g(t) = ast 26. r(t) = V7 — 0.3tV8 


W Evaluate the expressions in Exercises 27-30 given that w() 
is a linear function defined by 


w(a) =9+ 4a. 


Simplify your answers. 


27. w(—4) 28. w(x — 4) 


29. w(x +h) — w(2) 30. w(9 + 42) 


MiIn Exercises 31-42, is the expression linear in the indicated 
variable? Assume all constants are nonzero. 


31. 5a —7+4+ 22,2 32, 


3a — 2x7, x 
33. me +b4+0,x 34. ma +64 8x?, x 
35. P(P —b)(c—P),P 36. P(P — b)(c— P),¢ 
37. P(24+ P)-—P?,P 38. P(2+ P)—2P?,P 


39. czy+ax+by+ab,x 40. cyt+axr-+ by+ab,y 


41. sy+ax+by+ab,a 42. ry+ax+by+ab,b 


HW Without solving them, say whether the equations in Exer- 
cises 43-54 have a positive solution, a negative solution, a 
zero solution, or no solution. Give a reason for your answer. 


43. 7x =5 44. 34+5=7 

45. 5a +3=7 46. 5-32 =7 

47. 3-52 =7 48. 9x = 4a + 6 

49. 9c = 6 — 4a 50. 9-62 = 42 —9 
51. 8+ 11 = 2x43 52. 11 — 22 = 8 — 4 
53. 88 +3=82r4+11 54. 82+ 32 =2r+1l1le 


Wiln Exercises 55—58, solve for the indicated variable. Assume 
all constants are nonzero. 


55. I = Prt, forr. 56. F= oC +32, for C. 


a—cy _ 5 
57: ia ee ee 
Az —B . 
58. C-Bi-0 


MiIn Exercises 59-60, which line has the greater 


(a) Slope? (b) y-intercept? 


59. y=5 — 2a, 
60. y= 7+ 32, 


y=8-—4e 
y=8- 10x 


MiIn Exercises 61-62, graph the equation. 
2 
hy eos 62. 4¢ + 5y = 2 


MWrite the equations in Exercises 63-68 in the form y = 
b+ mz, and identify the values of b and m. 


63. y= 2-14 64. y — 8 = 3(a — 5) 
y-4 2-3 
65. —— = 66. 4a — 7y = 12 
5 3 xz— Ty 
67. y = 90 68. y = V8a 


For Exercises 69-70, put the equation in standard form. 


69. y = 34 — 2 70. 34 = 2y—1 


MiIn Exercises 71-73, write an equation for each of the lines 85. Passes through (—10,—30) and is perpendicular to 
whose graph is shown. 12y —4¢ = 8. 


71, WiFind formulas for the linear functions described in Exer- 


cises 86-94. 


86. The graph intercepts the x-axis at x = 30 and the y- 
axis at y = —80. 


e 87. P = s(t) describes a population that begins with 8200 
members in year t = 0 and reaches 12,700 members in 
year t = 30. 


88. The total cost C’ of an international call lasting n min- 
utes if there is a connection fee of $2.95 plus an addi- 
tional charge of $0.35/minute. 


72. 
89. w(x), where w(4) = 20, w(12) = —4 
90. The graph of y = p(x) contains the points (—30, 20) 
and (70, 140). 
91. w(0.3) = 0.07, w(0.7) = 0.01 
© 92. g(x), where g(5) = 50, g(30) = 25 
93. This function’s graph is parallel to the line y = 20—4a 
and contains the point (3, 12). 
94. The graph of f(x) passes through (—1,4) and 
=i), 
73: 
WkExercises 95-100 give data from a linear function. Find a 
formula for the function. 
95. 
Temperature, y = f(a) (°C) lo] s | 20 
Temperature, x (°F) 41 | 68 
x 
96. ‘p, price of apartment ($) 
225000 - 
a 175000 |- 
W@iln Exercises 74-85, write an equation in slope-intercept 150000 fF 
form for the line that 
74. Passes through (4,6) with slope m = 2 
75. Passes through (—6, 2) with slope m = —3 — Lh, height of 
5 10 20 apartment (m) 
76. Passes through (—4, —8) with slope m = 1/2 
77. Passes through (9, 7) with slope m = —2/3 OF --aipeteui det eercimed 
78. Contains (6,8) and (8, 12) 12 
79. Contains (—3, 5) and (—6, 4) 10 
80. Contains (4, —2) and (—8, 1) 
81. Contains (5,6) and (10, 3) aii 
82. Contains (4,7) and is parallel to y = (1/2)a — 3 
! |__1. m, number of different 
83. Contains (—10, —5) and is parallel to y = —(4/5)a 60 120144 Medicines stocked 


84. Passes through (0, 5) and is parallel to 32 + 5y = 6 


98. 


99. 


100. 


Ss, hours of sleep obtained 
va ‘= 


q, cups of tea drunk 


0.75 | 1.00 


Number of bottles sold, g = f(p) | 1500 | 1000 | 500 


Price per bottle, p ($) 


WiIn the tables in Exercises 101-106 could the second row be 
a linear function of the first? 


103. 


104. 


105. 


106. 


101. 
107. 2a — 3b = 22 108. 2n+7m=1 
3a + 4b = — 3n + 10m = 3. 
102. 
109. 10z + 4y = —3 110. 2v + 3w = 11 
6a —5y = 13 2w — 3v = 29. 
PROBLEMS 
111. Water is added to a barrel at a constant rate for 25 min- R320 printer is given by 


112. 


113. 


114. 


utes, after which it is full. The quantity of water in the 
barrel after ¢t minutes is 100 + 4t gallons. What do the 
100 and 4 mean in practical terms? How much water 
can the barrel hold? 


A party facility charges $500 for a banquet room and 
$20 per person. In addition there is a 20% surcharge on 
the entire fee. Why would you expect the total cost of 
the party to be given by a linear function of the number 
of people, P? Give the function. 


A design shop offers ceramics painting classes. The fee 
for the class is $30 and each item that is painted costs 
$12. There is also a firing fee of $3 for each item and 
a 7% tax on the cost of the item. Why would you ex- 
pect the total cost of the class to be given by a linear 
function of the number of items, 7? Give the function. 


The total cost of ownership for an Epson Stylus Photo 


115. 


Total cost = 200 + 1.00n, 


where n is the number of 8 x 10 photos printed. Inter- 
pret the constants 200 and 1.00 in practical terms. 


A ski shop rents out skis for an initial payment of J 
dollars plus r dollars per day. A skier spends J + 9r 
dollars on skis for a vacation. What is the meaning of 
the 9 in this formula? 


WFind formulas for the linear functions described in Prob- 
lems 116-117. 


116. 


117. 


The graph of y = v() intersects the graph of u(a) = 
1+a° ata = —2and2 =3. 


The graph of f intersects the graph of y = 0.522 — 
atx = —2andz = 4. 


WIIf two populations have the same constant rate of change, 
then the graphs that describe them are parallel lines. Are 
the graphs of the populations in Problems 118-121 parallel 
lines? 


118. 


119. 


120. 


121. 


122. 


123. 


124. 


125. 


126. 


127. 


128. 


Towns A and B are each growing by 1000 people per 
decade. 


Bacteria populations C' and D are each growing at 30% 
each hour. 


Country & is growing by | million people per decade. 
Country F' is growing by 100 thousand people per year. 
Village G has 200 people and is growing by 2 people 
per year. Village H has 100 people and is growing by 
1 person per year. 

A Chinese restaurant charges $3 per dish. You leave a 
15% tip. Express your cost as a function of the number, 
d, of dishes ordered. Is it a linear function? 


You buy a $15 meal and leave a t% tip. Express your 
your total cost as a function of t. Is it a linear function? 


Your personal income taxes are 25% of your adjusted 
income. To calculate your adjusted income you sub- 
tract $1000 for each child you have from your income, 
I. You have five children. Find an expression for the 
tax in terms of J and say whether it is linear in J. 


Two parents take their N children to the movies. Adult 
tickets are $9 each and child tickets are $7. They buy a 
$3 box of popcorn for each child and pay $5 parking. 
Find an expression for the cost of the excursion and say 
whether it is linear in NV. 


A person departs Tucson driving east on I-10 at 65 
mph. One hour later a second person departs in the 
same direction at 75 mph. Both vehicles stop when the 
second person catches up. 


(a) Write an expression for the distance, D, in miles, 
between the two vehicles as a function of the time 
t in hours since the first one left Tucson. 

(b) For what values of t does the expression make 
sense in practical terms? 


A pond with vertical sides has a depth of 2 ft and a 
surface area of 10 ft?. If the pond is full of water and 
evaporation causes the water level to drop at the rate of 
0.3 inches/day, write an expression that represent the 
volume of water in the pond after d days. For what val- 
ues of d is your expression valid? 


A 200 gallon container contains 100 gallons of water. 
Water pours in at 1 gallon per minute, but drains out at 
the rate of 5 gallon per minute. How much water is in 
the container after ¢t minutes? Is the container emptying 
or filling? When is the container empty or full? 


10 
11 


129. 


130. 


131. 


132. 


While on a European vacation, a student wants to be 
able to convert from degrees Celsius (°C) to degrees 
Fahrenheit (°F). One day the temperature is 20°C, 
which she is told is equivalent to 68°F. Another day, 
the temperature is 25°C, which she is told is equivalent 
to 77°F. 


(a) Write a linear function that converts temperatures 
from Celsius to Fahrenheit. 
(b) Using the function from part (a), convert the tem- 
perature of 
(i) 10°C to Fahrenheit. 
(ii) 86°F to Celsius. 


The road to the summit of Mt. Haleakala, located in 

Haleakala National Park in Hawaii, holds the world’s 

record for climbing to the highest elevation in the short- 

est distance.!? You can drive from sea level to the 

10,023 ft summit over a distance of 35 miles, pass- 

ing through five distinct climate zones. The tempera- 

ture drops about 3°F per 1000 foot rise. The average 
temperature at Park Headquarters (7000 foot elevation) 
i5s°E” 

(a) Express the average temperature T, in °F, in 
Haleakala National Park as a function of the ele- 
vation F in ft. 

(b) What is the average temperature at 

(i) Sun Visitor Center, at 9745 feet? 
(ii) Sea level? 


When the carnival comes to town, a group of students 
wants to attend. The cost of admission and going on 3 
rides is $12.50, while the cost of admission and going 
on 6 rides is $17. 


(a) Write a linear function to represent the cost, C’, of 
entering and the carnival and going on n rides. 

(b) Express the function in slope-intercept form. 

(c) What is the meaning of the slope and the intercept 
in part (b)? 


A small band would like to sell CDs of its music. The 
business manager says that it costs $320 to produce 
100 CDs and $400 to produce 500 CDs. 


(a) Write a linear function to represent the cost, $C, 
of producing n CDs. 

(b) Find the slope and the intercept of the graph of the 
function, and interpret their meaning. 

(c) How much does it cost to produce 750 CDs? 

(d) If the band can afford to spend $500, how many 
CDs can it produce? 


www.hawaiiweb.com/maui/html/sites/haleakala_national_park.html. 
www.mauidownhill.com/haleakala/facts/haleakalaweather.html. 


133. The cost of owning a timeshare consists of two parts: 


the initial cost of buying the timeshare, and the annual 
cost of maintaining it (the maintenance fee), which is 
paid each year in advance. Figure 5.31 shows the cu- 
mulative cost of owning a particular California time- 
share over a 10-year period from the time it was 
bought. The first maintenance fee was paid at the time 
of purchase. What was the maintenance fee? How 
much did the timeshare cost to buy? 


cost (dollars) 
8000 
6000 
4000 
2000 fF 
: _ time (years) 
5 
Figure 5.31 


W Without solving, decide which of the following statements 
applies to the solution to each of the equations in Prob- 
lems 134-153: 


(@) 


(iv) O<ax<l 


a<-l Gi) -l<a2<0O Gii) r=0 


(v) @>1 (vi) No solution 


Give a reason for your answer. 


134. 
136. 
138. 
140. 


142. 


144. 


146. 


148. 


150. 


152. 


Te = 4 135. 4c +2=7 

2 +8=7 137. lla +7=2 
liz -7=5 139. 8-22 =7 
5a +3=7x+5 141. 5a +7=274+5 
3-42=—-42-3 143. 52 +3 = 82 +3 
x 1 2 

a 5 M8. 5 = 5 

zee a4 147, SF" =2 

1 1 

1 149. =? 
ae ree 
1928 ee 

x 


WiFor Problems 154-156, use the equation 


F = 20 +32, 


which relates temperatures in degrees Celsius (°C) to de- 
grees Fahrenheit (°F). 


154. 


155. 


156. 


(a) By solving the equation for C, find a formula 
which converts temperatures in degrees Fahrenheit 
(°F) to degrees Celsius (°C). 

(b) Typical oven cooking temperatures are between 
350°F and 450°F. What are these temperatures in 
°C? 

A tule of thumb used by some cooks!” is: For the range 

of temperatures used for cooking, the number of de- 

grees Fahrenheit is twice the number of degrees Cel- 
sius. 


(a) Write an equation, in terms of F’ and C, that rep- 

resents this rule of thumb. 

For what values of F’ and C' does this rule of 

thumb give the correct conversion temperature? 

(c) Typical oven cooking temperatures are between 
350°F (176.7°C) and 450°F (232.2°C). Use 
graphs to show that the maximum error in using 
this rule of thumb occurs at the upper end of the 
temperature range. 


(b) 


A convenient way to get a feel for temperatures mea- 
sured in Celsius is to know’? that room temperature is 
about 21°C. 


(a) Show that, according to this, room temperature is 
about 70°F. 

(b) Someone says: “So if 21°C is about 70°F, then 
42°C is about 140°F.” Is this statement accurate? 


MProblems 157-159 concern laptop computer batteries. As 
the computer runs, the total charge on the battery, mea- 
sured in milliampere-hours or mAh, goes down. A typical 
new laptop battery has a capacity of 4500 mAh when fully 
charged, and under normal use will discharge at a constant 
rate of about 0.25 mAh/s. 


157. 


158. 


Find an expression for f(), the amount of charge (in 
mAh) remaining on a new battery after t seconds of 
normal use, assuming that the battery is charged to ca- 
pacity at time t = 0. 

If fully charged at time t = 0, the charge remaining on 
an older laptop battery after t seconds of use is given 
by g(t) = 3200 — 0.4t. What do the parameters of this 
function tell you about the old laptop battery as com- 
pared to a new battery? 


Graham and Rosemary Haley, Haley’s Hints, Rev. Ed. (Canada: 3H Productions, 1999), p. 355. 
'3Graham and Rosemary Haley, Haley’s Hints, Rev. Ed. (Canada: 3H Productions, 1999), p. 351. 


159. Given that f(t1) = O and g(t2) = 0, evaluate the 
expression t;/t2. What does the expression tells you 
about the two batteries? 


Hi Problems 160-162 involve a simple mathematical model of 
the behavior of songbirds. This model relates d, the amount 
of time in hours a songbird spends each day defending its 
territory, to s, the amount of time it spends singing (look- 
ing for mates). The more time a bird devotes to one of these 
behaviors, the less time it can devote to the other. !4 


160. Suppose that a particular species must consume 5 calo- 
ries for each hour spent singing and 10 calories for each 
hour spent defending its territory. If this species con- 
sumes 60 calories per day on these activities, find a 
linear equation relating s and d and sketch its graph, 
placing d on the vertical axis. Say what the s- and d- 
intercepts of the graph tell you about the bird. 


161. A second species must consume 4 calories for each 
hour spent singing and 12 calories for each hour spent 
defending its territory. If this species also consumes 60 
calories per day on these activities, find a linear equa- 
tion relating s and d and sketch its graph, placing d on 
the vertical axis. Say what the intercepts tell you about 
the bird. 


162. What does the point of intersection of the graphs you 
drew for Problems 160 and 161 tell you about the two 
bird species? 


Wiltalian coffee costs $10/lb, and Kenyan costs $15/lb. A 

workplace has a $60/week budget for coffee. If it buys I 

lbs of Italian coffee and K pounds of Kenyan coffee, which 

of the following equations best matches the statements in 

Problems 163-166? 

(a) The total amount spent each week on coffee equals $60. 

(b) The amount of Kenyan coffee purchased can be found 
by subtracting the amount spent on Italian coffee from 
the total and then dividing by the price per pound of 
Kenyan. 

(c) The amount of Italian coffee that can be purchased is 
proportional to the amount of Kenyan coffee not pur- 
chased (as compared to the largest possible amount of 
Kenyan coffee that can be purchased). 

(d) For every two pounds of Kenyan purchased, the amount 
of Italian purchased goes down by 3 lbs. 


60 — 10I 
15 


166. 107 + 15k = 60 


163. [=6—3K 164. K = 


165. I = 1.5(4— K) 


WiSolve the systems of equations in Problems 167-170 for x 


and y. 


Se poly dd 
oe ae 2 


3a — y = 20 
pois 168. { 


—2x —3y=5 


ba + y = 2b 
ie em 1432, dota 
171. Two companies sell and deliver sand used as a base for 
building patios. Company A charges $10 a cubic yard 
and a flat $40 delivery fee for any amount of sand up 
to 12 cubic yards. Company B charges $8 a cubic yard 
and a flat $50 delivery fee for any amount of sand up to 
12 cubic yards. You wish to have x cubic yards of sand 
delivered, where 0 < x < 12. Which company should 

you buy from? 


Mi Measures in US recipes are not the same size as in UK 


recipes. Suppose that a UK cup is u US cups, a UK ta- 
blespoon is t US cups, and a UK dessertspoon is d US 
cups. Problems 172-173 use information from the same 
web page.!> 


172. According to the web, 3/4 of a US cup is 1/2 a UK cup 
plus 2 UK tablespoons, and 2/3 of a US cup is 1/2 a UK 
cup plus | UK tablespoon, so 


3 
—_ Like 
3 2 , 


Solve this system and interpret your answer in terms of 
the relation between UK and US cups, and between the 
UK tablespoon and the US cup. 


173. According to the web, 1 US cup is 3/4 of a UK cup plus 
2 UK dessertspoons, and 1/4 of a US cup is 1/4 of aUK 
cup minus | UK dessertspoon, so 


Solve this system and interpret your answer in terms 
of the relation between UK and US cups, and the UK 
dessertspoon and the US cup. 


'4This model neglects other behaviors such as foraging, nest building, caring for young, and sleeping. 
'Shttp://allrecipes.com/advice/ref/conv/conversions_brit.asp, accessed on May 14, 2003. 


SOLVING DRILL 


MiIn Problems 1-25, solve the equation for the indicated variable. 


NO NY NY NY NY NN RRR Be Re Be Re Re ee 
nA FF WNP OO AN DN FWY F OC 


CONAN RYWHN SE 


5a +2 = 12; for x 

7 — 3a = 25; for x 

5 + 9t = 72; fort 

10 = 25 — 3r; for r 

5a +2 = 3x —7;forx 

7+ 5t = 10 — 3¢; fort 

100 — 24w = 5w — 30; for w 
1.25 + 0.07x = 3.92; for x 


. 0.5t — 13.4 = 25.8; for t 

. 12.534 5.672 = 45.1x2 — 125; for x 

. 38(a@ — 2) 4+ 15 = 5(a + 4); for x 

. 3¢ — 5(t + 2) = 3(2 — 4t) + 8; fort 

. 5(2p — 6) + 10 = 6(p + 3) + 4(2p — 1); for p 

. 2.3(20 + 5.9) = 0.1(24.7 + 54.2%) + 2.40; for x 

. 10.8 — 3.5(40 — 5.1t) = 3.2t + 4.5(25.4 — 5.6¢t); for t 
.ax+b=c;forz 

. rt+s=pt+q; fort 


. rsw — 0.2rw + 0.1lsw = 5r — 1.88; for s 


. rsw — 0.2rw + 0.1lsw = 5r — 1.88; for r 
. r(As — Bt+Cr) = 25t 
. r(As — Bt+ Cr) = 25t 
. 0.2PQ? + RQ(P —1.5Q + 2R) = 2.5; for P 

. @y? + Qayy! + 07y! — 5a + 2y’ + 10 = 0; for x’ 

. 25V0S?(T] + 10(H? + Vo) = Ao(3V + Vo); for Vo 
. 25V0S?(T] + 10(H? + Vo) = Ao(3V + Vo); for [T] 


A(st + Br); for t 
A(st + Br); for s 
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6.1 INTEGER POWERS AND THE EXPONENT RULES 


Repeated addition can be expressed as a product. For example, 


2+24+242+2=5.x 2. 
ee 


5 terms in sum 


Similarly, repeated multiplication can be expressed as a power. For example, 


2x2x2x2x2=2°. 
—$___|_S ES 


5 factors in product 


Here, 2 is called the base and 5 is called the exponent. Notice that 2° is not the same as 5”, because 
2° =2x2x2x2x2=32but5?=5x5=—25. 
In general, if a is any number and n is a positive integer, then we define 


a" =a-a-a::a. 
aa, 


n factors 


Notice that at = a, because here we have only 1 factor of a. For example, 5! = 5. We call a? the 
square of a and a® the cube of a. 


Multiplying and Dividing Powers with the Same Base 


When we multiply powers with the same base, we can add the exponents to get a more compact 
form. For example, 5? - 5° = (5-5)- (5-5-5) =5?t3 = 5°. In general, 


a” -a™ =a-a-a--'G'Q'G'G::-G=a'a-'a:: a=a"™. 
See et 
n factors m factors n + m factors 
Thus, 
gg? -g™ =qrnt™ 


Example 1 Write with a single exponent: 


Ga ¢ (b) 6°-6° (cys ea 
(d) 3”-34 (e) (w@+y)*(e+y)°. 

Solution Using the rule a” - a™ = a™*™ we have 
(a) a gq" = opie = Gua (b) 62 . 63 = 6273 = 6° 
(cy) 2022) ae (d) 3".34= "+4 


(ce) (c@+y)?(e@+y)? = (e@+y)? = (wt+y)?. 


Just as we applied the distributive law from left to right as well as from right to left, we can use 


the rule a” - a™ = a"t™ written from right to left as a’*™ =a" -a™. 


Example 2 Write as a product: 


(@) are @®) a= @) wr @ Ge 2)4 2. 
Solution Using the rule a”t™ = a” - a™ we have 

(Ay ae (OS ae 

(ce) yitt=y'-y°? @) @42\77 = (242) -@ +2). 


When we divide powers with a common base, we subtract the exponents. For example, when 
we divide 5° by 5, we get 


6 — 2 = 4 factors 
2 factors of 5 are left 


6 factors of 5 of 5 cancel after canceling 
6 KOS “> ——_—\ 
gee Ee ee eee ee 
52 5-5 BD ; B SS : 
“~ ——) 6 — 2 = 4 factors 
2 factors of 5 2 factors 
of 5 cancel 
More generally, if n > m, 
n — m factors 
m factors 


of a are left 
of a cancel 


n factors of a after canceling 


———-_ sar 
GO Ortrard Migr hs Ga::-a 


n—-m 


a™ aaa hifesoh oo * 
—_— ——’ n — m factors 
m factors of a m factors 
of a cancel 
Thus, 
a” . 
— =a" ™ ifn>m 
a™ 
Example 3 Write with a single exponent: 
q’ 6° gn 
(a) e (b) re (c) 30° where n > 4 
7 (c+ d)8 
OS © tra? 
Solution Since = = a"—™ we have 
a 
iG 7 
q = 6 = 
OP cee a OO) aa a 
gn e T° o 
(c) a (d) ae 8 ae 
(c dy 8-2 6 
(e) iG ee) =(e4d). 


Example 4 


Solution 


a” n 
Just as with the products, we can write — = a” ™ in reverse as a” ™ = —. 
Pp 2 m 
a 


qin 
Write as a quotient: 

(a) 10°~* (Oe Om = @) (p+q)*. 
Sines ap = = we have 

(a0 a = = a“ (Dem = f 

C2 = = (d) (pt+q)*?= ae. 


Raising a Power to a Power 


Example5 


Solution 


Example 6 


When we take a number written in exponential form and raise it to a power, we multiply the expo- 
nents. For example, 


(577 = 52 . 52 . 52 = 52+2+2 = 52:3 — 58 
More generally, 


The m factors of a are multiplied n times, 
giving a total of m - n factors of a 


ew -™-™l”™™_=_ 
(a™)” = (a-a-a---a)” =(a-a-a-:-a)(a-a-a-:-a)++:(@-a-a-:-a) =a”. 


m factors of a m factors of a m factors of a m factors of a 


Thus, 


Write with a single exponent: 


(a) (q")? (bo) (78 ; (c) (y*)? 
(Ome (e) ((e+y)?) ONG as 
Using the rule (a™)” = a” we have 

(a) GS ee aie 

(c) (y%)? = aie’ (d) (Q2\e = ga? 


(©) ((@@+y)*)° =(e+y)%=(@+y)® © ((r—s)')’ =(r-28)*. 


Write as a power raised to a power: 
(@) De (by 422 (pe (d) 67, 


Solution Using the rule a” = (a™)” we have 


(a) 2°? = (23)?. This could also have been written as (27)?. 
(b) 4%” = (43), which simplifies to 64”. This could also have been written as (47)°. 
(c) e* = (e*)*. This could also have been written as (e*)*. 


(d) 6 = (6*)*. 


Products and Quotients Raised to the Same Exponent 


When we multiply 5 - 4? we can change the order of the factors and rewrite it as 5? - 4? = (5-5) - 
(4:4) =5-5-4-4=(5-4)- [o 4) = (5- 4)” = 20. Sometimes, we want to use this process in 
reverse: 10? = (2-5)? = 2? . 5?. 

In general, 


n factors of a n factors of b 


(a-b)” = (a-b)(a-b)(a-b)«+-(a-b) = (G@-a-a---a) (b+ b-b---b) =a” +B". 


n factors of (a - b) since we can rearrange the order using the 
commutative property of multiplication 


Thus, 
(ab)” = a"b", 
Example 7 Write without parentheses: 
(a) (qp)" (b) (3x)” (©) (4ab)? (d) (2a°")2" 
Solution Using the rule ee = a"b” we have 
(a) (qp)" = q"p" 
(0) Gaye — star 


(3 
(c) (4ab?)3 = 43a3(b2)3 = 640306 
(d) (2a mon —, (22a \22 =, (22 (gas = Qn 6n? | 


Example 8 Write with a single exponent: 


(a) cd! (b) 2”.3” (c) 4a? 
(d) at(b+c)4 (e) (x? + y7)>(c—d)°. 
Solution Using the rule a”b" = (ab)” we have 
(a) cd* = (cd)! (b) 2”. 3" = (2-3)" =6" 
(c) 4a? = 22x? = (22)? (d) at(b+c)* = (a(b+c))* 


(e) (2? +y*)®(e—a)® = ((a? + y?)(e—d))”. 


Division of two powers with the same exponent works the same way as multiplication. For 
example, 


Or, reversing the process, 


More generally, 
n factors of a 
——_— he 
@)'-@)-@-@-@)- ees F 
b b b b b b-b-b---b pr" 
——— 
n factors of a/b n factors of b 
Thus, 


Example 9 Write without parentheses: 


Solution Using the rule (=)" = = we have 
A eG c\12 ¢l? 
eee » 9-8 
4 2 = 2Qu\ 2u)> 23 u3 8u3 
(c) (4) = w za ae CON t cae 3° 
& (>) z 3u (3v) 33u 27v 
Examplei0 Write with a single exponent: 
35 ff Or? 
(2) ae (b) =e (c) 
+a) fa? 92) ‘ 
Prd e+ y 
@) x (©) (a + b)® 
: ’ Ge a\” 
Solution Using the rule aay (5) we have 


Zero and Negative Integer Exponents 


We have seen that 4° means 4 multiplied by itself 5 times, but what is meant by 4°, 4~! or 4~7? We 
choose definitions for exponents like 0, —1, —2 that are consistent with the exponent rules. 


Example 11 


Solution 


Example 12 


If a # 0, the exponent rule for division says 


2 
But = 1, so we define a? = 1 if a 4 0. The same idea tells us how to define negative powers. If 


a 
a # 0, the exponent rule for division says 


q 1 
But _ = —, so we define a~! = 1/a. In general, we define 
a a 


1 
a" =—, ifa #0. 
a 


Note that a negative exponent tells us to take the reciprocal of the base and change the sign of 
the exponent, not to make the number negative. 


Evaluate: 
ae 
(a) 5° (G3 (Oia (no (e) (3) 
(a) Any nonzero number to the zero power is one, so 5° = 1. 
(b) We have ; F 
Co = 
32 9 
(c) We have ; ; 
Qtsrt=-, 
mY) 
(d) We have : ; ‘ : 
(2) — 3 — =—_— ST 
(2) ee 2) 8 8 
(e) We have 


n 
u aaa ene os a = 
With these definitions, we have the exponent rule for division, == a”~"™ where n and m are 
a 


integers. 
Rewrite with only positive exponents. Assume all variables are positive. 


il ey Sra? (a+ 6b)? 
Q) — = (b) (=) (c) Qr)4 (d) (a+b)-> 


S0me 


Solution (a) We have 


ts oe | ie 
3a-2 3B GE 7 = eS 
(b) We have 
ee Lee 
3 x3 3 
a) pis, 
y 
(c) We have 
Ces es ee ec ae 
(rime ar — r2 1 gw” 
(d) We have 
L p)-2 
“ — = (a+b)? =(a+0)° 


In part (a) of Example 12, we saw that the x~? in the denominator ended up as x? in the 
numerator. In general: 


Example13 Write each of the following expressions with only positive exponents. Assume all variables are 


positive. 
1 3 ae 22\~* IO => 
(a) = (b) Amat (c) (3) (d) (=) (e) (2) 
Solution (a) — =A 16, 
Oe 


Summary of Exponent Rules 


We summarize the results of this section as follows. 


Expressions with a Common Base 
If m and n are integers, 

q™ 
Expressions with a Common Exponent 


If n is an integer, 


1. (ab)” = a"b” 


Zero and Negative Exponents 


If a is any nonzero number and n is an integer, then: 
0 
ea=l1 


Common Mistakes 
Be aware of the following notations that are sometimes confused: 
ab” = a(b"), but, in general, ab” 4 (ab)”, 
—b” = —(b"), but, in general, — b” 4 (—b)”, 
—ab” = (—a)(b"). 
For example, —2* = —(2*) = —16, but (—2)* = (—2)(—2)(—2)(—2) = 16. 


Examplei4 Evaluate the following expressions for « = —2 and y = 3: 


(a) (ay)4 (b) ay? (c) (a+y)? 

(d) a (ce) —4a° (f) —y?. 
Solution (a) (—-2-3)* = (-6)* = (—6)(—6)(—6)(—6) = 1296. 

(b) —(—2) - (3)? =2-9=18. 

(c) (-2+3)? = (1)? =1. 

(= 2)? = (4-2-2) — 8 

(e) —4(—2)? = —4(—2)(—2)(—2) = 32 

(Dir) e ae 


Exercises and Problems for Section 6.1 


EXERCISES 
WEvaluate the expressions in Exercises 1-12 without using a 7. (—5)8 - (—2)? 8. —53. —2? 
calculator. 
4 2 3 -#\? 
1 3-23 9 23? 9, —1*. (—3)? (28) 10. | — 
3, (—2)8 4, 51-14 -3? UU. 3° 12. 03 
— 3 . ee 4 
<2" gee 


92 


MiIn Exercises 13-22, evaluate the following expressions for 


40. (2? + y)?(x@+y7)° 


41. 


((c+y)*)" 


x =2,y = —3, and z 5. 6 . 
+h)’(g +h) 
= x 42. 167y° 43. (g+h)(g+ hy 
13. —xyz 14. y (9+ h)2)4 
y xz 
1 -¥" 1s. (¥) 
+ b) 
- 44. ((a+b)?)° gg, 
17 (=) 18. x-* : | ee 
fs W Without a calculator, decide whether the quantities in Exer- 
‘6 ae aii (=! ) 5 cises 46-59 are positive or negative. 
. —o* . (— 
; 22 46. (—4)° 47. —42 
3y rt+y ) 7 
a () a ( = 48. (—3)* 49, —34 
42 66 
W@iIn Exercises 23-31, write the expression in the form x”, as- 50. (—23) 51. —31 
suming & # 0. 52. 1772 53. (—5)~? 
x? - x4 
ps Ne aa 24. — 54. —5~? 55. (—4)-3 
2° \* 56. (—73)° 57. —48° 
25. (x*- x)? 26. (=) 
58. (—47)~*® 59. (-61)~” 
gg ge «? 
a gt » 2 28: nm o Min Exercises 60-72, write each expression without parenthe- 
ae: ses. Assume all variables are positive. 
29. (#3)? 30. - 
7 a\° 3 \* 2p : 
4. 6)? 60. (+) Hf 62. (2 
* (a2. 3)8 2 
63 (=) 64 ei 65 (Se) 
MiIn Exercises 32-45, write with a single exponent. * \5s4 * \w "Th 
2 4n N52 4 
Bis E88 ial 66. (cf)® 67. (2p)° 68. (=) 
34, a°b° 35, ” : 
4 69. (4b?) 70. 3(10e%)” 71. 3(2%e")4 
23 4” 
36. eo 37. pm 72. (30?) *" 
38. A+? B” BS 39. BB 
PROBLEMS 
MiIn Problems 73-77, decide which expressions are equiva- 75. (a) 1 (b) i (c) ( i ) ~ 
lent. Assume all variables are positive. xr a x 
= 1 1 (d) x” (e) = 
73. (a) 3 (b) 3-2 (c) 32 a 
i 2 1 —2 —t 
= = 1 s i 
© (5) (©) G 76. (a) ()* (b) (=) (©) (z)' 
Q\7-" 7\"* n iy 1 _iyt 
74.@) (3) :) © (5) @ (Y= © (rs?) 
3 
2h 27" 
© -Q) oF 


77. (a) Pp 3 (b) . . (©) pt = Win Problems 92-98, write each expression as a power raised 
a ; s: to a power. There may be more than one correct answer. 


1 —m™m 
=a =r 
@) (p‘a) " @ | 4- ma 93, 23” 
pet 
94, 5°Y 95,3" 
Min Problems 78-91, write each expression as a product or a 
quotient. Assume all variables are positive. 96. 57 97. 3c2* 
243 4+1 
78. 3 79. a 98. (x ae 3)e 
80. e?+" 81. 104-* 
a2. ke 83, 4°+8 
84. 62-2 85. (—n)°+? 99. If 37 = w, express 3°° in terms of w. 
, . (—n 
86. cetett 87. pr (a+) 100. If 3” = y, express 3°*? in terms of y. 
88. (r — s)*t? 89. (p+ arr? 101. If 4° =c, express 4°~° in terms of c. 
t-1 ab+c 
ee) ah (ert) 102. Ifx* = dy =x’, and z = x°, what is a? 
z 


6.2 FRACTIONAL EXPONENTS AND RADICAL EXPRESSIONS 


A radical expression is an expression involving roots. For example, \/a is the positive number 
whose square is a. Thus, J/9 = 3 since 32 = 9, and 625 = 25 since 25? = 625. Similarly, the 
cube root of a, written ¢/a, is the number whose cube is a. So V/64 = 4, since 4° = 64. In general, 
the n*” root of a is the number b, such that b” = a. 

If a < 0, then the n” root of a exists when n is odd, but is not a real number when n is even. 
For example, \/—27 = —3, because (—3)? = —27, but \/—9 is not defined, because there is no real 
number whose square is —9. 


Example 1 Evaluate: 


(a) V121 (b) /—32 (c) W—4 (d) aa 


Solution (a) Since 11? = 121, we have 121 = 11. 
(b) The fifth root of —32 is the number whose fifth power is —32. Since (—2)° = —32, we have 


Kae =v) 


(c) Since the square of a real number cannot be negative, \/—4 does not exist. 


(d) Since 
Ng lo. Gls 
5 ~ 625’ 625. 5. 


Using Fractional Exponents to Describe Roots 


The laws of exponents suggest an exponential notation for roots involving fractional exponents. For 
instance, applying the exponent rules to the expression a!/?, we get 


(a\/2)? we a 


Thus, a'/? should be the number whose square is a, so we define 


a? = Ja. 
Similarly, we define 
a/3 — Ya and al/™ = Ya. 


The Exponent Laws Work for Fractional Exponents 


Example 2 


Solution 


The exponent laws on page 175 also work for fractional exponents. 


Evaluate 
(a) 251/2 (ay eae (c) 82/3 (dy 27) 


(a) We have 251/2 = 25 = 5. 
(b) Using the rules about negative exponents, we have 


pele Bee 
WS syn ac 
(c) Since 23 = 8, we have 8!/3 = (/8 = 2. 
(d) Since 3° = 27, we have 
pon 


Fractional Exponents with Numerators Other Than One 


We can also use the exponent rule (a”)” = a” to define the meaning of fractional exponents in 


which the numerator of the exponent is not 1. 


Example 3 


Solution 


Find 
(a) 642/3 (by 9372 ) (kee (dt 625)9- 


(a) Writing 2/3 = 2 - (1/3) we have 


642/3 = 6420/8) = (642)? = Ya? = 4096 = 16. 


We could also do this the other way around, and write 2/3 = (1/3) - 2: 
642/3 = g4(1/3)2 = (64) = ( ; 4) = =i 


(b) We have 
eee ee eee 
9372 (9s 33 27 
(c) To find (—216)?/3, we can first evaluate (—216)!/* = —6, and then square the result. This gives 
(—216)?/5 = (-6)? = 36. 
(d) Writing (—625)3/4 = (Cas. we conclude that (—625)°/* is not a real number since 
(—625)1/4 is an even root of a negative number. 


Example 4 


Solution 


Example5 


Solution 


Write each of the following as an equivalent expression in the form x” and give the value for n. 


1 
@ 3 (b) (Onna: 
@ Ve One ® (LY 
(a) We have 
- =e eso = 


(b) We have ¢/z = 2/5, son =1/5. 

(c) We have (</x)? = (x'/#)?. According to the exponent laws we multiply the exponents in this 
expression, so (x!/3)? = x?/3, son = 2/3. 

(d) We have Va = (2°)1/2 = 25/2, son = 5/2. 

(e) We have 


il IL 
=—~=2%4* s0 n=-1/4. 


(f) We have 
ve ee 
(=) =(ae) <0? 0 na 3/2 


Simplify each expression, assuming all variables are positive. 


(a) W274 (b) Vz8w9 


(a) Using the fact that ~/a - Vb = Vab, we have V/2- #/4 = ¥/8 =2. 
(b) We can write V/z®w? as (zw)!/3 = z?w’. 


Working with Radical Expressions 


Example 6 


Solution 


Since roots are really fractional powers, our experience with integer powers leads us to expect that 
expressions involving roots of sums and differences will not be as easy to simplify as expressions 
involving roots of products and quotients. 


Do the expressions have the same value? 


(a) /9+4 l6and /9 + V16 (b) 4/100 — 64 and \/100 — 64 
(©) JOA and V9. Va () \/— and 


(a) We have /9 + 16 = 25 = 5, but /9 + 16 = 3+ 4 =7, so the expressions have different 
values. In general, /a + b 4 a + Vb. 

(b) Here, 100 — 64 = 36 = 6. However, 100 — 64 = 10 — 8 = 2. In general, Va —b # 
Va — Vb. 


Example 7 


Solution 


Example 8 


Solution 


(c) We have \/(9)(4) = 36 = 6. Also, /9 - /4 = 3-2 = 6. In general, the square root of a 
product is equal to the product of the square roots, or Vab = Ja: Vo. 


/100 V100  ~=10 
(d) We have ea V25 = 5. Also, va =o = 5. In general, iz = vee 


Simplifying Radical Expressions That Contain Sums and Differences 


Although the laws of exponents do not tell us how to simplify expressions involving roots of sums 
and differences, there are other methods that work. Again, we start with a numerical example. 


Are the expressions equivalent? 


(a) V100+ 7100 and 200 (b) V100+ V100 and 2100 


(a) We know that /100 + 100 = 10 + 10 = 20. But, the square root of 200 cannot be 20, since 
207 = 400, so they are not equivalent. 

(b) They are equivalent, since 100 + 100 = 10 + 10 = 20 and 2\/100 — 2(10) = 20. Another 
way to see this without evaluating is to use the distributive law to factor out the common term 


100: 
V100 + V100 = V100(1 + 1) = 2/100. 


Expressing roots as fractional powers helps determine the principles for combining like terms 
in expressions involving roots. The principles are the same as for integer powers: we can combine 
terms involving the same base and the same exponent. 


Combine the radicals if possible. 


(a) 3V7+6V7 (b) 4/e+3/e— Ja 
(c) 997/2-57/24+ 2 (d) —575 + 8/20 


(e) 5V 423 4+ 32362 


(a) We have 3/7 + 6V7 = 9V7. 
(b) We have 4,/z + 3,/z — /z = 6y/z. 


(c) Expressing the roots in exponential notation, we see that not all the exponents are the same: 
9V2 —54/2+V2=9-2/3 5.213 4 9/2 — 4.01/84 9/2 — AW/2 4 V2. 


(d) Here there is a term involving /5 = 5!/? and a term involving /20 = 20!/2. Thus the expo- 
nents are the same in both terms, but the bases are different. However, 8/20 = 8,/(4)(5) = 
8/45 = 8-2/5 = 165. Therefore, 


—5V5 + 8V20 = -5V5 + 16V5 = 11V5. 
(e) Expressing each term in exponential form, we get 


5V 403 + 30V/36a = 5(40°)1/? 4+ 32(36x)/? = 5 - 41/2 (23)1/? 4 32(36)/2a01/? 
= 10x°/? + 1823/2 = 2823/. 


Example 9 


Solution 


Example 10 


Solution 


Rationalizing the Denominator 


In Section 2.3 we saw how to simplify fractions by taking a common factor out of the numerator and 
denominator. Sometimes it works the other way around: we can simplify a fraction with a radical 
expression in the denominator, such as 


V2 
2+/2’ 
by multiplying the numerator and denominator by a carefully chosen common factor. 
Simplify sneye by multiplying the numerator and denominator by 2 — V2. 


You might think that multiplying 2 + 2 by 2 — V2 will result in a complicated expression, but in 
fact the result is very simple because the product is a difference of squares, and squaring undoes the 
square root: 

(2+ V/2)(2 — V2) = 2? — (0/2)? =4-2=2. 
v2 
+72 


V2 t= V2 20-2 
i a a 


So multiplying the numerator and denominator of 5 by 2— v2 gives 


= Il. 


The process in Example 9 is called rationalizing the denominator. In general, to rationalize a 
sum of two terms, one or more of which is a radical, we multiply it by the sum obtained by changing 
the sign of one of the radicals. The resulting sum is a conjugate of the original sum. 


Multiply each expression by a conjugate. 
(a) 1+Vv2 (b) —6—2V7 (©) 3v5—2 (d) V3+3v6 
(a) The conjugate of 1 + /2 is 1 — V2, and the product is 
(14 /2)(1 — V2) = 1? — (V2)? =1-2=-1. 
(b) The conjugate of —6 — 2V/7 is —6 + 2\/7, and the product is 
(—6 — 2V’7)(—6 + 2V7) = (-6)? — (2V’7)? = 36 — 28 = 8. 


(c) The conjugate of 3\V/5—2 is —3\/5—2. We rewrite the product so it is easier to see the difference 
of two squares: 


(3V5 — 2)(—3V5 — 2) = (-2 + 3V5)(—2 — 3V5) = (—2)? — (3V5)? = 4 — 45 = —41. 


(d) Here there are two radicals, so there are two possible conjugates, 5 3 3 6 and! =) 3-3/6: 
We choose the first one: 


(V3 + 3V6)( v3 — 3V6) = (v3)* — (V6)? = 3-54 = -51, 


Exercises and Problems for Section 6.2 
EXERCISES 


WEvaluate the expressions in Exercises 1-4 without using a 
calculator. 


1, 41/2 2. 2571/? 


4 —1/2 64 —1/3 
= (5) + (3) 


MiIn Exercises 5-6, write each expression without parenthe- 
ses. Assume all variables are positive. 


6aX 1/8 
: (S ) 
56a 


WsSimplify the expressions in Exercises 7-10, assuming all 
variables are positive. 


5. a") 1/2 


a 8. </4n3 405 
y 
$/96n7y8 
9, 480367 10 ae) 


X/3aty 


MiIn Exercises 11-16, write the expression as an equivalent 
expression in the form x” and give the value for n. 


11. _ 12. = 13. Vx3 
14. (¥z)? 15. 1/(1/z72) 16. (ay 


M@iIn Exercises 17-26, combine radicals, if possible. 


17. 12/11 -—3V114 vV11 


PROBLEMS 


18. 5/9 — 2\/144 
19. 2/34 “ 


20. W4a + 6W/4a — 24/4r 
21. 873 — 20/3 — 23 
22. —6/98 + 4/8 
23. 6V/48a? + 2aV/27a? — 307/75 
24, 5/1263 + 2t/128t — 3t/48t 
VB _ 2, VO 
5 5 25 
26. dry ary + 2./40xry3 — 3ry/50ry 


Min Exercises 27-32, find a conjugate of each expression and 
the product of the expression with the conjugate. 


25. 


27. 4+ V6 28. 13 — 10 
29. -/5 — V6 30. 7/2 — 2/7 
31. bfa+avb 32. 1—-Vr+l 


Min Exercises 33-37, rewrite each expression by rationalizing 
the denominator. 


2 V5 
33. Fa 34. 5. 
10 V3 
35. 7 36. Pa ret 
9 V6+ V2 
* V6 —V2 


38. The surface area (not including the base) of a right cir- 
cular cone of radius r and height h > 0 is given by 


ary/r2 + h2, 


Explain why the surface area is always greater than rr? 


(a) In terms of the structure of the expression. 
(b) In terms of geometry. 


MBy giving specific values for a,b, and c, explain how the 
exponent rule 


is used to rewrite the expressions in Problems 39-40. 
39. (2m?n*)""** = (8m°n'?)"*" 


40. \/(x +1) (2? + 2a +1) = (a +1)?” 


REVIEW EXERCISES AND PROBLEMS FOR CHAPTER 6 


EXERCISES 


WEvaluate the expressions in Exercises 1-6 without using a 
calculator. 


T2738? 2. (—2)? - (-3)? 
3. —42.—15 4, —2(—3)* 
5. 5°? 6. 97" 


Min Exercises 7-13, write with a single exponent. 


b 2 
- c= 
q 
4 3,6 
q 22 10. 27? (x?) 


y? 
11. (a+b)?(a+6)° 
12. ((p +.4)*)* (7 +5)°)” 
13. (29 +ytz)7(utv+w) 


W Without a calculator, decide whether the quantities in Exer- 
cises 14-19 are positive or negative. 


14. —16°8 15. (—12)"° 
16. 147° 17. -7~-° 
18. (—44)° 19. (—20)-'8 
MEvaluate the expressions in Exercises 20-24 using r = —1 
and s = 7. 
<3 rs? 
20. (5r) 21. — 50 
22. —5" 23. 2s" 


24. (174s*r??)° 


Min Exercises 25-30, write each expression without parenthe- 
ses. Assume all variables are positive. 


WiIn Exercises 31-50, write each expression with only positive 
exponents. Assume all variables are positive. 


6 k-8 

si, —— : ae 
g75 - 5 

-3 

33. 9d-? 34, = 


—n —4 
35. (*) 36. (22) 
S ¥y 


a,b 3 —2 
| ee 38. (5) 


Qa-1 b-2 
A —4 
39. 40. (—2a)~? 
4, —-2\—3 say * 
41. —5 (x*y~”) 42. gs 
43 (2bc?)” a Soro). 
* 2(be)-! : p-3 
4\1/2 
r\a 
45. aa 46. (272~°y°)/* 
ax 
3(cx)~? a\~'(b\~? 
Gora #.4(5) (a) 
53t+2 , 51—2¢ 47} (3p?q-*)° 
49. ro 50. po 


MiIn Exercises 51—54, find a conjugate of each expression and 
the product of the expression with the conjugate. 


51. -2/34+ V5 52. /m—4 
53. /4+h—2 54. /z+h+Vz—h 


MiIn Exercises 55-58, rewrite each expression by rationalizing 
the denominator. 


55, V4 oe 
Jat+b VP +V/4 
1-2 r—A 

ST. 538, ———__ 
1—- Vz Vr—3-1 


PROBLEMS 


Wilfa > 0,b > 0,c < 0, andd < 0, decide whether the 


MiIn Problems 67-70, write each expression as a product or a 
quantities in Problems 59-66 are positive or negative. 


quotient. Assume all variables are positive. 


5 3 
59. (ab) 60. —c 67. (a+ py @re)—r 68. Xm +n)e*3 
61. (bc)? 62. (—abc)'” Ss - as 
63. (—c)8 64, —(be)?! 69. pet) (p+ q)?- 70. (x + y)2°- 
= 5 - 5 


=(ba? * <(edy? 
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7.1 POWER FUNCTIONS 


Example 1 


Solution 


The area of a circle, A, is a function of its radius, r, given by 
A=nr’. 


Here A is proportional to r?, with constant of proportionality 7. In general, 


A power function is a function that can be given by 


ie) = he”, for constants k and p. 


We call é; the coefficient and p the exponent. 


The braking distance in feet of an Alfa Romeo on dry road is proportional to the square of its speed, 
v mph, at the time the brakes are applied, and is given by the power function 


f(v) = 0.036v. 


(a) Identify the constants k and p. 
(b) Find the braking distances of an Alfa Romeo going at 35 mph and at 140 mph (its top speed). 
Which braking distance is larger? Explain your answer in algebraic and practical terms. 


(a) This is a power function f(v) = kv? with k = 0.036 and p = 2. 
(b) At 35 mph the braking distance is 
(35) = 0036-357 — 44 i. 


At 140 mph it is 
f (140) = 0.036 - 140? = 706 ft. 
This is larger than the braking distance for 35 mph; it is almost as long as two football fields. 


This makes sense algebraically, because 140 > 35, so 140? > 357. It also makes sense in 
practical terms, since a car takes longer to stop if it is going faster. See Figure 7.1. 


(140, 706) 


50 100 


Figure 7.1: Braking distance of an Alfa Romeo 


Interpreting the Coefficient 


Example 2 


Solution 


Example 3 


If we want to compare two power functions with the same exponent, we look at the coefficient. 


The braking distance of an Alfa Romeo on wet road going at v mph is given by 
g(v) = 0.045v?. 


Find the braking distance at 35 mph. Is it greater than or less than the braking distance on dry road, 
from Example 1? Explain your answer in algebraic and practical terms. 


The braking distance on wet road at 35 mph is 
GES) =U Ge yy sain 


This is greater than the stopping distance of 44 ft at the same speed on dry road, from Example 1. 
This makes sense algebraically, since 


0.045 > 0.036, so 0.045(357) > 0.036(35). 


It also makes sense in practical terms, since it takes a greater distance to stop on a wet road than on 
a dry one. 


Power functions arise in geometry, where the exponent is related to the dimension of the object. 


The solid objects in Figure 7.2 have volume, V, in cm®, given by 


Cube: V=w 
ee 

Sphere: Vs qu 
TT 

Cylinder: V= Tu 


(a) What is the exponent? 
(b) Which has the largest coefficient? Which the smallest? 


Interpret your answers in practical terms. 


Figure 7.2: Three solid objects 


Solution (a) Each expression has the form V = kw, so the exponent is 3. This makes sense since w is a 
length, measured in cm, and V is a volume, measured in cm?. 

(b) For the cube we have V = w® = 1- w?, so k = 1. For the sphere we have k = 7/6 and for the 
cylinder we have k = 7/4. Since 7/6 © 0.5 and 7/4 = 0.8, the cube has the largest coefficient 
and the sphere has the smallest. This makes sense, since the cube has the largest volume and the 
sphere has the smallest. The sphere can fit inside the cylinder, which in turn can fit inside the 
cube. 


Comparing Different Powers 


Figures 7.3 and 7.4 show comparisons of the first three powers, x, x”, and «°. Notice that all the 
graphs pass through the points (0,0) and (1, 1), because 0 to any power is 0 and 1 to any power is 
1. What is the relationship between different powers when z is not 0 or 1? 


Figure 7.3: Comparison of a” with x Figure 7.4: Comparison of x® with x? 


Example 4 In Figure 7.3, the graph of y = x? is above the graph of y = x when z is greater than 1, and it is 
below it when zx is between 0 and 1. 


(a) Express these facts algebraically using inequalities. 
(b) Explain why they are true. 


Solution (a) If one graph is above another then the y-values on the first are greater than the corresponding 
y-values on the second. So Figure 7.3 suggests that 


x2>a when z¢>l, 


z<a when O<2<1. 
(b) We write x? = x - x and x = 2 - 1. So we want to compare 
dpoae piitel ge Il, 
On the left we have x multiplied by itself, and on the right we have x multiplied by 1. So if 


x > 1 the quantity on the left is larger, and if x < 1 (and positive) then the quantity on the right 
is larger. 


Similarly, Figure 7.4 illustrates that 2? > x? when x > 1 and x® < 2? when0 < x < 1.In 
general, 


Example5 


Solution 


Example 6 


Solution 


e When zx > 1, a higher power of x is greater than a lower power. 


e When 0 < x < 1, a higher power of z is less than a lower power. 


Powers with Coefficients 


Which of the expressions 


is larger if 
(aya =2 (b) x=5 (©) 48> 10) G)) aa 100) 


(a) When x = 2, the expression 6 is 6 - 2 - 2 and the expression x? is 2 - 2 - 2. Since 6 is larger 
than 2, we have 


GoQoD Ss Doe ® 
Got? sO. 


When x = 2, we have Cie Sa and the expression 62? is larger. 
(b) Similarly, when 7 = 5, we have 


6-5-5>5-5-5. 
When x = 5, we have es ae and the expression 62 is larger. 


(c) Since 6 < 10, we have 


6-10-10 < 10-10-10. 


When x = 10, we have (r= and the expression «° is larger. 
(d) Since 6 < 100, we have 


6- 100-100 < 100- 100- 100. 
When x = 100, we have 6a? < «° and the expression x? is larger. 


We see in Example 5 that for small values of x, the expression 6? is larger and for large values of 
zx the expression «° is larger. At what value of x does x* become larger than 6x? 


We have 
ip age de (one aap. when 45 > ©: 
We see that 
z® > 6x7 if ag > (OB, 
a < 6x if ap GB, 


Example 7 


Solution 


A higher power of x will always eventually be larger than a lower power of x. The value of x 
at which it becomes larger depends on the expressions and the coefficients. 


When z is large enough, a power function with a higher power of x is greater than a power 


function with a lower power. 


(a) For large values of x, is 27° or 1002? larger? 
(b) At what value of x does it become larger? 
(c) Use a graph of y = 2x? and y = 10027? to illustrate this relationship. 


(a) Since the exponent 3 is greater than the exponent 2, we know that 2°? is larger for large values 
Ola: 
(b) Since 22? = 2-a”-a-a and 100x? = 100- x - x, we want to know what value of « makes 


Mage eae S> M0) > 49 046. 
We want 2-x > 100, 
so ae > IO), 


For all values greater than 50, the expression 2x? will be larger and for all values less than 50, 
the expression 1002? will be larger. 
(c) See Figure 7.5. 


y 
500,000 


250,000 


2 


50 100 


Figure 7.5: Comparison of 2x? with 1002? 


Figure 7.5 looks very similar to Figure 7.4. In both cases, the expression with the higher power 
becomes larger than the expression with the lower power. This general rule always holds. Coeffi- 
cients determine where the graphs intersect, but not the overall behavior of the functions. 


Powers of Negative Numbers 


When z is negative, we have 


x” = x - a = Negative - Negative = Positive. 


Since x? is also positive when z is positive, we see that x? is always positive, except when x = 0. 
On the other hand, if x is negative, 


x =a-a-a = Negative - Negative - Negative = Negative - Positive = Negative. 


In general, if you multiply a negative number by itself an even number of times, you get a positive 
number, since the factors can be paired up, and if you multiply it by itself an odd number of times, 
you get a negative number. See Figures 7.6 and 7.7. Note that y = a? and y = «* are entirely above 
the x-axis, except at x = 0, whereas y = x® and y = x° are below the axis when z is negative. 


(-1,-1) -l1- 
—2+ 
—3-+ 
—4A+ 
a all 


—4-3-2-10 1234 
Figure 7.6: Graphs of positive even Figure 7.7: Graphs of positive odd 
powers of x powers of a 


Zero and Negative Powers 


Example 8 


Solution 


In Example | we use the fact that squaring a larger number gives a larger value. In the next example 
we consider what happens when the exponent p is negative. 


The weight, w, in pounds, of an astronaut r thousand miles from the center of the earth is given by 
w = 2880r~?. 


(a) Is this a power function? Identify the constants k and p. 
(b) How much does the astronaut weigh at the earth’s surface, 4000 miles from the center? How 
much does the astronaut weigh 1000 miles above the earth’s surface? Which weight is smaller? 


(a) This is a power function w = kr? with k = 2880 and p = —2. 
(b) At the earth’s surface we have r = 4, since r is measured in thousands of miles, so 


y 
iy = 2880+ 4° = se = 180 lb. 


So the astronaut weighs 180 Ib at the earth’s surface. At 1000 miles above the earth’s surface 


we have r = 5, so 


w = 2880-577 = eel 2 115.2 Ib. 


jon 


So the astronaut weighs about 115 lb when she is 1000 miles above the earth’s surface. Notice 
that this is smaller than her weight at the surface. For this function, larger input values give 
smaller output values. 


Example 9 


Solution 


Rewrite the expression for the function in Example 8 in a form that explains why larger inputs give 
smaller outputs. 


If we write 
2880 


pe? 


w = 2880r7? = 


we see that the r? is in the denominator, so inputting a larger value of r means dividing by a larger 
number, which results in a smaller output. This can be seen from the graph in Figure 7.8, which 
shows the function values decreasing as you move from left to right. 


1000 - 


100 fF 


Figure 7.8: Weight of an astronaut 


Inverse Proportionality 


We often describe a power function y = ka? by saying that y is proportional to 7?. When the 
exponent is negative, there is another way of describing the function that comes from expressing it 


as a fraction. For example, if 
2 
—3 


y = 22 8? 


we say that y is inversely proportional to x. In general, if 


Va ke = = positive, 


we Say y is inversely proportional to x”. 


Graphs of Negative Integer Powers 


In Example 9 we saw that the value of w = 2880r~? gets smaller as r gets larger. This is true in 
general for negative powers. See Table 7.1, and Figures 7.9 and 7.10. 


Table 7.1. Negative powers of x get small as x gets large 


a ee 
0.02 


0.0004 


(iis) (-1,1) (1,1) 
yaa? yaa? 
x x 
(=1, =1) 
Figure 7.9: Graph of y = 27+ = 1/a Figure 7.10: Graph of y = 2~? = 1/2? 


Figures 7.9 and 7.10 also illustrate what happens when z < 0. Just as with positive exponents, 
the graph is above the x-axis if the exponent is even and below it if the exponent is odd. 


The Special Cases p = O and p = 1 


In general a power function is not linear. But if p = 0 or p = 1, then the power functions are linear. 
For example, the graph of y = x° = 1 is a horizontal line through the point (1,1). The graph of 
y = x! = visa line through the origin with slope 1. See Figures 7.11 and 7.12. 


y y 
you'=2 
ee 
(1,1) ya = 1 (1,1) 
x x 
Figure 7.11: Graph of y = x° = 1 Figure 7.12: Graph of y= a+ = a 


Fractional Powers 


Power functions where the exponent p is not an integer arise in biological applications. 


Examplei0 Fora certain species of animal, the bone length, L, in cm, is given by 


L=7VA, 


where A is the cross-sectional area of the bone in cm?. 


(a) Is La power function of A? If so, identify the values of k and p. 
(b) Find the bone lengths for A = 36 cm? and A = 100 cm?. Which bone length is larger? Explain 
your answer in algebraic terms. 


Solution 


Example 11 


Solution 


(a) Since V/A = A!/?, we have 
t= A 


So this is a power function of A with k = 7 and p = 1/2. See Figure 7.13. 
(b) For A = 36 cm’, the bone length is 


L=7V 36 = 42cm. 
For A = 100 cm?, the bone length is 
L =7V100 = 70 cm. 


The bone length for A = 100 cm? is larger. This makes sense algebraically, because 100 > 36, 


so /100 > V36. 


0 1 1 1 1 | A 
1 2 3 4 5 il 2 3) 4 
Figure 7.13: Bone length as a function of cross-sectional Figure 7.14: Comparison of y = gl?, y=, 
area and y = x°/? 


Comparing Different Fractional Powers 


We can compare the size of fractional powers using the same ideas we used for integer powers. As 
before, the relative size of powers of x depends on whether z is greater than or less than 1. The box 
on page 189 tells us that if x > 1, a higher power of x is greater than a lower power. Figure 7.14 
shows us that this result holds for fractional exponents as well. Notice that the function y = x 
in Figure 7.14 is the power function y = «!. We see that when x > 1, we have x°/? > 2! and 
a! > x'/?. In each case, the higher power of x is greater than the lower power. For 0 < x < 1, the 
situation is reversed, and the higher power of x is less than the lower power. 


For each pair of numbers, use the exponents to determine which is greater. 
(aye 3 or 32/2 (b) 0.3 or (0.3)!/2 


(a) Since the base 3 is larger than 1, we know that a higher power is bigger than a lower power. The 
two exponents are 1 and 1/2 and 1 is larger than 1/2, so we have 3! > 3!/?. The number 3 is 
greater than the number 3'/?. 

(b) Since the base 0.3 is less than 1, the situation is reversed, and a higher power is smaller than a 
lower power. Since the exponent | is larger than the exponent 1/2, we have (0.3)! < (0.3)1/?. 
The number (0.3)!/? is greater than the number 0.3. 

Figure 7.14 illustrates these calculations. It shows that the graph of y = x1/? lies above the 

graph of y = x when 0 < z < 1, and below it when x > 1. 


Example 12 
(a) 3or 33/2 


Solution 


For each pair of numbers, use the exponents to determine which is greater. 
(6) OS or (0:3)7/2 


(a) Since the base 3 is larger than 1, we know that a higher power is bigger than a lower power. The 


two exponents are I and 3/2 and 3/2 is larger than 1, so we have 3°/? > 3!. The number 3°/? 


is greater than the number 3!. 


(b) Since the base 0.3 is less than 1, the situation is reversed and a higher power is smaller than a 
lower power. Since the exponent 3/2 is larger than the exponent 1, we have (0.3)?/? < (0.3)!. 
The number 0.3 is greater than the number (0.3)°/2. 

Again, Figure 7.14 illustrates these calculations. It shows that the graph of y = x°/? lies below 

the graph of y = x when 0 < a < 1, and above it when x > 1. 


Exercises and Problems for Section 7.1 
EXERCISES 


MiIn Exercises 1-5, identify the exponent and the coefficient 
for each power function. 

. The area of a square of side x is A = x”. 

. The perimeter of a square of side x is P = 4a. 

. The side of a cube of volume V is x = VV. 

. The circumference of a circle of radius r is C = 27r. 


. The surface area of a sphere of radius r is S = 4ar?. 


Nun FF WwW NY = 


. The area, A, of a rectangle whose length is 3 times its 
width is given by A = 3w”, where w is its width. 


(a) Identify the coefficient and exponent of this power 
function. 

(b) Ifthe width is 5 cm, what is the area of the rectan- 
gle? 


7. The volume, V, of a cylinder whose radius is 5 times 
its height is given by V = rr’, where r is the radius. 


(a) Identify the coefficient and exponent of this power 
function. 

(b) If the radius is 2 cm, what is the volume? 

(c) If the height is 0.8 cm, what is the volume? 


8. A ball dropped into a hole reaches a depth d = 4.9t? 
meters, where t is the time in seconds since it was 
dropped. 


(a) Identify the coefficient and exponent of this power 
function. 

(b) How deep is the ball after 2 seconds? 

(c) If the ball hits the bottom of the hole after 4 sec- 
onds, how deep is the hole? 


MiFor the graphs of power functions f(x) = kx? in Exer- 
cises 9-13, is 


(a) p>1? (b) p=1? (ec) O<p<1? 
(dq) p=0? (e) p<0? 

9. 10. 
11. 12. Lo 
13. 


Wiln Exercises 14-17, 
(a) Is y proportional, or is it inversely proportional, to a 
positive power of x? 
(b) Make a table of values showing corresponding values 
for y when z is 1, 10, 100, and 1000. 


(c) Use your table to determine whether y increases or de- 
creases as x gets larger. 


14. y = 22? 15. y=3/e 


1 5 
16. y= — In y= 


PROBLEMS 


MProblems 18-20 describe power functions of the form y = 
ka? , for p an integer. Is p 


(a) 


18. 


20. 


Even or odd? (b) Positive or negative? 


e ™ Table 7.2 


Figure 7.15 


The graph of y = f(a) gets closer to the x-axis as x 
gets large. For x < 0, y < 0, and for xz > 0, y > 0. 


Win Problems 21-24, a and b are positive constants. If a > b 
then which is larger? 


21. 


23. 


25. 


26. 


a‘, b* 22. al/4, pi/4 


a*,b~+ 24. a7 /4,p-1/4 


(a) In Figure 7.7, for which x-values is the graph of 
y = x° above the graph of y = x, and for which 
x-values is it below? 

(b) Express your answers in part (a) algebraically us- 
ing inequalities. 

(a) In Figure 7.16, for which x-values is the graph of 
y = x'/? above the graph of y = x!/4, and for 
which x-values is it below? 

(b) Express your answers in part (a) algebraically us- 
ing inequalities. 


y 
2+ y= all? 
goal" 
1+ 
(1,1) 
t+—+—+— t—+—+—-_ & 
—4-3-2- 1 2 3.4 
—i|+ 
i 
Figure 7.16 


27. 


28. 


29. 


30. 


31. 


32. 


Figure 7.6 shows that the graph of y = x* is above the 
graph of y = x” when « is greater than 1, and it is be- 
low it when x is between 0 and 1. Express these facts 
algebraically using inequalities. 

When a car’s tires are worn, its braking distance in- 
creases by 30%. Use this information and Example 1 


to find h(v), the braking distance of an Alfa Romeo 
with worn tires going at a speed of v mph. 


A student takes a part-time job to earn $2400 for sum- 
mer travel. The number of hours, h, the student has to 
work is inversely proportional to the wage, w, in dol- 
lars per hour, and is given by 


__ 2400 
=—. 


h 


(a) How many hours does the student have to work if 
the job pays $4 an hour? What if it pays $10 an 
hour? 

(b) How do the number of hours change as the wage 
goes up from $4 an hour to $10 an hour? Explain 
your answer in algebraic and practical terms. 

(c) Is the wage, w, inversely proportional to the num- 
ber hours, 4? Express w as a function of h. 


If a ball is dropped from a high window, the distance, 
D, in feet, it falls is proportional to the square of the 
time, t, in seconds, since it was dropped and is given 
by 
D= 160". 

How far has the ball fallen after three seconds and after 
five seconds? Which distance is larger? Explain your 
answer in algebraic terms. 


A city’s electricity consumption, 7, in gigawatt-hours 
per year, is given by 
0.15 


B= 3/2? 


3 


where p is the price in dollars per kilowatt-hour 
charged. 


(a) Is EF a power function of p? If so, identify the ex- 
ponent and the constant of proportionality. 

(b) What is the electricity consumption at a price of 
$0.16 per kilowatt-hour? At a price of $0.25 per 
kilowatt hour? Explain the change in electricity 
consumption in algebraic terms. 


The surface area of a mammal is given by f(M) = 
kM?/ 3 where M is the body mass, and the constant 
of proportionality k& is a positive number that depends 
on the body shape of the mammal. Is the surface area 
larger for a mammal of body mass 60 kilograms or for 


a mammal of body mass 70 kilograms? Explain your 34. Plot the expressions 2? - 7°, z°, and x°, on three sepa- 
answer in algebraic terms. rate graphs in the window —1 < x < 1, -l<y < 1 
33. The radius, r, in cm, of a sphere of volume V cm? is Does it gee from the graphs that 27 - 2? = 2° 
approximately r = 0.620V/V. at? or a? . a3 = a =o? 97 
(a) Graph the radius function, r, for volumes from 0 
to 40 cm?. 35. Plot the expressions —x* and (—2)* on the same graph 
(b) Use your graph to estimate the volume of a sphere in the window -1 < a < 1,-1 < y < LIs 
of radius 2 cm. —a* = (-2)*? 


7.2 WORKING WITH POWER EXPRESSIONS 


Recognizing Powers 


Example 1 


Solution 


Example 2 


Solution 


In practice, an expression for a power function is often not given to us directly in the form ka”, and 
we need to do some algebraic simplification to recognize the form. 


Is the given function a power function? If so, identify the coefficient & and the exponent p. 


2 5x : Sue! 
a) f@=aa (b) g(z)=4¢+2 (c) A(z)= (CO) a) = as 
cg oy De 
(a) We have : 
= 3 
so this is a power function with k = 2 and p = —3. 


(b) We cannot rewrite 4x7 + 2 in the form kx?, so this is not a power function. 
(c) We have 


byp 
h(z) = — = =! 
() = Se, 
sok = 5/2andp=1. 
(d) We have 
3a° IL i 4 
ioe ae 


sok = 1/4 and p = — 


It is important to remember the order of operations in a power function f(x) = kx?: first raise 
x to the p'® power, then multiply by k. 


Which of the expressions define the same function? 


(a) 2273 (b) = (Cm (d) 0.5273 


We have 


1 1 2 
=a) =3) __ = 
av => oy SO 22 = 2 (=) = gor 


Thus (a) and (c) define the same function. From (a) we see that it is a power function with k = 2 


Example 3 


and p = —3. Also, 


1 yal a 


So (b) and (d) define the same function, and from (d) we see that it is a power function with k = 0.5 
and p = —3. So it is different from the power function defined by (a) and (c). 


Power functions arising in applications often have constants represented by letters. Recognizing 
which letter in an expression stands for the independent variable and which letters stand for con- 
stants is important if we want to understand the behavior of a function. Often a quite complicated- 
looking expression defines a simple function. 


For each power function, identify the coefficient k, and the exponent, p. (Assume that all constants 
are positive.) Which graph (I)-(IV) gives the best fit? 


(a) The volume of a sphere as a function of its radius r: 


V = =a’. 


3 


(b) The gravitational force that the Earth exerts on an object as a function of the object’s distance r 


from the earth’s center: 
P= GmM 


= 5—, G,m, M constants. 
ip 


(c) The period of a pendulum as a function of its length /: 


l 
JP = anf g aconstant. 
g 


(d) The pressure of a quantity of gas as a function of its volume V (at a fixed temperature T’): 


RT 
= —_ n, R,T constants. 


(e) Energy as a function of mass m: 


E =mc*, caconstant (the speed of light). 


(I) (Il) 


= 


Figure 7.17: Which graph fits? 


Solution 


(a) The volume V is a power function of r, with k = (4/3) and exponent p = 3. Recall that the 
graph of a power function with p a positive odd integer resembles Figure 7.7 on page 191. In 
the first quadrant, a graph such as (I) satisfies this requirement. 


(b) Writing the equation as 
GmM 
i a =GmMr~?, 
Te 
we see that F’ is a constant times r~?, so it is a power function of r with k = GmM and 
exponent p = —2. Since the exponent is negative, the function’s output decreases as its input 
increases, and graph (II) fits best. 
(c) Writing the equation as 
l 2 
Pe eee ST 2, 
vo vg 
we see that P is a power function of | with k = a and exponent p = 1/2. Graph (IV) looks 
most like a square root function, so it fits best. 
(d) Writing the equation as 
nRT 
= — =nRTIV", 
V 
we see that P is a constant times V~!, so it is a power function of V with k = nRT and 
exponent p = —1. Since the exponent is negative, as in part (b), graph (II) again fits best. 
(e) Writing the equation as 


E=c'm', 
we see that EF is a power function of m with coefficient k = c? 


recognize this as an equation of a line. Thus graph (III) fits best. 


and exponent p = 1. We 


Writing Expressions for Power Functions 


Example 4 


Solution 


In Example 3 on page 187 we gave formulas for the volume of a sphere of diameter w, and of a 
cylinder of diameter w and height w (see Figure 7.2). Derive these formulas from the usual formulas 
for the volume of a sphere and a cylinder. 


A sphere of radius r has volume V = (4/3)zr°. The width of the sphere is twice the radius, so 
w = 2r. Therefore r = w/2, and 


A cylinder with radius r and height h has volume V = mr2h. As before we have r = w/2, and, 
since the height is equal to the diameter, we also have h = w, so 


2 
V=nr’h=n(=) io = ie 


Example5 


Solution 


The surface area of a closed cylinder of radius 7 and height h is 
S = nr? + Qarh. 


(a) Write the expression as a power function of 7 or h, if possible. 
(b) If the height is twice the radius, write S as a power function of r. 


(a) We cannot write this expression as a power function of h or r, because there are two terms that 
cannot be combined into either the form S = kr? or the form S' = kh?. 
(b) Since h = 2r, we have 
S = 2Qar? + Qrr - 2r 


= 2nr? + Anr? 


= 6rr?. 


Thus, S is a power function of r, with k = 67, and p = 2. 


Interpreting Expressions for Power Functions 


Example 6 


Solution 


Example 7 


We saw in Section 7.1 that power functions with positive exponents have very different behavior 
from power functions with negative exponents. Sometimes all we need to know in order to answer 
a question about a power function is whether the exponent is positive or negative. 


Which is larger, f(10) or f(5)? 


@ f(A=74 ©) f@=/2 © fwa=vae 


ge 


If p is positive, then 10? > 5”, and if p is negative, then 10? < 5”. Multiplying both sides of these 
inequalities by a positive coefficient k does not change them. 


(a) Here exponent p = 3 and the coefficient k = 7 are both positive, so f(10) > f(5). 
(b) We have 


25) 25) 5 
fle) = = =a ee 
x Ves 3/2 


Since the exponent is negative, we have 10~9/? < 5~9/?, so f (10) < f(5). 


(c) We have 
i@) = V3u3 = V3V U8 = 3)/2u3/?. 


Since both the coefficient and the exponent are positive, f(10) > f(5). 


The following example shows how to interpret power functions that have a negative coefficient. 


Which is larger, f(0.5) or f (0.25)? 
—4 aye 


(a) f(t)=— (b) flr) = ap 


<= 


Solution 


Example 8 


Solution 


Example 9 


Solution 


Since 0.5 > 0.25, we have 0.5? > 0.25? if p is positive, and 0.5? < 0.25? if p is negative. However, 
these inequalities are reversed if we multiply both sides by a negative coefficient k. 


(a) We have 
f(t) = —4¢71/3, 


with coefficient —4 and exponent —1/3. Since the exponent is negative, we have 0.5~ 1/3 < 
C25m) Multiplying both sides by the negative number —4 reverses the direction of this in- 
equality, so f(0.5) > f (0.25) (both numbers are negative, and f (0.5) is closer to zero). 
(b) We have 
=f =I 6 1 
= Ss Se PD Se Ve 
i@)= 5,372 a pre. 


Since the exponent 1/2 is positive, we have 0.5!/? > 0.25!/?. Multiplying both sides by —1/5 
reverses the inequality, so (0.5) < f (0.25). 


Although the functions in the next examples are not strictly speaking power functions, the same 
principles apply in interpreting them. 


After ten years, the value, V, in dollars, of a $5000 certificate of deposit earning annual interest x 
is given by 
V = 5000015 2)"”. 


What is the value of the certificate after 10 years if the interest rate is 5%? 10%? 
If the interest rate is 5% then x = 0.05, so 
V = 5000(1 + 0.05)'° = 5000 - 1.05'° = 8144.47 dollars. 
When the interest rate is 10%, we have x = 0.10, so 
V = 5000(1 + 0.10)1° = 5000 - 1.10°° = 12,968.71 dollars. 


Note that since 1.10 > 1.05, we have 1.10!° > 1.0519, so the certificate with the higher interest 
rate has a greater value after 10 years. 


The amount you need to invest for 10 years at an annual interest rate x if you want to have a final 
balance of $10,000 is given by 


P = 10,000(1 + x)~*° dollars. 
How much do you have to invest if the interest rate is 5%? 10%? 


For an interest rate of 5% we have 
P = 10,000(1 + 0.05)~*° = 10,000 - 1.05~*° = 6139.13 dollars. 


When the interest rate is 10% we have 


P =10,000(1 + 0.10)—*° = 10,000 - 1.10~*° = 3855.43 dollars. 


In this case, 1.10 > 1.05, we have 1.10~!° < 1.05~!°, so the certificate with the higher interest 
rate requires a lower initial investment. 


Exercises and Problems for Section 7.2 
EXERCISES 


Are the functions in Exercises 1-6 power functions? 


1. y= 142 2. y= 12-14" 
3. y = 32° + 22? 4. y = 2/(2°) 
5. y= 2/2 6. y = V4a4 


MiIn Exercises 7-16, write the expression as a constant times 
a power of a variable. Identify the coefficient and the expo- 
nent. 


7. 3./p 8. V2b 
A 10. V2 
Vz Sz 
x 1 i 
ll. ——,r>0 1, | 
AV x? 5,/x£ 
3 8 2 
13. #/— 14. (2V/z)x 
6 
15. v3, 16. V V4 


Min Exercises 17-30, can the expression be written in the 
form ka”? If so, give the values of & and p. 


2 1 
17. 3BVE 18. 372 
PROBLEMS 


19, 


21. 


23. 


25. 


27. 


29. 


~ 49 
(7a) 20. \/— 
3 
2 
3x7)3 = | 
(30*) (=) 
1 2 2\2 
y= ea 24. (x* + 327) 
342° 26. V9x® 
(az) 
— 28. (a? + 4x)? 
xa) 
((—22)?)* 30. °/x/8 


Min Exercises 31-36, a and b are positive numbers and a > b. 
Which is larger, f(a) or f(b)? 


31. 


33. 


36. 


3 
f(a) => 32. f(t) = 2 
f(r) = 2 34, f(t) = —3¢? (=26°)" 
| F(v) = —5 ((-20)?)” 


f(a) =2¥e4+3V03 


MiIn Problems 37-48, what is the exponent of the given power 
function? Which of (I)-(IV) in Figure 7.18 best fits its 
graph? Assume all constants are positive. 


(I) (Il) 


(Ill) (IV) 


— 
a 


Figure 7.18 


37. 


38. 


39. 


40. 


The heart mass, H, of a mammal as a function of its 
body mass, B: 
H=kB. 


The number of species, NV, on an island as a function 
of the area, A, of the island: 


N=kVA. 
The energy, E, of a swimming dolphin as a function of 
the speed, v, of the dolphin: 
E=av’. 
The strength, S, of a beam as a function of its thick- 


ness, h: 
S = bh’. 


41. The average velocity, v, on a trip over a fixed distance 
das a function of the time of travel, t: 


42. The surface area, S, of a mammal as a function of the 
body mass, B: 
S=kB”. 


43. The number of animal species, N, of a certain body 
length as a function of the body length, L: 


44. The circulation time, 7, of a mammal as a function of 
its body mass, B: 


T=MVB. 


45. The weight, W, of plaice (a type of fish) as a function 
of the length, L, of the fish: 


a 3 
=—-L. 
ee b 


46. The surface area, s, of a person with weight w and 
height / as a function of w, if height h is fixed: 


a 0.01w??° po? 


47. The judged loudness, J, of a sound as a function of the 
actual loudness L: 


J=alL?, 


48. The blood mass, 1/7, of a mammal as a function of its 
body mass, B: 
M=kB. 


WGiven that each expression in Problems 49-52 is defined 
and not equal to zero, state its sign (positive or negative). 


49. —(b—1)? 50. c/—c 


Si. (i e")’ = 1 52. w/—0 + vvow 


53. The perimeter of a rectangle of length / and width w is 
P=21+4 2w. 


(a) Write the expression as a power function of / or w, 
if possible. 

(b) If the length is three times the width, write P as 
a power function of w and give the values of the 
coefficient & and the exponent p. 


54. A window is in the shape of a square with a semicircle 
on top. If the side of the square is / feet long then the 
area of the glass sheet in the window is 


2,7 (1 : 2 
A=P+5(5) 8. 
(a) Is A a power function of /? If so, identify the co- 
efficient & and the exponent p. 
(b) Without computing the area, say whether the area 
is larger when / = 1.5 feet or when / = 2.5 feet. 
Explain your answer in algebraic terms. 


55. The side length of an equilateral triangle of area A is 


Write s as a power function of A and identify the coef- 
ficient and the exponent. 


Min Problems 56-65, a and x are positive. What is the ef- 


fect of increasing a on the value of the expression? Does the 
value increase, decrease, or remain unchanged? 


2 
56. ae) 57. (ax)? +? 
a 
2 
5g, (02) 59. a” 
a 
60. 61. c+at 
a7 
62. a°x 63. c+ = 
a 
4 1/3 
? ees 65, (2%) 


BIA certificate of deposit is worth P(1 +7)‘ dollars after ¢ 


years, where r is the annual interest rate expressed as a 
decimal, and P is the amount initially deposited. In Prob- 
lems 66-68, state which investment will be worth more. 


66. Investment A, in which P = $7000, r = 4%, and 
t = 5 years or investment B, in which P = $6500, 
r = 6% and t = 7 years. 


67. Investment A, in which P = $10,000, r = 2%, and 
t = 10 years or investment B, in which P = $5000, 
r = 4%, and t = 10 years. 


68. Investment A, in which P = $10,000, r = 3%, and 
t = 30 years or investment B, in which P = $15,000, 
r = 4%, and t = 15 years. 


69. A town’s population in thousands in 20 years is given 


by 15(1 + x), where x is the growth rate per year. 
What is the population in 20 years if the growth rate is 


earth weighs 2880/r? Ibs, and the surface of the earth 
is 4000 miles from the center. 


(a) If the astronaut is h miles above the surface of the 


(a) 2%? 


70. An astronaut r thousand miles from the center of the 


(b) 7%? (ec) —5%? 


earth, express r as a function of h. 
(b) Express her weight w in pounds as a function of h. 


7.3 SOLVING POWER EQUATIONS 


Example 1 


Solution 


In Example | on page 186 we considered the braking distance of an Alfa Romeo traveling at v mph, 
which is given, in feet, by 
Braking distance = 0.036”. 


Suppose we know the braking distance and want to find v. Then we must solve an equation. 
At the scene of an accident involving an Alfa Romeo, skid marks show that the braking distance is 
270 feet. How fast was the car going when the brakes were applied? 
Substituting 270 for the braking distance, we have the equation 
270 = 0.036". 
To find the speed of the car, we solve for v. First, we isolate v by dividing both sides by 0.036: 


270 
2 _e—_—-— = 
oS iaG 7500. 


Taking the square root of both sides, we get 
U—=Ey 7000! 


Since the speed of the car is a positive number, we choose the positive square root as the solution: 


v = V 7500 = 86.603 mph. 
We see that the car was going nearly 87 mph at the time the brakes were applied. 
Notice that in Example 1, we introduced a new operation for solving equations, taking the 


square root of both sides. Taking the square root of both sides of an equation is different from the 
other operations we have looked at since it leads to two equations. 


Taking the square root of both sides of an equation leads to two equations, 


Vv Left side = \/Right side and wvVLeft side = —./Right side. 


The same is true of any even root. 


For example, taking the square root of both sides of the equation 
x? =9 
leads to the two equations 
e=+V/9=+3 and a=—V9 = -3. 


As in Example 1, we often combine the two possibilities using the + symbol, and write x = + 


T 
a 


Example 2 For the cube, sphere, and cylinder in Example 3 on page 187, find the width w if the volume is 
10 ft?. See Figure 7.19. 


Your 
——— 
W 
Figure 7.19 
Solution For the cube the volume is V = w?, so we must solve the equation 
die = 10) 


Taking the cube root of both sides, we get 
esl 


For the sphere, the volume is V = (7/6)w?, so we must solve 


Lees 
—w” = 10 
act 
oe ere 
Wess =a 
T 
Similarly, for the cylinder we solve 
Tut = 10 
4 A 
i Se 
4 
Sn 
T 


Taking the cube root of both sides of an equation does not create the same problems as taking the 
square root, since every number has exactly one cube root. 


Example 3 An astronaut’s weight in pounds is inversely proportional to the square of her distance, r, in thou- 
sands of miles, from the earth’s center and is given by 


2880 
Weight = f(r) = ——. 


r 


Find the distance from the earth’s center at the point when the astronaut’s weight is 100 lbs. 


Solution 


Since the weight is 100 lbs, the distance from the earth’s center is the value of r such that 100 = 


f(r), so 


100 = mile 

- 
100r? = 2880 
r? = 28.8 


r = £V 28.8 = +5.367 thousand miles. 


We choose the positive square root since r is a distance. When the astronaut weighs 100 Ibs, she 
is approximately 5367 miles from the earth’s center (which is about 1367 miles from the earth’s 
surface). 


How Many Solutions Are There? 


Example 4 


Notice that in Examples | and 3 the equation had two solutions, and in Example 2 the equation had 
only one solution. In general, how many solutions can we expect for the equation x? = a? In what 
follows we assume the exponent p can be either a positive or negative integer, but not zero. 


Two Solutions 


When we have an equation like x? = 5 or 24 = 16, in which an even power of z is set equal to 
a positive number, we have two solutions. For instance, x* = 16 has two solutions, x = 2 and 
x = —2, because (—2)* = 24 = 16. See Figure 7.20. 

In general, if p is an even integer (other than zero) and a is positive, the equation 


xvP=a 
has two solutions, x = a!/? and x = —a!/?. 
Find all solutions for each equation. 
(a) «a? = 64 (b) a —64 (@) a4 = 64 @) a. —64 


Figure 7.20: Solutions to z* = 16 


Solution 


Example5 


(a) We take square roots of both sides. Because there are two numbers whose square is 64, there 
are two solutions, 8 and —8. 
(b) We take the fourth root of both sides and get 


a = +(64)!/4 = +(2%)1/4 = +99/4 — 4094/4 97/4 — 49,/9, 


(c) Multiplying both sides by x, we get 


1 = 642? 
1 2 
6h 0 
ae! 
eames 


(d) We can use the same method as in part (c), or we can simply raise both sides to the —1/4 power: 


il 1 
= +6471/4 = 4_—_ = + _. 

= 641/4 D) Ao 
One Solution 
When we have an equation like x? = 8 or x° = —2, in which an odd power of x is set equal to a 
number (positive or negative), we have one solution. For instance, x? = 8 has the solution x = 2, 
because 2? = 8, and x? = —8 has the solution z = —2, because (—2)? = —8. See Figure 7.21. 

In general, if p is odd, 
x? =a 


has one solution, 7 = a‘/P. There is another situation when the equation x? = a has one solution, 
and that is if a = 0. In that case there is just the one solution x = 0. 


Find all solutions for each equation. 
Gs = —7138 (Ber — rs (Cee =i) 


Figure 7.21: Solutions to x? = 8 and z*? = —8 


Solution 


Example 6 


Solution 


Example 7 


Solution 


(a) Since p = 5 is odd, there is one solution: x = ¥/—773 = —3.781. 

(b) Since p = 4 is even and a = 773 is positive, there are two solutions, 7 = W773 = 5.273 and 
C= —V/ 113 = —5.273: 

(c) Since a = 0, there is one solution, x = 0. 


No Solutions 


2 


Since we cannot take the square root of a negative number, the equation x —64 has no solutions. 


In general, if p is even and a is negative, then the equation 


ve =a 


has no solutions. There is another situation when the equation x? = a has no solution, and that is if 
p is negative and a = 0. 


How many solutions are there to each of the following equations? 
(a) —773 = 222° (b) —773 = 222? 
(CO) iB ee OWS ee 


(a) Since the exponent is odd, there is one solution. 

(b) Since the exponent is even and —773/22 is a negative number, there are no solutions. 
(c) Since the exponent is even and 773/22 is a positive number, there are two solutions. 
(d) Since 0/22 is 0, there is one solution. 


A $5000 certificate of deposit at an annual interest rate of r yields 5000(1 + r)!° after 10 years. 
What does the equation 5000(1 + r)!° = 10,000 represent? How many solutions are there? Which 
solutions make sense in practical terms? 


We know that 5000(1 + 7)1° represents the value of the certificate after 10 years. So the solution to 
the equation 
5000(1 + r)'° = 10,000 


represents the interest rate at which the certificate will grow to $10,000 in 10 years. To solve the 
equation, we divide both sides by 5000 to get 


10,000 
1 1D = 
Cee) 5000.” 


then take 10‘ roots to get 
lt+r=+V2 
r=-1+ V2. 
Since \/2 = 1.0718, there are two possible values for r, 
PS =l 10S = O00 ancl pal — 10s = —2071e. 


Since r represents an interest rate, it must be positive, so only the first solution makes sense. The 
interest rate needed to double the value in 10 years is r = 0.0718, or 7.18%. 


Equations Involving Fractional Powers 


Example 8 


Solution 


In previous chapters we considered the operations of adding a constant to both sides and multiplying 
both sides by a nonzero constant. These operations produce an equivalent equation, because they do 
not change whether two numbers are equal or not. 

In this chapter we have introduced new operations, such as squaring both sides, which can 
change the equality or inequality of two numbers. For example, the two numbers 2 and —2 are 
unequal before squaring, but both equal to 4 after squaring. The same problem can arise in raising 
both sides of an equation to any even power. These operations can lead to extraneous solutions: 
solutions to the new equation obtained by squaring both sides which are not solutions to the original 
equation. Whenever we use these operations, we have to check all solutions by substituting in the 
original equation. 


Solve each of the following equations: 


(a) Vi+9=21 (b) vi+21—=9 
(c) 2A!/5 = 10 


(a) We solve for Vt and then square both sides: 


Vt+9=21 
vi = 12 
ey Se 

t= 144, 


We check that 144 is a solution: ¥144 + 9 = 12+ 9 = 21. 
(b) Proceeding as before, we solve for /t and then square both sides: 


Vi+21=9 
vt =—-12 
(vt)? = (-12)? 
ale 
However, in this case 144 is not a solution: 144 + 21 = 12 + 21 = 33 F 9. We could have 


noticed this without solving the equation, since /t is always positive, so /t + 21 cannot be 9. 
(c) The first step is to isolate the A!/°. We then raise both sides of the equation to the fifth power: 


2Al 0) 
APS 
(guy —55 
A= SiS, 


Checking A = 3125 in the original equation, we get 


2(3125)1/5 = 2(55)1/5 — 2.5 = 10. 


In Example 8(b), something strange happened. Although we started out with an equation that 


had no solutions, we ended up with t = 144. This is because we used the operation of squaring both 
sides, which produced an extraneous solution. When we raise both sides of an equation to an even 
power, it is possible to get an equation that is not equivalent to the original one. 


Summary: Using Powers and Roots to Solve Equations 


We offer the following summary about solving equations involving powers and roots. In general: 


e Taking the square root of both sides of an equation leads to two equations, 
VLeft side = \/Right side and WLeft side = —,/Right side. 


Similarly, taking any even root of both sides of an equation leads to two equations. 


e Squaring both sides of an equation can lead to extraneous solutions, so you have to check 
your solutions in the original equation. The same rules apply for any even exponent, such 
as 4,6,.... 


e For odd exponents such as 3, 5, ..., or odd roots, there is no problem. Taking the cube 
root of or cubing both sides of an equation leads to an equivalent equation. 


Exercises and Problems for Section 7.3 


EXERCISES 
WiIn Exercises 1-21, solve the equation for the variable. Win Exercises 22-26, solve the equation for the indicated vari- 
able. Assume all other letters represent nonzero constants. 
1, 2 = 50 2. 22? = 8.6 7 : 
22. y= ka“, for x 23. A= $nr?, forr 
S721) 3 = 
3.45001 4. dw" +7=0 24. L = kB?D®, for D 25. y?a? = (3y”)?, for x 
5. 274+5=0 6. 2b*-11=81 7 
26. w= any), for x. 
7. /a-2=7 8. 37/7+1=16 
9. /y-2=11 10. Y2y-1=9 WWithout solving them, say whether the equations in Exer- 
— 7 . _ cises 27-42 have 
id ica ae Sh Mare (i) One positive solution (ii) One negative solution 
13. (3c— 2)? -—50=100 14. 24 = 54a? (iii) One solution at z = 0 (iv) Two solutions 
i 4 (v) Three solutions (vi) No solution 
15. 2p? +64=0 16. rl =] Give a reason for your answer. 
1 27. 2 =5 28. 2° =3 29. «7 =5 
17. 16-—- — =0 18. Vr? 4+ 144 = 13 
ie 30.2" =0 31. 2? = -9 32. 2° = —9 
4 (a 1/3 
——— 20. 1VE—2/z = Fe 33. x* = —16 34. x = —9 0° =2 
Va 36. 0/3 =-2 37. 0/2212 38, a? = 12 
1. wa./= 3.2 S4 40. 27? =4 41. c 3? =-8 


Min Exercises 43-48, what operation transforms the first 
equation into the second? Identify any extraneous solutions 


and any solutions that are lost in the transformation. 


43. J/x+4=a2-2 44, t+1=1 
x+4= (2-2) (t+1)?=1 


PROBLEMS 


49. The equation 


50. 


51. 


52. 


53. 


54. 


55. 


zV8—-x2=5 


has two solutions. Are they positive, zero, or negative? 
Give an algebraic reason why this must be the case. 
You need not find the solutions. 


The volume of a cone of height 2 and radius r is 
V= oar. What is the radius of such a cone whose 
volume is 377? 


Let V = s° give the volume of a cube of side length s 
centimeters. For what side length is the cube’s volume 
27 cm?? 


A city’s electricity consumption, F, in gigawatt-hours 
per year, is given by F = 0.15p~3/?, where p is the 
price in dollars per kilowatt-hour charged. What does 
the solution to the equation 0.15p~°/ ? — 2 represent? 
Find the solution. 


The surface area, S, in cm”, of a mammal of mass MZ 
kg is given by S = kM 2/3 where k depends on the 
body shape of the mammal. For people, assume that 
k = 1095. 


(a) Find the body mass of a person whose surface area 
is 21,000 cm?. 

(b) What does the solution to the 
1095M?/* = 30,000 represent? 

(c) Express M in terms of S. 


equation 


Solve each of the following geometric formulas for the 
radius r. 


(a) The circumference of a circle of radius r: C = 
2rr. 

(b) The area of a circle of radius r: A = mr. 

(c) The volume of a sphere of radius r: Vo = 
(4/3)rr’. 

(d) The volume of a cylinder of radius r and height h: 
V =arh. 

(e) The volume of a cone of base radius r and height 
h: V = (1/3)rr?h. 


The volume of a cone of base radius r and height h is 
(1/3)mr?h, and the volume of a sphere of radius r is 


45. r24+3r =r 46. (2x)? = 16 
r+3=7 22 = 4 
ee a oa Oe ae 
p p x+l1 x+1 
3p—-l=p-1 22 =x£2+1-2 


56. 


57. 


58. 


(4/3)rr?. Suppose a particular sphere of radius r has 
the same volume as a particular cone of base radius r. 


(a) Write an equation expressing this situation. 
(b) What is the height of the cone in terms of r? 


When P dollars is invested at an annual interest rate r 
compounded once a year, the balance, A, after 2 years 
is given by A= P(1+r)?. 


(a) Evaluate A when r = 0, and interpret the answer 
in practical terms. 

(b) If ris between 5% and 6%, what can you conclude 
about the percentage growth after 2 years? 

(c) Express r as a function of A. Under what circum- 
stances might this function be useful? 

(d) What interest rate is necessary to obtain an in- 
crease of 25% in 2 years? 


The balance in a bank account earning interest at r% 
per year doubles every 10 years. What is r? 


How can you tell immediately that the equation 7 + 
5./z = —4 has no solutions? 


Win Problems 59-70, decide for what values of the constant 
A the equation has 


(a) The solution t = 0 (b) A positive solution 

(c) A negative solution 

59. =A 60. 7 =A 61. (-t)? =A 
62. (-t)'=A 63. = A? 64. ¢*4 = A? 
65.t*=—-A? 66.0? =-A® 67.8 +1=A 
68. At? +1=0 69. At? =0 70. A??? +1=0 


A (if any) the equation has 


(a) The solution x = 1 
(c) No solution 


71. 427 =A 
73. —47? = A 


Win Problems 71-74, decide for what value(s) of the constant 


(b) A solution x > 1 


72. 427° =A 
74. 4c-7 = A 


75. Figure 7.22 shows two points of intersection of the 76. Figure 7.23 shows two points of intersection of the 


graphs of y = 1.3a3 and y = 1202. graphs of y = 0.2a° and y = 1000z”. 

(a) Use a graphing calculator to find the x-coordinate (a) Use a graphing calculator to find the x-coordinate 
of the nonzero point of intersection accurate to one of the nonzero point of intersection accurate to one 
decimal place. decimal place. 

(b) Use algebra to find the nonzero point of intersec- (b) Use algebra to find the nonzero point of intersec- 
tion accurate to three decimal places. tion accurate to three decimal places. 

y y = 1.30 y y = 0.2a° 
3000 600,000 y = 1000x? 
y = 120x i 
L. i 
20 25 
Figure 7.22 Figure 7.23 


7.4 MODELING WITH POWER FUNCTIONS 


Example 1 


Solution 


In Example | on page 186, an Alfa Romeo’s braking distance as a function of velocity is given 
by f(v) = 0.036v?. How does the engineer testing the car find the function? Often we model 
a phenomenon with a family of functions such as f(v) = kv”, and find the parameter k using 
experimental data. For example, if a test drive shows that the braking distance at 35 mpg is 44 ft, 
then we know f (35) = 44, so we can solve k(35)? = 44 for k and get k = 44/357 = 0.036. 


Find a formula for y in terms of x. 
(a) The quantity y is proportional to the fourth power of x, and y = 150 when x = 2. 
(b) The quantity y is inversely proportional to the cube of x, and y = 5 when x = 3. 
(a) We have y = ka*. We substitute y = 150 and x = 2 and solve for k: 
y = ka 
150k) 
ee OY oes, 


The formula is 


y = 9.3752. 
(b) We have y = k/x°*. We substitute y = 5 and x = 3 and solve for k: 

k 

uy ie 
k 

= 38 

pS ee =i, 

The formula is 
)- 85 


The Period of a Pendulum 


The period of a pendulum is the time it takes to make one full swing back and forth. As long as the 
pendulum is not swinging too wildly the period depends only on the length of the pendulum. 


Example 2 A pendulum’s period P, in seconds, is proportional to the square root of its length L, in feet. If 
a 3 foot pendulum has a period of 1.924 seconds, find the constant of proportionality and write 
P = f(L) as a power function. 


Solution Since P is proportional to the square root of L, we have 


P= f(L) =kVL = kL. 


To find k, we substitute J = 3 and P = 1.924: 


P=kLi/? 
1.924 = k(31/?) 
1.924 
Peep = 


So 
P= f(L)=1.111L)/?, 


Once we have obtained a model using data, we can apply it to other situations. 


Example 3 The length of Foucault’s pendulum, built in 1851 in the Panthéon in Paris, is 220 feet. Find the 
period of Foucault’s pendulum. 


Solution We substitute L = 220 and see that P = 1.111(220'/?) = 16.48 seconds. 


What If We Do Not Know the Power? 


In Example 2 we are given the power of L that P is proportional to, L!/?. But what if we are looking 
for a power function without knowing what the power is? For example, in biology, scientists often 
look for power functions to describe the relationship between the body dimensions of individuals 
from a given species. Table 7.3 relates the weight, y, of plaice (a type of fish) to its length, z.! 


Table 7.3 Are length and weight of fish proportional? 


Length (em), 
Weight (gm), y 363 


We want to model the relationship between y and x by a power function, y = kx?. 


' Adapted from R. J. H. Beverton and S. J. Holt, “On the Dynamics of Exploited Fish Populations”, in Fishery Investiga- 
tions, Series II, 19, 1957. 


Example 4 


Solution 


Example 5 


Solution 


Example 6 


Show that the data in Table 7.3 does not support the hypothesis that y is directly proportional to x. 


If one quantity y is directly proportional to another quantity x, then y = ka, and so k = y/«. This 
tells us that the ratio of the first quantity to the second quantity is the constant value k. So to test the 
hypothesis we see if the ratios y/a are approximately constant: 

332 363 391 


Since the ratios do not appear to be approximately constant, we conclude that y is not proportional 
tora. 


Similarly, if one quantity y is proportional to a power of another quantity, x, then we have 
y =ka?, for some p. 
We can solve for k to obtain 


k= 


xP 


In this case, the ratio of y to the p'* power of x is a constant. 


If y is proportional to x?, then the ratio y/x? is constant. 


Determine whether the data in Table 7.3 supports the hypothesis that the weight of a plaice is 
approximately proportional to the cube of its length. 


To see if weight y is proportional to the cube of length x, we see if the ratios y/a* are approximately 
constant. To three decimal places, we have 


332 363 391 419 
Aa a 0.009, aaa 0.009, ARSE 0.009, Gah = 0.009, 


and so on for the other ratios. To three decimal places, all the ratios y/x? are the same, so weight is 
approximately proportional to the cube of its length, with constant of proportionality 0.009. 


The same method can be used to determine if one quantity is inversely proportional to a positive 
power of another quantity. 


Using Table 7.4, show that y could be inversely proportional to x. 


Table 7.4 


2) ee Ee Eee ess) 
y 


Solution 


2 


If y is inversely proportional to x? then it is proportional to 2~?, so y = kx~?. We calculate y/a~? 


to see if this ratio is constant. We have: 


21,600 5400 2400 
i=2 = 21,600 5 = 21,600 [> = 21,600 
1350 864 600 


We see that the ratio is constant: 21,600. Therefore y = 21,600z~?. 


The Behavior of Power Functions 


Example 7 


Solution 


Example 8 


Understanding power functions can help us predict what happens to the value of the output variable 
when we change the input. If y is directly proportional to x, then doubling the value of x doubles the 
value of y, tripling the value of x triples the value of y, and so on. What happens if y is proportional 
to a power of x? 


What happens to the braking distance for the Alfa Romeo in Example | on page 186: 


(a) If its speed is doubled from v = 20 mph to 40 mph? From 30 mph to 60 mph? 
(b) If the speed is tripled from 10 mph to 30 mph? From 25 mph to 75 mph? 


(a) If the speed doubles from v = 20 mph to 40 mph, then the braking distance increases from 
0.036(20)? = 14.4 ft to 0.036(40)? = 57.6 ft. Taking ratios, we see that the braking distance 


increases by a factor of 4: 
57.6 ft 


(aa 


Likewise, if the speed doubles from v = 30 mph to 60 mph, the braking distance increases from 
32.4 ft to 129.6 ft. Once again, this is a fourfold increase: 


129.6 ft _ 
32.4 ft 


(b) If the speed triples from v = 10 mph to 30 mph, the braking distance increases from 3.6 ft to 
32.4 ft. If the speed triples from 25 mph to 75 mph, the braking distance increases from 22.5 ft 
to 202.5 ft. In both cases the braking distance increases by a factor of 9: 


S24 ft 202.5 ft 
3.6ft 22.5ft 


Notice that in each case in Example 7(a), multiplying the speed by 2 multiplies the braking 
distance by 4 = 2?, and in each case in Example 7(b), multiplying the speed by 3 multiplies the 
braking distance by 9 = 37. Doubling the speed quadruples the braking distance, while tripling the 
speed multiplies the braking distance by 9. Examples 8 and 9 show why this is true algebraically. 


For the Alfa Romeo in Example 1 on page 186, what does the expression 0.036(2v)? represent 
in terms of braking distance? Write this expression as a constant times 0.036v7. What does your 
answer tell you about how braking distance changes if you double the car’s speed? 


The expression 0.036v? represents the braking distance of an Alfa Romeo traveling at v mph, so the 


expression 0.036(2v)? represents the braking distance if the car’s speed is doubled from v to 2v. 


New braking distance = 0.036(2v)” = 0.036 - 27? = 4(0.036v7) 
= 4. Old braking distance. 


So if the car’s speed is doubled, its braking distance is multiplied by 4. 


Solution 

We have 
Example 9 

tripled? 
Solution 


What happens to the braking distance if the speed of the Alfa Romeo in Example | on page 186 is 


If the original speed is v, then after being tripled the speed is 3v, so 


New braking distance = 0.036(3v)” = 0.036 - 37? = 9(0.036v”) 
= 9- Old braking distance. 


So if the car’s speed is tripled, its braking distance is multiplied by 9. 


Exercises and Problems for Section 7.4 
EXERCISES 


MiIn Exercises 1-4, write a formula for y in terms of x if y 
satisfies the given conditions. 


1. Proportional to the 5‘” power of x, and y = 744 when 
n= 2. 


2. Proportional to the cube of x, with constant of propor- 
tionality —0.35. 


3. Proportional to the square of x, and y = 1000 when 
x=od. 


4. Proportional to the 4°" power of w, and y = 10.125 
when x = 3. 


5. Find a formula for s in terms of t if s is proportional to 
the square root of t, and s = 100 when t = 50. 


6. If A is inversely proportional to the cube of B, and 
A = 20.5 when B = —4, write A as a power function 
of B. 


7. Suppose c is directly proportional to the square of d. If 
c = 50 when d = 5, find the constant of proportional- 
ity and write the formula for c in terms of d. Use your 
formula to find c when d = 7. 


8. Suppose c is inversely proportional to the square of d. 
If c = 50 when d = 5, find the constant of proportion- 


ality and write the formula for c in terms of d. Use your 
formula to find c when d = 7. 


MiIn Exercises 9-12, write a formula representing the func- 
tion. 


9. The strength, S, of a beam is proportional to the square 
of its thickness, h. 


10. The energy, F, expended by a swimming dolphin is 
proportional to the cube of the speed, v, of the dolphin. 


11. The radius, 7, of a circle is proportional to the square 
root of the area, A. 


12. Kinetic energy, K, is proportional to the square of ve- 


locity, v. 


MiIn Exercises 13-16, what happens to y when x is doubled? 
Here k is a positive constant. 


13. y = ka? 14. Go 

x 

15. cy=k 16. L=k 
x 


PROBLEMS 


17. 


18. 


19. 


20. 


The thrust, 7’, in pounds, of a ship’s propeller is pro- 
portional to the square of the propeller speed, R, in ro- 
tations per minute, times the fourth power of the pro- 
peller diameter, D, in feet.” 


(a) Write a formula for T in terms of R and D. 

(b) If R = 300D for a certain propeller, is T a power 
function of D? 

(c) If D= 0.25VR for a different propeller, is Ta 
power function of R? 


Poiseuille’s Law gives the rate of flow, R, of a gas 
through a cylindrical pipe in terms of the radius of the 
pipe, r, for a fixed drop in pressure between the two 
ends of the pipe. 


(a) Find a formula for Poiseuille’s Law, given that the 
rate of flow is proportional to the fourth power of 
the radius. 

(b) If R = 400 cm?/sec in a pipe of radius 3 cm for 
a certain gas, find a formula for the rate of flow of 
that gas through a pipe of radius r cm. 

(c) What is the rate of flow of the gas in part (b) 
through a pipe with a 5 cm radius? 


The circulation time of a mammal (that is, the aver- 
age time it takes for all the blood in the body to circu- 
late once and return to the heart) is proportional to the 
fourth root of the body mass of the mammal. 


(a) Write a formula for the circulation time, TJ’, in 
terms of the body mass, B. 

(b) If an elephant of body mass 5230 kilograms has a 
circulation time of 148 seconds, find the constant 
of proportionality. 

(c) What is the circulation time of a human with body 
mass 70 kilograms? 


When an aircraft takes off, it accelerates until it reaches 
its takeoff speed V. In doing so it uses up a distance R 
of the runway, where RF is proportional to the square 
of the takeoff speed. If V is measured in mph and R 
is measured in feet, then 0.1639 is the constant of pro- 
portionality.° 


(a) A Boeing 747-400 aircraft has a takeoff speed of 
about 210 miles per hour. How much runway does 
it need? 

(b) What would the constant of proportionality be if 
R was measured in meters, and V was measured 
in meters per second? 


21. Biologists estimate that the number of animal species 
of a certain body length is inversely proportional to the 
square of the body length.* Write a formula for the 
number of animal species, NV, of a certain body length 
in terms of the length, L. Are there more species at 
large lengths or at small lengths? Explain. 


Min Problems 22-25, find possible formulas for the power 
functions. 


* sfphPis *= 4 
ylo|2{s]is y 64 
24. 


25. 


26. The volume V of a sphere is a function of its radius r 
given by 


ay me 2 (b) Fing £7) 


f(r)” far) 


(c) What do you notice about your answers to (a) and 
(b)? Explain this result in terms of sphere volumes. 


27. The gravitational force F’ exerted on an object of mass 
m at a distance r from the Earth’s center is given by 


F=g(r)=kmr~’, k, m constant. 
na (35) ing 27) 
(a) Find an) (b) Find 9(10r): 


(c) What do you notice about your answers to (a) and 
(b)? Explain this result in terms of gravitational 
force. 


2Thomas C. Gillner, Modern Ship Design (US Naval Institute Press, 1972). 
3 Adapted from H. Tennekes, The Simple Science of Flight (Cambridge: MIT Press, 1996). 
4US News & World Report, August 18, 1997, p. 79. 


28. 


29. 


30. 


31. 


32. 


33. 


A square of side x has area x”. By what factor does the 
area change if the length is 
(a) Doubled? 

(c) Halved? 


(b) Tripled? 

(d) Multiplied by 0.1? 

A cube of side x has volume x*. By what factor does 
the volume change if the length is 

(a) Doubled? (b) Tripled? 

(c) Halved? (d) Multiplied by 0.1? 

If the radius of a circle is halved, what happens to its 
area? 


If the side length of a cube is increased by 10%, what 
happens to its surface area? 


If the side length of a cube is increased by 10%, what 
happens to its volume? 


Figure 7.24 shows the life span of birds and mammals 
in captivity as a function of their body size.> 


average lifespan (yr) 


60 birds 
40 
mammals 
20 
mass (kg) 
10 20 30 
Figure 7.24 


(a) Which mammals live longer in captivity, large 
ones or small ones? If a bird and a mammal have 


34. 


35. 


36. 


37. 


the same size, which has the greater life span in 
captivity? 

(b) What would you expect the life span to be for a 
body size of 0 kg? For each of the body sizes 10, 
20, 30, 40 kg, estimate the life span for birds and 
mammals, and then use these estimates to plot bird 
life span as a function of mammal life span. Use 
this graph to support the statement that in captiv- 
ity “birds tend to live more than twice as long as 
mammals of the same size”. 

(c) The graphs come from the experimentally de- 
rived estimates Lay = 11.8W°?° and Lg = 
28.3W?!?, where Las and Lz are the life spans 
of the mammals and birds, and W is body size. 


(i) Solve each formula for W and show that 


Lu \°% 
Lp = 28.3 (=) . What does this 
have to do with the graph you produced in 


part (b)? 

(ii) Clearly Lar = Le when W = 0. Is there 
another value of W that makes Lay = Lp? 
What does this mean in terms of the life spans 
of birds and mammals? Is this realistic? 


If z is proportional to a power of y and y is proportional 
to a power of x, is z proportional to a power of x? 


If z is proportional to a power of x and y is propor- 
tional to the same power of x, is z + y proportional to 
a power of x? 


If z is proportional to a power of x and y is proportional 
to a power of x, is zy proportional to a power of x? 


If z is proportional to a power of x and y is propor- 
tional to a different power of x, is z+ y proportional to 
a power of x? 


REVIEW EXERCISES AND PROBLEMS FOR CHAPTER 7 


EXERCISES 


MiIn Exercises 1-12, is the function a power function? If it is 
a power function, write it in the form y = ka? and give the 
values of k and p. 


3 3 
= 2. 2.y4= gee 
v= = y =5/e y= = 
y = 2° 5. eee 6. y = (32°)? 
WE 
28 8 y=3-5" 9. y = (52)3 
aa y= - y= (5x 


10. 


13. 


8 x 
=— ll. y= = 12. y= 3a7+4 
y 7 Yy 5 y = 3a°+ 


Min Exercises 13-24, write each expression as a constant 
times a power of the variable, and state the base, exponent 
and coefficient. 


125° 
25v3 


=i 3 
= 14, (—2t) 15. 


5 Adapted from K. Schmidt-Nielsen, Scaling, Why is Animal Size So Important? (Cambridge: CUP, 1984), p. 147. 


16. snr 17. (42°)(32-7) 18. —z4 
8 2 
we 20. 78 21. 3(—4r) 
5 
22, iz 23. (ma)(ma) 24. ra+7a 


MiIn Exercises 25-30, solve for x, assuming all constants are 
nonzero. 


50 5 
nr a 

Jr r—-3 4 
PROBLEMS 


100 A 
31. Solve the equation — =R 
(a) For Ll (b) ForC 


MiIn Exercises 32-37, say without solving how many solutions 


the equation has. Assume that a is a positive constant. 


32. ec? =a 33. 2? =a 
34. ol/2~a 35. s§ =-a 
36. 3t'® =a 37. 2 =-a 


38. The energy, E, in foot-pounds, delivered by an ocean 
wave is proportional® to the length, L, of the wave 
times the square of its height, h. 


(a) Write a formula for & in terms of L and h. 

(b) A 30-foot high wave of length 600 feet delivers 4 
million foot-pounds of energy. Find the constant 
of proportionality and give its units. 

(c) If the height of a wave is one-fourth the length, 
find the energy E in terms of the length L. 

(d) If the length is 5 times the height, find the energy 
F in terms of the height h. 


39. Poiseuille’s Law tells us that the rate of flow, R, of a gas 
through a cylindrical pipe is proportional to the fourth 
power of the radius, 7, of the pipe, given a fixed drop in 
pressure between the two ends of the pipe. For a certain 
gas, if the rate of flow is measured in cm? /sec and the 
radius is measured in cm, the constant of proportional- 
ity is 4.94. 


(a) If the rate of flow of this gas through a pipe is 500 
cm?/sec, what is the radius of the pipe? 

(b) Solve for the radius r in terms of the rate of 
flow R. 

(c) Is r proportional to a power of R? If so, what 
power? 


40. The energy, E, in foot-pounds, delivered by an ocean 
wave is proportional’ to the length, L, in feet, of the 
wave times the square of its height, h, in feet, with con- 
stant of proportionality 7.4. 


(a) If a wave is 50 ft long and delivers 40,000 ft-lbs 
of energy, what is its height? 

(b) For waves that are 20 ft long, solve for the height 
of the wave in terms of the energy. Put the answer 
in the form h = kE” and give the values of the 
coefficient / and the exponent p. 


41. A quantity P is inversely proportional to the cube of a 
quantity R. Solve for R in terms of P. Is R inversely 
proportional or proportional to a positive power of P? 
What power? 


42. The thrust, 7’, in pounds, of a ship’s propeller is pro- 
portional to the square of the propeller speed, R, in ro- 
tations per minute, times the fourth power of the pro- 
peller diameter, D, in feet.® 


(a) Write a formula for 7’ in terms of R and D. 

(b) Solve for the propeller speed R in terms of the 
thrust T’ and the diameter D. Write your answer 
in the form R = CT” D™ for some constants C, 
n, and m. What are the values of n and m? 

(c) Solve for the propeller diameter D in terms of the 
thrust T’ and the speed R. Write your answer in the 
form D = CT” R™ for some constants C’, n, and 
m. What are the values of n and m? 


©Thomas C. Gillner, Modern Ship Design (US Naval Institute Press, 1972). 
7Thomas C. Gillner, Modern Ship Design, (US Naval Institute Press, 1972). 
8Thomas C. Gillner, Modern Ship Design, (US Naval Institute Press, 1972). 


W Without solving them, say whether the equations in Prob- 
lems 43-56 have a positive solution x = a such that 
(Gi) a>l (ii) a=1 
ii) O<a<l (iv) No positive solution 


Give a reason for your answer. 


43. 22 =2 44, 2? =5 

45. c= 3 46. x = 0.6 

47. 223 =5 48. 527 = 3 

49. 22° = 3 50. 32° = 3 

Sl, 2 =9 52, 0° =F 

53. 82° =3 54, 52-8 = -3 
55. 32° = 8 56. —82-° = —8 


Min Problems 57-59, demonstrate a sequence of operations 
that could be used to solve 4x” = 16. Begin with the step 
given. 

57. Take the square root of both sides. 

58. Divide both sides of the equation by 4. 

59. Divide both sides of the equation by 16. 

60. Which of the following steps is the appropriate next 
step to solve the equation x* + 8 = 64? 


(a) Take the cube root of both sides of the equation 
(b) Subtract 8 from both sides of the equation. 


61. Which of the following equations have the same solu- 
tions as the equation 9x” = 81? 


(a) 3c =9 (b) 9x = +9 
(c) 32 = +9 (d) x? =9 


62. Table 7.5 shows the weight and diameter of various dif- 
ferent sassafras trees.” The researchers who collect the 
data theorize that weight, w, is related to diameter, d, 
by a power model 


w = kd® 


for some constants k and s. 


Table 7.5 Weight and diameter of sassafras trees 


Diameter, d (cm) 23.4 
Weight, w (kg) 169.290 


(a) Plot the data with w on the vertical axis and d on 
the horizontal axis. 

(b) Does your plot support the hypothesis that s = 1? 
Why or why not? 


63. 


64. 


(c) What would a graph of the relationship look like if 
s = 2? What would it look like if s = 3? Does it 
look possible that s = 2 or 3 from your data plot? 

(d) Instead of looking at the plot to decide whether 
8s = 2 isa possibility, look at the data. Add a row 
to Table 7.5 that shows the ratios w/d?. What is 
the overall trend for the numbers in this table: in- 
creasing, decreasing, or roughly the same? What 
should the trend be if s = 2 is the correct value for 
the hypothesis? 

(e) To decide if s = 3 is a possibility, add a row to Ta- 
ble 7.5 that shows the ratio w/d*. How does this 
table behave differently from the one in part (d)? 
What do you conclude about the correct value of s 
for the hypothesis? 

(f) Make your best estimate of the exponent s and the 
constant of proportionality k. 


One of Kepler’s three laws of planetary motion states 
that the square of the period, P, of a body orbiting the 
sun is proportional to the cube of its average distance, 
d, from the sun. The earth has a period of 365 days and 
its distance from the sun is approximately 93,000,000 
miles. 


(a) Find a formula that gives P as a function of d. 

(b) The planet Mars has an average distance from the 
sun of 142,000,000 miles. What is the period in 
earth days for Mars? 


Heap’s Law says that the number of different vocabu- 
lary words V ina typical English text of length n words 
is approximately 


V = Kn? , forconstants kK and (. 


Figure 7.25 shows a typical graph of this function for 
specific values of K and (3. 


4 
10,000 
8000 
6000 
4000 
2000 
| | Ion 
200,000 600,000 1,000,000 


Figure 7.25: Heap’s Law 


(a) For the function graphed, which of the following 
is true: 8 <Oor0<8<lorfB>1? 

(b) Assuming 6 = 0.5 in Figure 7.25, is K closer to 
1, 10, or 100? 


°http://www.yale.edu/fes5 19b/totoket/allom/allom.htm, accessed April 19, 2008. 


SOLVING DRILL 


WiIn Problems 1-30, solve the equation for the indicated variable. 


. x? = 10; for x 

5a? = 32; for x 

4a +1 = 8; for x 

2t° = 74: for t 

5p — 12 = 3p + 8; for p 

. 1.3t + 10.9 = 6.2; for t 

; w/t = 8; fort 

8w? +5 = 30: for w 

. 1.2p* = 60; for p 

. 5.2” — 17.1 = 3.92 + 15.8; for x 

. 2.327 — 4.5 = 6.8; for x 

. 25.60 ° = 83.1; fort > 0 

. 6q° = 15q?; for q 

. 2.da? = 4.607": fore > 0 

. BBP = 40: fort > 0 

. 5(a? — 31) = 27; for x 

. 3.1(¢? + 12.4) = 10; fort 

. 4(s +3) — 7(s + 10) = 25; for s 

. 10(r? — 4) = 18; for r 

. 5.2(¢? + 3.1) = 12; for t 

. ax® = b; forx 

. p’r? — 5p? = 100; for r 

. 5p? + 6q +17 = 84; for p 

. 5p? + 6q +17 = 89; for q 

. 5a(2x + Gy) = 2y(3x + 10); for y 

. 6r?(s? + Srt + 2) = 8rt — 15; for s 
. 6r?(s? + Srt + 2) = 8rt — 15; fort 
. 6,/ay — 32y* + 56y” = 3y(6y? + 5y); for x, assuming x > 0 and y > 0 
._ A+ YBa +C = D3 forx 

. 25VoS?[T] + 10(H? + Vo) = Ao(3V + Vo); for S 
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8.1 DOMAIN AND RANGE 


Often there is a restriction on the numbers a function can take as inputs. For example, the function 
P= f(L)=1.111VL 


from Example 2 on page 213 is not defined if L < 0, since the square root of a negative number is 
not real. Thus the inputs for f are values with L > 0. 


If Q = f(t), then 
e the domain of f is the set of input values, t, which yield an output value. 


e the range of f is the corresponding set of output values, Q. 


For f = L111VZ, the domain is all non-negative numbers. 


Finding the Domain: Evaluating Expressions 


If f is defined by an algebraic expression and no other information is given, we often take the 
domain to be all inputs x for which f(a) is defined. For example, we exclude any input that leads 
to dividing by zero or taking the square root of a negative number. 


Example 1 For each of the following functions, find the domain. 


(@) fe)=—5 &) ole)=—-2 © A@)=VI-e @ Ke)=Vve-1 


~g=2 
Solution (a) Since the expression for f(x) is an algebraic fraction, we watch out for inputs that lead to 
dividing by zero. The denominator is zero when x = 2, 


il 1 
f(2) = =o => 0 = Undefined. 


Any other value of x is allowable, so the domain is all real numbers except x = 2. We sometimes 
write this as 
Domain: all real x F 2. 


(b) Here we have an x in the denominator, so 7 = 0 is a problem: 


1 
GO) = ie 2 = Undefined. 


Any other input is allowable, so 
Domain: all real x F 0. 


(c) Here we need to make sure that we are taking the square root of a number that is positive or 
zero. So we must have 1 — x > 0, which means x < 1. So 


Domain: x < 1. 
(d) This time the order of subtraction under the square root is reversed, so we want x — 1 > 0, 


which means x > 1. So 
Domain: xz > 1. 


Finding the Range: Solving Equations 


If the equation f(t) = —3 has a solution, then the number —3 is an output value of the function /f. 
The range of f is the set of all outputs, so it is the set of numbers k for which the equation f(t) = k 
has a solution. 


Example 2 Find the range of (a) h(a) =5—2 (b) f(t) =3t+5 ©) Gea)=s 


Solution (a) We try to solve the equation h(a) = k, where k is an arbitrary number: 
a — 
5 = Ip slogp 
zt=5-k 


Since k can be any number, we have 
Range: all real numbers. 


(b) The equation 
f(t) =3t+5=k 


always has the solution t = (k — 5)/3, no matter what the value of k. So we have 
Range: all real numbers. 


(c) The output is 5 no matter what the input, so the range consists of the single number 5. 


In general, if m is not zero, the range of a linear function f(a) = b + mz is all real numbers. 


Visualizing the Domain and Range on the Graph 


An input value a for a function f corresponds to a point on the graph with x-coordinate a, and an 
output value b corresponds to a point with y-coordinate b. So the domain of f is the set of all values 
on the input axis for which there is a corresponding point on the graph. For example, Figure 8.1 
shows the graph of k(a) = x — 1, which we saw in Example 1(d) has domain x > 1. The graph 
has no portion to the left of « = 1, starts at (1,0), and has points corresponding to every number to 
the right of x = 1. Similarly, the range is the set of all values on the output axis with a corresponding 
point on the graph, or all real y > 0. 


| x 
1 6 


Figure 8.1: The domain of k(x) = /z — 1 Figure 8.2: Find the domain and range of this 
isx>1 function 


Example 3 


Solution 


Example 4 


Solution 


Estimate the domain and range of the function in Figure 8.2, assuming that the entire graph is shown. 


Since the graph has points with x-coordinates between 1 and 6, these are the x-values for which 
f(a) is defined, so the domain is 1 < x < 6. To estimate the range, we look for the highest and 
lowest points on the graph. The highest point has y = 10, the lowest point has y = 1, and the graph 
appears to have points with every y-value in between, so the range is 1 < y < 10. 


For the function 


(a) Find the domain and range from its graph 
(b) Verify your answer algebraically. 


(a) In Figure 8.3, we see that there is no point (x, y) on the graph with x = 1, because the vertical 
line x = 1 does not intersect the graph. Assuming that the graph keeps leveling out along the 
parts of the x-axis that are not visible, it appears that every other x-value has an associated 
y-value, so the domain is all real numbers x 4 1. 

Similarly, the only y-value that does not correspond to a point on the graph seems to be 
y = 0, since the horizontal line y = 0 does not intersect the graph anywhere. For any other 
value k # 0, the horizontal line intersects the graph, so there is a point on the graph with y = k, 
and therefore & is an output of the function. So the range is all real numbers y # 0. 


= Al 


Figure 8.3: The graph of g(x) = 1/(a — 1) 
(b) The expression for g(a) is undefined when 7 = 1, because 1/(1 — 1) = 1/0 and division by 0 
is undefined. It is defined for all other values of x, so 
Domain: allrealz, x 1. 


To find the range, we check to see if y = k is an output of the function by seeing if the equation 
1/(a — 1) = k can be solved for x. Provided & 4 0, the equation can be solved as follows: 


1 
a= 
; k 
1 
=1+-. 
£ aa 
If k = 0, then the equation 
1 
= 
6 = I 


has no solution, since | divided by a number is never zero. Thus we have 


Range: allrealy, y 40. 


Example 5 Graph 


5 
f (x) =, = (= 
then find its domain algebraically. 
Solution The graph in Figure 8.4 lies to the right of the line x = 2, and appears to have a break at 7 = 6. 


Thus it appears that the domain is x > 2,2 4 6. 


Figure 8.4 


To confirm this algebraically, we need to know for what values of x the expression for f is 
defined, so we consider one by one the operations used in forming the expression. 


(a) Subtract 2 from x. This does not restrict the domain, since we can subtract 2 from any number. 

(b) Take the square root of x — 2. We cannot take the square root of a negative number, so the result 
of step (a) cannot be negative. Thus, x > 2. 

(c) Subtract 2 — 2 from 2. This does not restrict the domain, since we can subtract any number 
from 2. 

(d) Divide 5 by 2 — \/a — 2. We cannot divide by 0, so \/a — 2 cannot equal 2. Therefore, x — 2 
cannot equal 4, and x cannot equal 6. 

(e) Putting steps (c) and (d) together, we see that the domain is > 2, x # 6, as the graph suggests. 


Determining the Domain from the Context 


Example 6 


Solution 


Example 7 


Solution 


If a function is being used to model a particular situation, we only allow inputs that make sense 
in the situation. For instance, in the function P = 0.111L1/2 for the period of a pendulum, a real 
pendulum would have to have positive length, so we should exclude L = 0, leaving L > 0. 


Find the domain of 


(a) The function f(A) = A/350 used to calculate the number of gallons of paint needed to cover 
an area A. 
(b) The function f giving the cost of purchasing n stamps, 


f(n) =0.44n. 


(a) Although the algebraic expression for f has all real numbers A as its domain, in this case we 
say f has domain A > 0 because A is the area painted, and an area cannot be negative. 

(b) We can only purchase a whole number of stamps, or possibly no stamps at all, so the domain is 
all integers greater than or equal to 0. 


Find the domain of the function 
G = 0.75 — 0.3h 


giving the amount of gasoline, G gallons, in a portable electric generator h hours after it starts. 


Considered algebraically, the expression for G makes sense for all values of h. However, in the 
context, the only values of h that make sense are those from when the generator starts, at h = 0, until 
it runs out of gas, where G = 0. Figure 8.5 shows that the allowable values of h are 0 < h < 2.5. 


G (gallons) 


0.75 


G = 0.75 — 0.3h 


h (hours) 
Di) 


Figure 8.5: Gasoline runs out when h = 2.5 


We can also calculate algebraically the value of h that makes G = 0 by solving the equation 
0.3h = 0.75, so when h = 0.75/0.3 = 2.5. 


Domain and Range of a Power Function 


Example 8 


The domain of a power function f(a) = ka”, with k 4 0, is the values of x for which x? is defined. 


Graph the following functions and give their domain. 
(a) g(x) =23 (b) A(z) =27? (ce) f(x) =a'/? (d) k(x) =a71/8 


Solution 


See Figure 8.6. 


Figure 8.6: Domains of power functions 


(a) Since we can cube any number, the domain of g is all real numbers. 
(b) We have 


Since we cannot divide by 0, we cannot input 0 into h. Any other number produces an output, 
so the domain of h is all numbers except 0. Notice that on the graph of h, there is no point with 
1 = 10, 

(c) The domain of f is all non-negative numbers. Notice that the graph of f has no points with 
negative x-coordinates. 

(d) We can take the cube root of any real number, but we cannot divide by 0, so the domain of k is 
all real numbers except 0. 


In general, we have the following rules for determining the domain of a power function: 


e x? is defined if x and p are positive 


e Negative powers of x are not defined at x = 0 


e Fractional powers gl ™ where n/m is a fraction in lowest terms and m is even, are not 
defined if x < 0. 


The next examples show how we can also use these rules to decide whether a number a is in 
the range of a power function f(a) = ka?. 


Example 9 Find the range, and explain your answer in terms of equations. 


1 —3 
Gah —297 (b)  g(@ i= 522 ©) ne) = = (d) k(a) = = 
Solution (a) The equation 2x7 = ais equivalent to v=a /2, which has no solutions if a is negative, and 


has the solution = ,/a/2 if a > 0, so 
Range = all a such that a > 0. 


We can see this from the graph of y = 2x? in Figure 8.7. There is a point on the graph corre- 
sponding to every non-negative y-value. 
(b) The equation 52? = a has the solution x = %/a/5 for all values of a, so 


Range = all real numbers. 


We also see this from the graph of y = 5x? in Figure 8.8. There is a point on the graph corre- 
sponding to every number on the vertical axis. 

(c) The equation at = ahas the solution x = a~! for all a except a = 0, so the range is all real 
numbers except 0. Figure 8.9 shows that there is a point on the graph for every y-value except 0. 

(d) The equation —3/x~? = a is equivalent to x? = —3/a. The right-hand side must be positive 
for this to have solutions, so a must be negative. There is no solution if a = 0, since a is in the 
denominator. So the range is all negative numbers. Figure 8.10 shows that there are points on 
the graph for all negative y-values, and no points if y > 0. 


—3 
40- ~ 13. 
—2 -1 —4+ 
{ x 
—20- mall 
z | 
—40 ++ Soe 
Figure 8.7: Graph of Figure 8.8: Graph of Figure 8.10: Graph of 
f(x) = 22? g(x) = 523 h(x) =a * A@) = ta 
Exercises and Problems for Section 8.1 
EXERCISES 
WiIn Exercises 1-13, find 7. f(x) = 1 8 y= VVetl 
(a) The domain. (b) The range. a 
9 y=ver4+1 i 
1. m(x) =9-a 2. y=2? 2 
1 
3... y=7 4. y=27°-3 11. od are a 12. y= V2x-4 


5. f(x) =2-3 6 y=5r—-1 13. h(z) =5+Vz2—25. 


14. 


15. 


A restaurant is open from 2 pm to 2 am each day, and 
a maximum of 200 clients can fit inside. If f(t) is the 
number of clients in the restaurant t hours after 2 pm 
each day, 


(a) What is reasonable domain for f? 
(b) What is a reasonable range for f? 


A car’s average gas mileage, G, is a function f(v) of 
the average speed driven, v. What is a reasonable do- 
main for f(v)? 


MiIn Exercises 16-19, assume the entire graph is shown. Esti- 


mate: 
(a) The domain (b) The range 
16. y 17. y 
3 
f(x) 
1 
x 
2 6 
PROBLEMS 


18. 


20. 


21. 


22. 


23. 


19. y 


< 


12 


] as Es Bs 


6 12 


The value, V, of a car that is a years old is given by 
V = f(a) = 18,000 — 3000a. Find and interpret: 


(a) The domain (b) The range 


The cost, $C, of producing x units of a product is 
given by the function C = 2000 + 4a, up to a cost 
of $10,000. Find and interpret: 


(a) The domain (b) The range 


For what values of k does the equation 5 — 3% = k 
have a solution? What does your answer say about the 
range of the function f(x) = 5 — 3x? 


For what values of k does the equation —1 = k have 
a solution? What does your answer tell you about the 
range of the function f(x) = —1? 


MiThe range of the function y = 9 — (a — 2)? is y < 9. Find 
the range of the functions in Problems 24—27. 


24. 


26. 


28. 


y = 10 — (a — 2)’ 25. y= (a4 —2)’?-9 


y = 18 — 2(x — 2)? 27. y= /9 — (aw — 2)? 
A movie theater is filled to capacity with 550 people. 
After the movie ends, people start leaving at the rate of 


100 each minute. 


(a) Write an expression for NV, the number of people 
in the theater, as a function of t, the number of 
minutes after the movie ends. 

(b) For what values of t does the expression make 
sense in practical terms? 


WiGive the domain and range of the functions described in 
Problems 29-32. 


29. 


Let d = g(q) give the distance a certain car can travel 
on q gallons of gas without stopping. Its fuel economy 
is 24 mpg, and its gas tank holds a maximum of 14 
gallons. 


30. 


31. 


32. 


Let N = f(H) given the number of days it takes a 
certain kind of insect to develop as a function of the 
temperature H (in °C). At 40°C—the maximum it can 
tolerate—the insect requires 10 full days to develop. 
An additional day is required for every 2°C drop, and 
it cannot develop in temperatures below 10° C. 


Let P = v(t) give the total amount earned (in dollars) 
in a week by an employee at a store as a a function 
of the number of hours worked. The employee earns 
$7.25 per hour and must work 4 to 6 days per week, 
from 7 to 9 hours per day. 


Let T = w(r) give the total number of minutes of ra- 
dio advertising bought in a month by a small company 
as a function of the rate r in $/minute. Rates vary de- 
pending on the time of day the ad runs, ranging from 
$40 to $100 per minute. The company’s monthly radio 
advertising budget is $2500. 


Wi For the functions in Problems 33-38, M41. f(x) = 2(@ +3)? 42. f(x) =5+2(4r+3)? 


(a) List the al 


gebraic operations in order of evaluation. 


What restrictions does each operation place on the do- 
main of the function? 


(b) Give the function’s domain. MiIn Problems 43-44 z(t) = 2a + Vb — 2t. 
33. y= — 34. y= Vz—54+1 43. Find b if the domain of y = z(t) ist < 7. 
2-3 
7 44. Find a given that the range of y = z(t) is y > —8. 
Judging from their graphs, find the domain and range of the 
7 functions in Problems 45-48 
37. y=4— (2 — 3)? 38. y= unctions in Problems . 
45. y=100-2-* 46. y= 20r- 27° 
MiIn Problems 39-42, find the range of f by finding the values 
of a for which f(a) = a has a solution. eg= «fin 2? — 9 8 a= 5 aE 41 
t— 
oa +7 2 
9. = 40. = = 
9%. fw = 5 f(w) = == 


8.2 COMPOSING AND DECOMPOSING FUNCTIONS 


Example 1 


Solution 


Sometimes it helps in understanding how a function works if we break it down into a series of 
simpler operations. 


Most countries measure temperature in degrees Celsius (°C), different from the degrees Fahrenheit 
(°F) used in the United States. The freezing point of water is 0°C and 32°F. Also, an increase 
of 1°C corresponds to an increase of 1.8°F. If the temperature is J’ in degrees Fahrenheit, then 
corresponding temperature t in degrees Celsius is given by 


pe Sie 
7 oe 


Describe the steps in evaluating this function and explain the significance of each step in terms of 
temperature scales. 


Starting with the input 7’, we compute the output in the following two steps: 

e subtract 32, giving T — 32 

e divide by 1.8, giving (T — 32)/1.8 
The first step subtracts the freezing point, and gives the number of degrees Fahrenheit above freez- 
ing. The second step converts that into the number of degrees Celsius above freezing. Since freezing 
point is 0°C, this is the temperature in degrees Celsius. 


Composition of Functions 


Each of the two steps in Example | is itself a function: 
e the “subtract 32” function, uw = T' — 32 


e the “divide by 1.8” function, t = a 


To obtain t, we take the output of the first function and make it the input of the second. This process 
is called composing the two functions. In general, given two functions 


u=g(2) and y= f(u), 


the composition of f with g is 
y = f(g(2)). 


We call g the inside function and f the outside function. 
The process of composing two functions is similar to the process of evaluating a function, ex- 
cept that instead of substituting a specific number for the independent variable, you are substituting 


a function u = g(x). 


Example 2 


Solution 


Example 3 


Solution 


If f(z) = 5x2 +1 and g(x) = x? — 4, find 

@ f2) fa) ~— © ~Fla-2) @ Flet+3) © fla(e)) 
(a) We have f(2) = 5(2) +1=10+1=11. 

(b) We have f(a) = 5a +1. 


(c) We have f(a — 2) = 5(a— 2) +1 =5a—104+1=5a—-—9. 
(d) Using x + 3 as the input to f, we have 


f(a@+3) =5(@+3)4+1=5@+15+1=52+16. 
(e) Using g(a) as the input to f, we have 


f(g(z)) = f(a? — 4) = 5(a? — 4) +1 = 52? — 204 1 = 52? - 19. 


The order in which you compose two functions makes a difference, as the next example shows. 


If f(a) = 2+ 3e and g(x) = 5a +1, find (a) f(g(x)) (bo) g(f(z)) 


(a) We have 
f(g(e)) = fe+1) =24+ 36241) =5 + 152. 


(b) We have 
g(f(x)) = g(2 + 3x) = 5(2+327)+1=11+4 152. 


Notice that f(g(a)) A g(f(x)) in this case. 


Expressing a Function as a Composition 


In Example 1, we saw how to make sense of the function converting from Fahrenheit to Celsius 
by breaking it down into its component operations. For functions modeling a real-world situation, 


expressing the function as a composition of smaller functions can often help make sense of it. 


Example 4 


After ten years, the value, V, in dollars, of a $5000 certificate of deposit earning annual interest x 
is given by 
V = 5000(1 + x)?°. 


Express V as a composite of simpler functions and interpret each function in terms of finance. 


Solution 


We choose wu = 1+. as the inside function, so that V = 5000w?° is the outside function. The inside 
function can be interpreted as the factor the balance is multiplied by each year. For example, if the 
interest rate is 5% then x = 0.05. Each year the balance is multiplied by u = 1 + x = 1.05. The 
outside function V = 5000u!° describes the effect of multiplying a balance of $5000 by a factor of 
u every year for 10 years. 


If a function is given by a complicated expression, we can try to express it as a composition of 


simpler functions in order to better understand it. 


Example5 


Solution 


Example 6 


Solution 


Express each of the following as a composition of two simpler functions. 


(a) y= (2¢+1)° ) y= (C) y=2(5—27)F +1 


1 
Vaal 
(a) We define u = 2a + 1 as the inside function and y = u° as the outside function. Then 

eu — (oe 1), 
(b) We define u = x? + 1 as the inside function and y = 1/,/w as the outside function. Then 
1 il 
ie 


Notice that we instead could have defined u = Va? + 1 and y = 1/u. There are other possibil- 
ities as well. There are multiple ways to decompose a function. 
(c) One possibility is to define wu = 5 — x? as the inside function and y = 2u° + 1 as the outside 
function. Then 
y = 2u° +1=2(5 — 27)? +1. 


Again, there are other possible answers. 


By looking for ways to express functions as compositions of simpler functions, we can often 
discover important properties of the function. 


Explain why the functions 
y=(20+1),  y=(@?-1)?, y= (5-22)? 
have no negative numbers in their range. 


Each function is of the form 
y = (expression)’, 


sO we can write the function as a composition in which the outside function is y = u?. Since a 
square can never be negative, the values of y can never be negative. 


There are usually many different ways to express a function as a composition. Choosing the 
right way for a given real-world situation can reveal new information about the situation. 


Example 7 As a spherical balloon inflates, its volume in cubic inches after t seconds is given by 


ayy 
V = —=7t?. 
3 
(a) Express V as acomposition in which the outside function is the formula for the volume in terms 
of the radius, r, in inches: 


V ==—nr’. 


3 
(b) Use your answer to (a) to determine how fast the radius is increasing. 


Solution (a) Comparing the formula for the volume in terms of ¢ with the formula in terms of r, we see that 
they differ by a factor of 8, which is 2°. So we can rewrite 


a2 4 4 4 
a zt as V = Bont = 2h ont = gr (2t)”. 


This is the composition of 


4 
Y= 37" with r= 2t. 


(b) The inside function, r = 2t, tells us that the radius is growing at a rate of 2 in/sec. 


Exercises and Problems for Section 8.2 


EXERCISES 
Win Exercises 1-8, use substitution to compose the two func- 11. y= 322-2 
tions. 
1. y=u'andu=a+4+1 
e MWrite the functions in Exercises 12-19 in the form y = 
2. y = Su" and u=3— 4x k - (h(ax))? for some function h(x). 
3. w=r?4+5andr = #3 
— 974 = 5 
4, p=2q and D=5p—-1 12, y= G+) 1B. y= or 
5. w= 5s° and gq =3+4+ 2w (1 — 2%) 
= 520 528 
6. P=3q° +1 andq = 2r 14. y= /5—23 se 
7 y=wt+utilandu=2? 141 
8. y = Qu? +5u+7 and u = 323 - 
4 2\3 
Min Exercises 9-11, express the function as a composition of 16. y = 100 (1 + va) 1. y= (1 are ) 
two simpler functions. 
18. y= 5/12 — Yar 
9 y=Ve27F1 10. y = 5(x — 2)3 19. y= 0.5(@ + 3)? +.7(3 +2)? 
PROBLEMS 
WiIn Problems 20-21, the two functions share either an inside 21. y= Vda —2Qandy = Vx? +4 


function or an outside function. Which is it? Describe the 


: 22. If we compose the two functions w = f(s) and g = 
shared function. 


g(w) using substitution, what is the input variable of 
1 the resulting function? What is the output variable? 


20. y = (2a + 1)? and y = ——— 
y= ( ee es 


23. 


24. 


25. 


Evaluate and simplify g(0.6c) given that 


f(a) =a? 
a(v) = f (1 v?/e’). 


Evaluate and simplify p(2) given that 


28. 
29. 


30. 


f(x) = 2? + Land g(x) 

Using f(t) = 3t? and g(t 

(a) f(g) ) 9(f()) © ma ))@)  g(g(t)) 
+1) 


If f(g(a)) = 5(a? + 1)° and g(x) = x? + 1, find 
f (2). 


ae 
) 
) 


Vir) = 4 cae 31. Give three different composite functions with the prop- 
3 erty that the outside function raises the inside function 
p(t) = V(t). to the third power. 


Find a possible formula for f given that 


32. 


Give a formula for a composite function with the prop- 
erty that the outside function takes the square root and 


26. Give the composition of any two functions such that 


(a) The outside function is a power function and the 
inside function is a linear function. 
(b) The outside function is a linear function and the 
inside function is a power function. 35 


Win Problems 27-28, find 
(a) f(g(x)) 


27. f(x) = 2° and g(z) = 5 + 2a 


f (x?) —~ ot 41 the inside function multiplies by 5 and adds 2. 


f(2x) = 8x7 +1 
f(@ +1) = 2a? + 4a +3. 


33. Give a formula for a composite function with the prop- 
erty that the inside function takes the square root and 
the outside function multiplies by 5 and adds 2. 


34. The amount, A, of pollution in a certain city is a func- 
tion of the population P, with A = 100P°*. The pop- 
ulation is growing over time, and P = 10000 + 2000¢, 
with t in years since 2000. Express the amount of pol- 
lution A as a function of time t. 


. The rate R at which the drug level in the body changes 
when an intravenous line is used is a function of the 
amount Q of the drug in the body. For a certain drug, 
we have R = 25 — 0.08Q. The quantity Q of the drug 
is a function of time t with Q = vt over a fixed time 
period. Express the rate R as a function of time t. 


(b) g(f(x)) 


8.3 SHIFTING AND SCALING 


In the previous section we saw how to break the expression for a function into simpler components. 
It is also useful to be able to add components to a function. When we use functions to model real- 
world situations, we often want to adjust an expression for a function that describes a situation in 
order to be able to describe a different but related situation. 


Adding a Constant to the Output: Vertical Shifts 


Example 1 


Solution 


Two balls are thrown in the air at the same time. After ¢ seconds, the first has height h(t) = 90¢ — 
16t? feet and the second has height g(t) = 20 + 90t — 16t?. How do the expressions for the two 
functions compare with each other, and what does this say about the motion of the two balls? 


Looking at the expressions for the two functions, we see that 


20+ 90-1642 = 90t—16t7 +20 
— yee ——————— 


expression for g(t) | expression for f(t) 


The expression for the height of the second ball is obtained by adding the constant 20 to the expres- 
sion for the height of the first ball. This means that the second ball must be 20 feet higher than the 


Example 2 


Solution 


first ball at all times. In particular, it was thrown from a position 20 feet higher. See Figure 8.11. 
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Figure 8.11: Height of two balls thrown from different heights 


Notice that the effect of adding a constant to the output is simply to shift the graph of the 
function up by a certain amount. This also affects the range of the function, as the next example 
illustrates. 


Sketch the graph and give the range of each function. 
(a) y=2x? (bt) y=27?+1 CG g—a —3 


(a) See Figure 8.12(a). The expression x? is never negative, but can take on any positive value, so 
we have 
Range: all real y > 0. 


(b) For every x-value, the y-value for y = x? + 1 is one unit larger than the y-value for y = x”. 


Since all the y-coordinates are increased by 1, the graph shifts vertically up by 1 unit. See 
Figure 8.12(b). We have 
Range: all real y > 1. 


(c) The y-coordinates are 3 units smaller than the corresponding y-coordinates of y = x”, so the 
graph is shifted down by 3 units. See Figure 8.12(c). The range is 


Range: all real y > —3. 
(b) y (c) y 


y=au? +1 


Figure 8.12: Vertical shifts of y = x” 


In general, we have 


For a positive constant k, the graph of 


y=f(x)+k 


is the graph of y = f(x) shifted up by k units, and the graph of 


y=flx)—k 
is the graph of y = f(x) shifted down by k units. 


Adding a Constant to the Input: Horizontal Shifts 


Another adjustment we can make to a function is to add or subtract a constant to the input. 


Example 3 Two balls are thrown in the air one after the other. At time t seconds after the first ball is thrown, it 
has height h(t) = 90¢ — 16¢? feet and the second ball has height g(t) = 90(t — 2) + 16(t — 2)”. How 
do the expressions for the two functions compare with each other, and what does this say about the 
motion of the two balls? 

Solution 


The expression for g(t) is obtained by replacing ¢ with ¢ — 2 in the expression for h(t). Thus the 
second ball always has the same height as the first ball had 2 seconds earlier. The second ball was 
thrown two seconds after the first ball, but after that its motion is exactly the same (see Figure 8.13). 
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Figure 8.13: Height of two balls thrown at different times 


Notice that in Example 3, the effect of subtracting 2 from the input was to describe the motion 
of a ball that was lagging 2 seconds behind the first ball. Since this makes the motion of the ball 
occur 2 seconds later, its graph is shift to the right by 2. 


Example 4 Sketch the graph of each function and give its domain. 


1 1 1 
(a) Us (b) ea (c) ae 


Solution (a) See Figure 8.14(a). Since 1/z is defined for all « except « = 0, we have 
Domain: all real x, x # 0. 


(b) See Figure 8.14(b). Notice that it is the same shape as the graph of y = 1/., shifted 1 unit to the 
right. Since the original graph has no y-value at x = 0, the new graph has no y value at x = 1, 
which makes sense because 1/(a — 1) is defined for all x except x = 1, so 


Domain: all real x, x # 1. 


(c) See Figure 8.14(c), which has the same shape as the graph of y = 1/2, shifted 3 units to the 
left. This time there is no y-value for « = —3, and 1/(x +3) is defined for all x except x = —3, 


so 
Domain: all real x, « 4 —3. 
(a) y (b) y (c) 
4+ 4+ 
sp 1 2-, 1 
ath 2D ee Gail 
— —- 2 — 
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Figure 8.14: Horizontal shifts of y = 1/ax 


In general, we have 


For a positive constant k;, the graph of 
y = f(x—k) 


is the graph of y = f(x) shifted k units to the right, and the graph of 


y= f(a +k) 


is the graph of y = f(x) shifted k units to the left. 


Vertical and Horizontal Shifts on Graphs 


Example5 —- Figure 8.15 shows the graph of y = \/z. Use shifts of this function to graph each of the following: 
@ y=Vr+1 (b) y=vVa-1 () yo Vo—2 (d) y=Ver3 


Figure 8.15: Graph of y = /z 


Solution (a) Here the output values of y = ./z are shifted up by 1. See Figure 8.16(a). 

(b) Since x — 1 is substituted for x in the expression \/z, the graph is a horizontal shift of the graph 
of y = \/z. Substituting x = 1 gives /1—1 = V0, so we see that « = 1 in the new graph 
gives the same value as x = 0 in the old graph. The graph is shifted to the right 1 unit. See 
Figure 8.16(b). 

(c) Since 2 is subtracted from the expression \/z, the graph is a vertical shift down 2 units of the 
graph of y = \/z. See Figure 8.16(c). 

(d) Since x + 3 is substituted for x in the expression \/z, the graph is a horizontal shift of the graph 
of y = \/z. Substituting x = —3 gives /—3+3 = V0, so we see that 2 = —3 in the new 
graph gives the same value as x = 0 in the old graph. The graph is shifted to the left 3 units. 
See Figure 8.16(d). 
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Figure 8.16: Horizontal and vertical shifts of y = /x 


Multiplying the Outside of a Function by a Constant: Vertical Scaling 


Example6 


Solution 


Example 7 


Solution 


In Example 1, we observed the effect of composing a function with a vertical shift by 20. In the next 
example, we observe the effect of composing a function with multiplication by k. Multiplying by a 
constant is also called scaling. 


1 
Let f(z) = 2° and g(z) = 22° and A(x) = xf Compare f and g and h using their output values 
and graphs. 


Each output value of g is double the corresponding output value of f. For example, f(3) = 27 and 
g(3) = 54. Since the output values are displayed on the vertical axis, the graph of g is stretched 
vertically away from the x-axis by a factor of 2. Each output value of h is half the corresponding 
output value of f. For example, f(3) = 27 and h(3) = 13.5. Since the output values are displayed 


on the vertical axis, the graph of h is compressed vertically towards the x-axis by a factor of a" See 
Figure 8.17. 


Figure 8.17: Effect of k fork - f(a) 


Let r(t) = Vt and s(t) = —V/t. Compare r and s using their output values and graphs. 


Multiplying the output values of r by the constant, —1, changes the sign of corresponding output 
value of s. For example, r(4) = 2 and s(4) = —2. The graph of s resembles the graph of r with 
positive outputs becoming negative and negative outputs becoming positive. See Figure 8.18. The 
graph of s is a reflection of the graph of r across the x-axis. 


Figure 8.18: Effect of negative multiplication factor 


Example 8 


Solution 


Let f(t) give the altitude in yards of a weather balloon t minutes after it is released. Find an expres- 
sion for g(t), the balloon’s altitude in feet. 


For every yard there are 3 feet, so if the altitude in yards is f(t), then the altitude in feet is 3 f(t). 
Thus g(t) = 3f(t). 


Multiplying the Inside of a Function by a Constant: Horizontal Scaling 


Example 9 


Solution 


Example 10 


Solution 


Previously when we multiplied the outside function by a constant we changed the output value 
corresponding to a certain input. Now if we multiply the inside of a function by a constant it is the 
input value that changes. 


1 
If F(x) = ——, find a formula for 
sep I 


(a) 5F(q) (b) F(52) (c) F(z) 
1 5 
(a) F(a) =5(—) ta 
1 1 
OO esl a 
2 i 5 1 5 
©) a (Cysts (an) ~ 2+5 


Let f(t) give the altitude in yards of a weather balloon t minutes after it is released. Find an expres- 
sion for w(r), the balloon’s altitude r hours after it is released. 


The number of minutes in 7 hours is t = 60r, so the height after 7 hours is the same as the height 
after 607 minutes, namely f(60r). Thus w(r) = f(60r). 


Combining Inside and Outside Changes 


Example 11 


Solution 


Just as the order in which a sequence of operations is performed can matter in arithmetic, the same 
is true with transformations of functions. 


Let f(x) = 2a. Write a formula for a new function g(a) resulting from the following sequence of 
operations. 

(a) Add 2 units to the output, then multiply by a factor of 5. 

(b) Multiply the output by a factor of 5, then add 2 units to the result. 


(a) The first operation changes f to 2a + 2, then the multiplication by 5 gives g(a) = 5(2a +2) = 
10z + 10 
(b) The first operation changes f to 10a, then the adding 2 units gives g(a) = 10” + 2 


Example 12 


Solution 


Example 13 


Solution 


A new function g(x) is formed from f(a) by a sequence of operations. List the operations in order 
for the following: 


(a) g(x) =5f(2x)—4 (b)  g(#) = 5(f (2a) — 4) 


(a) First the input of f is multiplied by a factor of 2, then that result is multiplied by a factor of 5. 
Finally the function values are shifted down by 4 units. 

(b) Although the operations are the same as those in Part (a), the order in which they are performed 
is different. First the input of f is multiplied by a factor of 2, then 4 units are subtracted from 
that result. The final operation is multiplication by a factor of 5. 


If H = f(d) is the Celsius temperature (°C) at an ocean depth of d meters, find a formula for g(s), 
the Fahrenheit temperature (°F) at an ocean depth of s feet, given that: 


9 
e The Fahrenheit temperature, 7’, for a given Celsius temperature of H is T = 5. EL S2. 
e The depth d in meters at s feet is d = 0.3048s. 
We have 
f(d) = Temperature in °C at d meters 
f(0.3048s) = Temperature in °C at s feet since d = 0.3048s 
9 
eh f(0.3048s) + 32 = Temperature in °F at s feet since T = : -H +32. 


Thus, 


g(s) = : - f (0.30485) + 32. 


We see that g involves scaling the input by a factor of 0.3048, scaling the output by a factor of 9/5, 
and shifting the output up by 32 units. 


Exercises and Problems for Section 8.3 


EXERCISES 

WiIn Exercises 1-6, the graph of the function g(x) is a horizon- 1. Shifted vertically up 3 units. 
tal and/or vertical shift of the graph of f(x) = x*, shown 
in Figure 8.19. For each of the shifts described, sketch the 2. Shifted vertically down 2 units. 


graph of g(a) and find a formula for g(a). 


3. Shifted horizontally to the left 1 unit. 


f(x) = 2° 

4. Shifted horizontally to the right 2 units. 
x 5. Shifted vertically down 3 units and horizontally to the 
s left 1 unit. 


6. Shifted vertically up 2 units and horizontally to the 
Figure 8.19 right 4 units. 


MiIn Exercises 7-10, the graph of the function g(a) is a hor- 15. 
izontal and/or vertical shift of the graph of f(a) = 5 — a, 
shown in Figure 8.20. For each of the shifts described, 
sketch the graph of g(a) and find a formula for g(x). 


MExercises 17-22 refer to the graph of y = f(z) in Fig- 
ure 8.21. Sketch the graph of each function. 


Figure 8.20 


7. Shifted vertically down 3 units. 

8. Shifted vertically up 1 unit. 

9. Shifted horizontally to the right 2 units. 
10. Shifted horizontally to the left 4 units. 


MWiThe graphs in Exercises 11-16 are horizontal and/or verti- 
cal shifts of the graph of y = ”. Find a formula for each Figure 8.21 
function graphed. 


11. 12. 
17. y= f(x) -3 18. y= f(x) +2 
19. y= f(x —1) 20. y= f(x +3) 
x 
| 21. y= f(a+1)4+2 22. y= f(x—3)-1 
ee ee 3 
—2 2 
Win Exercises 23-28, find a formula for n in terms of m 
where: 
13. 14. 
23. nis a weight in oz and m is the weight in lbs. 
24. nis a length in feet and m is the length in inches. 
25. nis a distance in km and m the distance in meters. 
26. nis an age in days and m the age in weeks. 
x xr 27. nis an amount in dollars and ™m the amount in cents. 
28. n is an elapsed time in hours and m the time in min- 
utes. 
PROBLEMS 
29. The function H = f(t) gives the temperature, H°F, of (a) The object is taken out of the refrigerator 5 min- 
an object t minutes after it is taken out of the refriger- utes later. (Give a reasonable domain for your 
ator and left to sit in a room. Write a new function in function.) 


terms of f(t) for the temperature if: (b) Both the refrigerator and the room are 10°F colder. 


30. 


31. 


32. 


The height, h in cm, of an eroding sand dune as a func- 
tion of year, t, is given by h = f(t). Describe the dif- 
ference between this sand dune and a second one one 
whose height is given by 


(a) h = f(t +30) 
(b) h = f(t) +50. 


A line has equation y = 2. 


(a) Find the new equation if the line is shifted verti- 
cally up by 5 units. 

(b) Find the new equation if the line is shifted hori- 
zontally to the left by 5 units. 

(c) Compare your answers to (a) and (b) and explain 
your result graphically. 


The growth rate of a colony of bacteria at temperature 
T°F is P(T). The Fahrenheit temperature T’ for H°C 


is 
9 


5 
Find an expression for Q(/), the growth rate as a func- 
tion of H. 


T=+-H+32. 


Win Problems 33-38, find a formula for g by scaling the out- 
put of f. 


33. 


34. 


35. 


36. 


STs 


38. 


Let f(t) give the snowfall in feet ¢ hours after a bliz- 
zard begins, and g(t) the snowfall in inches. 


Let f(t) give the number of liters of fuel oil burned in t 
hours, and g(t) the number of gallons burned. Use the 
fact that 1 gal equals 3.785 liters. 


Let f(n) give the average time in seconds required for 
a computer to process n megabytes (MB) of data, and 
g(n) the time in microseconds. Use the fact that 1 s 
equals 1,000,000 ws. 


Let f(t) give the speed in mph of a jet at time t, and 
g(t) the speed in kilometers per hour (kph). Use the 
fact that 1 kph is 0.621 mph. 


Let f(t) give the distance in light years to a receding 
star in year t, and g(t) the distance in parsecs. Use the 
fact that 1 parsec equals 3.262 light years. 


Let f(t) give the area in square miles (mi*) of a town 
in year t, and g(t) the area in square kilometers (km7). 
Use the fact that 1 mi? equals 2.59 km?. 


MiIn Problems 39-44, find a formula for w by scaling the input 


of f. 
39. 


40. 


41. 


42. 


43. 


44. 


Let f(t) give the snowfall in feet t hours after a bliz- 
zard begins, and w(r) the snowfall after 7 minutes. 


Let f(t) give the number of liters of fuel oil burned in 
t days, and w(r) the liters burned in r weeks. 


Let f(n) give the average time in seconds required for 
a computer to process n megabytes (MB) of data, and 
w(r) the time required for r gigabytes (GB). Use the 
fact that 1 GB equals 1024 MB. 


Let f(u) give the maximum speed of a jet at a thrust 
of u pounds-force (lbs) and w(v) the maximum speed 
at a thrust of v newtons (N). Use the fact that 1 Ib is 
4.448 N. 


Let f(r) be the average yield in bushels from r acres 
of corn, and w(s) be the yield from s hectares. Use the 
fact that one hectare is 2.471 acres. 


Let f(p) be the number of songs downloaded from an 
online site at a price per song of p dollars, and w(q) be 
the number downloaded at a price per song of q cents. 


MiIn Problems 45-50, find a formula for g by scaling the input 
and/or output of /. 


45. 


46. 


47. 


48. 


49. 


Let f(t) give the measured precipitation in inches on 
day t, and g(t) give the precipitation in centimeters. 
Use the fact that 1 in equals 2.54 cm. 


Let f(t) give the area in acres of a county’s topsoil lost 
to erosion in year t, and g(t) give the area in hectares 
lost. Use the fact that 1 acre equals 0.405 hectares. 


Let f(s) give the volume of water in liters in a reser- 
voir when the depth measures s meters, and g(s) give 
the volume of water in gallons. Use the fact that 1 gal 
equals 3.785 1. 


Let f(s) give the volume of water in liters in a reser- 
voir when the depth measures s meters, and g(d) give 
the volume of water in liters when the depth measures 
d centimeters. Use the fact that 1 m equals 100 cm. 


Let f(w) give the expected weight in Ibs of an infant 
at one month’s age if its weight at birth is w lbs, and 
g(m) give the expected weight in kg if the weight at 
birth is m kg. Use the fact that 1 lb equals 0.454 kg. 


. Let f(t) give the number of acres lost to a wildfire ¢ 


days after it is set, and g(m) give the number of hectares 
lost after n hours. Use the fact that 1 acre equals 0.405 
hectares. 


8.4 INVERSE FUNCTIONS 


In Section 8.2 we saw how to break a function down into a sequence of simpler operations. In this 
section we consider how to use this idea to undo the operation of a function. 


Inverse Operations 


Example 1 


Solution 


Example 2 


Solution 


Example 3 


Solution 


An inverse operation is used to undo an operation. Performing an operation followed by its inverse 
operation gets us back to where we started. For example, the inverse operation of “add 5” is “subtract 
5.” If we start with any number z and perform these operations in order, we get back to where we 
started: 


ge > £+5 > (@+5)-5 > & 
(add 5) (subtract 5) 


State in words the inverse operation. 


(a) Add 12 (b) Multiply by 7 
(c) Raise to the 5'® power (d) Take the cube root 


(a) To undo adding 12, we subtract 12. The inverse operation is “Subtract 12”. 

(b) To undo multiplying by 7, we divide by 7. The inverse operation is “Divide by 7”. (We could 
also say that the inverse operation is to multiply by 1/7, which is equivalent to dividing by 7.) 

(c) To undo raising an expression to the 5'" power, we raise to the 1/5'" power. The inverse oper- 
ation is to “Raise to the 1/5*" power” or, equivalently, “Take the fifth root”. 

(d) To undo taking a cube root, we cube the result. The inverse operation is “Cube” or “Raise to the 
3™¢ power”. 


Find the sequence of operations to undo “multiply by 2 and then add 5”. 


First we undo “add 5” by performing the operation “subtract 5”. Then we undo “multiply by 2” 
by performing the operation “divide by 2.” Thus the sequence that undoes “multiply by 2 and add 
5” is “subtract 5 and divide by 2.” Notice that we have not only inverted each operation, but we 
performed them in reverse order, since we had to undo the most recently performed operation first. 


Not every operation has an inverse operation. 


Explain why the operation of squaring a number does not have an inverse operation. 


You might think that the inverse of squaring a number would be to take the square root. However, if 
we start with a negative number, such as —2, we have 
2 , 22=4. > vA = 2 
(square) (take square root) 


Notice that we do not get back to the number we started with. There is no inverse operation for 
squaring a number that works for all numbers. 


Example 4 


Solution 


Inverse Operations and Solving Equations 


We use inverse operations routinely in solving equations. For example, in the equation 
22+5=9, 
the sequence of operations “multiply by 2 and add 5” from Example 2 is applied to x and the result 


set equal to 9. To solve the equation we undo this sequence by performing the sequence “subtract 5 
and divide by 2.” 


2x+5=9 subtract 5 from both sides 
22 =9-5 divide both sides by 2 
9—5 9 
er 
2 


Describe the operations you would use to solve the following equations: 
@) se=2=7 (b) 3(a@-—2)=7 ©) ga" 


(a) The left-hand side is formed by first multiplying x by 3 and then subtracting 2. To reverse this 
we add 2 and divide by 3. So the solution is 
ete 
x= — =3. 
3 
(b) This equation uses the same operations as the previous one but in the other order. The left-hand 
side is formed by first subtracting 2 from x and then multiplying by 3. To reverse this we divide 


by 3 and then add 2. So 
7 1 
==-4+2=4-. 
a harm 
(c) Here the left-hand side is formed by squaring xz and then multiplying by 3. We can partially 


undo this by dividing by 3, which gives 


Unlike the equations in (a) and (b), this equation has two solutions, x = +,/7/3. There is no 
single operation that is the inverse of squaring. 


Inverse Functions 


For any function /f, in order to solve the equation 
f(a) =k, 


we want to be able to “undo” f, that is, find a function g so that when we compose it with f we get 
back to where we started. This leads to the following definition: 


Inverse Functions 


Given a function f(x), we say that g() is the inverse function to f(a) if 


g(f(x)) = for all x in the domain of f 


f(g(«)) =x forall a in the domain of g. 


Example 5 A town’s population ¢ years after incorporation is given by P(t) = 30,000 + 2000¢. 


(a) Find the time it takes for the population to reach a level of k. 
(b) Find the inverse function to P(t). 


Solution (a) We want to know the value of ¢ that makes P(t) equal to k, so we solve the equation 


30,000 + 2000¢ = k 


2000¢ = k — 30,000 — subtract 30,000 from both sides 
__ k — 30,000 


divide both sides by 2000. 
2000 : 


Thus, it takes (kK — 30,000) /2000 years for the population to reach a level of k. 
(b) The formula for ¢ obtained in part (a) is also the formula for the inverse function to P: 
k — 30,000 


Q(k) = Number of years to reach a population of k = 5000 


The output of a function becomes the input for its inverse function, if it has one. Furthermore, 
the output of the inverse function is the input of the original function. 


Example 6 Let s = f(t) give the altitude in yards of a weather balloon t minutes after it is released. Describe 
in words the inverse function t = g(s). 


Solution Since the input of f is the output of g, and the output of f is the input of g, we see that t = g(s) 
gives the number of minutes required for the balloon to reach an altitude of s. 


Finding an Inverse 
If a function is built up out of a series of simple operations, we can find the inverse function by 


finding the inverse operations. 


Example 7 In Example 2 we saw that the inverse to “multiply by 2 and add 5” is “subtract 5 and divide by 2.” 
Express both of these as functions and show that they are inverses. 


Solution 


Example 8 


Solution 


The sequence of operations “multiply by 2 and add 5” takes x to 2x and then takes 2x to 2x + 5, so 


it expresses the function 
f(z) =2¢+5. 


The inverse sequence of operations is “subtract 5 and divide by 2”, which takes x to x — 5 and then 
takes x — 5 to (a — 5)/2, and so describes the function 


g(x) = =. 


We check that these two functions are inverses by composing them in both orders. We have 


f(g(x)) = 29(@) +5 =2 (: = >) +5 multiplying by 2 undoes dividing by 2 
=(#—5)+5 adding 5 undoes subtracting 5 
=f. We are back to where we started. 
Also, 
Ge) = a = ao subtracting 5 undoes adding 5 
= = dividing by 2 undoes multiplying by 2 
=f. We are back to where we started. 


We have seen that inverse functions can be used to solve equations. We can turn this around 
and use the process of solving an equation to find the inverse function. 


Find the inverses of the linear functions (a) y = 6 — 2t (b) p=2(n+1) 


(a) The equation 
Oe 


expresses y as a function of t. To get the inverse function we solve this equation for t. This has 
the effect of reversing the operations that produce y from ¢, but enables us to keep track of the 
process. We have 


This expresses ¢ as a function of y, which is the inverse of the original function. 
(b) We solve p = 2(n + 1) for n. 


This expresses n as a function of p, which is the inverse of the original function. 


Example 9 Find the inverse of the function f(x) = 52° — 2. 


Solution In this case there is no variable representing the dependent variable, but we can choose one, say k, 
for the purpose of finding the inverse. So we want to solve 
f(x) =k. 
We have 
5g? —2=k add 2 to both sides 
ba =k 2 divide both sides by 5 
qa  eapz ; 
C= aaae take the cube root of both sides 
ee me 
5 


So the inverse function is the function g that outputs ¢/(k + 2)/5 whenever you input k. Using x 


to stand for the input, we get 
_ af ar 2 
G2) apo: 


Exercises and Problems for Section 8.4 


EXERCISES 
MiIn Exercises 1-4, state in words the inverse operation. MiIn Exercises 9-12, show that composing the functions in ei- 
ther order gets us back to where we started. 
1. Subtract 8. 2. Divide by 10. 
9. y= 7x —5andz = _ 
3. Raise to the 7°? power. 4. Take the ninth root. 
10. y = 8a anda = ? " 
—* 40 ~ Bhan 
MiIn Exercises 5-8, find the sequence of operations to undo ea ea 
the sequence given. 12, y= eu and x = 3y — 10 
3 
5. Multiply by 5 and then subtract 2. 
6. Add 10 and then multiply the result by 3. 
7. Raise to the 5'" power and then multiply by 2. 
8. Multiply by 6, add 10, then take the cube root. 


Win Exercises 13-14, 
(a) Write a function of x that performs the operations de- 
scribed. 


(b) Find the inverse and describe in words the sequence of 
operations in the inverse. 


13. Raise x to the fifth power, multiply by 8, and then 
add 4. 


14. Subtract 5, divide by 2, and take the cube root. 


MiIn Exercises 15-20, let g be the inverse of f. Describe in 
words the function g. 


15. Let T = f(n) give the average time in seconds re- 


PROBLEMS 


quired for a computer to process n megabytes (MB) of 
data. 


16. Let v = f(r) give the maximum speed of a jet at a 
thrust of r pounds-force. 


17. Let Y = f(r) give the average yield in bushels from r 
acres of corn. 


18. Let P = f(N) give the cost in dollars to cater a wed- 
ding reception attended by N people. 


19. Let P = f(s) give the atmospheric pressure in kilo- 
pascals (kPa) at an altitude of s km. 


20. Let T = f(c) give the boiling point in °C of salt water 
at a concentration (in moles/liter) of c. 


Wiln Problems 21-25, check that the functions are inverses. 


21. f n) = 20 —Tand g(t)=5 +4 
—4\1/7 
22. f(x) = 6x" +4 and g(t) = (=) 
1/5 
23 f(z) = 320° ~ 2 and g(t) = E+) 


24, f(a) = 


25. f(a) =1+ 7x and g(t) 


WiSolve the equations in Problems 26-29 exactly. Use an in- 
verse function when appropriate. 


26. 20° +7 = -9 oy, 3vE+P _s 


28. 3/30 — Vz =3 29. /xF —2=5 


Win Problems 30-34, find the inverse function. 


30. h(x) = 22 +4 31. h(x) = 92° +7 


32. h(x) = Yars ; 
CPS 34+ 2/z 


REVIEW EXERCISES AND PROBLEMS FOR CHAPTER 8 


EXERCISES 


1. Tuition cost 7’, in dollars, for part-time students at a 
college is given by T’ = 300 + 200C, where C' rep- 
resents the number of credits taken. Part-time students 
cannot take more than 10 credit hours. Give a reason- 
able domain and range for this function. 


WiIn Exercises 2-9, give the domain and range of the power 
function. 


2. y= 2x4 
4. y = 2x°/? 


6. P = 627/° Loar 


-1/2 


8 y=a 9. M =6n3 


MiIn Exercises 10-11, give the domain and range. 


11. patie =. 


4—V9-«@. 723 


10. y= 


MiIn Exercises 12-19, find the range. 


2 mie) 9 2 is fei S 
1 
14. f(x) =x2-3 15. h(x) = ?/ - 
16. y= bye 17. y= (2+ vz)’ 
18. y= +9 19. y = (x — V2)° 


MiIn Exercises 20-21, assume the entire graph is shown. Esti- 
mate: 


(a) The domain (b) The range 


20. ij 
18 


f(x) 


21. 


MiIn Exercises 22-24, express the function as a composition 
of two simpler functions. 


ease 

v2+1 

23. y=1+4+2(@ —1) +5(# — 1)? 
24. y = 25(3a — 2)° + 100 


22. y= 


Win Exercises 25-26, find 


(a) f(9(x)) (b) 9(f(x)) 
25. f(x) = 52? and g(x) = 3a 


26. f(x) = and g(x) =a? +1 


Win Exercises 27-30, the graph of the function g(z) is a hori- 
zontal and/or vertical shift of the graph of f(a) = 2x? — 1, 
shown in Figure 8.22. For each of the shifts described, 
sketch the graph of g(x) and find a formula for g(z). 


Figure 8.22 


27. Shifted horizontally to the left 1 unit. 
28. Shifted vertically down 3 units. 


29. Shifted vertically up 2 units and horizontally to the 
right 3 units. 


30. Shifted vertically down 1 unit and horizontally to the 
left 2 units. 


WiThe function f(t) gives the distance in miles traveled by a 
car after t hours. Express the functions in Exercises 31-34 
in terms of f. 

31. g(s), the distance in miles traveled in s seconds. 
32. F(t), the distance in feet traveled in t hours. 
33. 


h(m), the distance in kilometers traveled in m minutes. 
34. r(s), the distance in meters traveled in s seconds. 


Wiln Exercises 35-38, find the inverse function. 


35. h(x) = 7x +5 
36. h(x) = 11x? — 2 


Tx? +2 
37. hia). = aed 
Ax 
38. h(x) = Sad 


Win Exercises 39-42, state in words the inverse operation. 


39. Multiply by 77. 

40. Add —10. 

41. Raise to the 1/7th power. 
42. Take the 7th root. 


PROBLEMS 


43. 


A. 


45. 


A movie theater seats 200 people. For any particular 
show, the amount of money the theater makes is a func- 
tion of the number of people, n, in attendance. If a 
ticket costs $4.00, find the domain and range of this 
function. Sketch its graph. 


The gravitational force (in Newtons) exerted by the 
Earth on the Space Shuttle depends on r, the Shuttle’s 
distance in km from the Earth’s center, and is given by 


P= GmMer~’, 
where! 


Mg = 5.97 x 10%* Mass of Earth in kg 


m = 1.05 x 10° Mass of Shuttle orbiter in kg 
G = 6.67 x 10°"! Gravitational constant 

Re = 6380 Radius of Earth in km 
A = 1000 km Max. altitude of Orbiter. 


Based on this information, give the domain and range 
of this function. 


(a) What is the domain of the function P = 
—100,000 + 50,000s? 

(b) If P represents the profit of a silver mine at price 
s dollars per ounce, and if the silver mine closes if 
profits fall below zero, what is the domain? 


The range of the function y = 2-*” is 0 <y <1. Find the 
range of the functions in Problems 46-49. 


46. 


48. 


j=5- 7 47. y=3-2°7 


a —ax? = 2Q—x? 
yore 43 49. y=2 


MiIn Problems 50-51, find the range. 


50. 
S51; 
52. 


g(x) = Va? —8 
p(x) = Wa? —14 V2? —1 


For what values of k does the equation 


5x 
xa-l1 


=k 


have a solution? What does your answer say about the 
range of the function f(x) = 5a/(a — 1)? 


Figures from Google calculator (see http://www.google.com/intl/en/help/features.html#calculator) 


53. 


54. 


Find the range of the function G = 0.75 — 0.3h in Ex- 

ample 7 on page 228 giving the amount of gasoline, G 

gallons, in a portable electric generator h hours after it 

starts. 

(a) Give the domain and range of the linear function 
y = 100 — 25a. 

(b) If a and y represent quantities which cannot be 
negative, give the domain and range. 


WiIn Problems 55-56, the two functions share either an inside 
function or an outside function. Which is it? Describe the 
shared function. 


55. 
56. 


y = 5(1 — 3x)? and y = 5(x? +1)? 
y = Ve? + Land y = (a? +1)? +5 


Win Problems 57-58, find 


(a) 


Die 
58. 
59. 


60. 
61. 


62. 


63. 


64. 


65. 


g(h(a)) (b) h(g(x)) 


g(a) = 2°, h(x) = 2 +3 
g(x) = Vz, h(x) = 22 +1 
Using f(t) = 2 — 5t and g(t) = t? +1, find 


(a) f(g(t)) (b) g9(f(t)) 
(c) f(f(¢)) (d) (g(t) 


If f(g(x)) = 5a + Land f(x) = V2, find g(x). 
Give three different composite functions with the prop- 
erty that the outside function takes the square root of 
the inside function. 


Give a formula for a function with the property that the 
inside function raises the input to the 5th power, and 
the outside function multiplies by 2 and subtracts 1. 


Give a formula for a function with the property that the 
outside function raises the input to the Sth power, and 
the inside function multiplies by 2 and subtracts 1. 


If we compose the functions U = f(V) and V = 
g(W) using substitution, what is the input variable of 
the resulting function? What is the output variable? 


A line has equation y = b+ ma. 


(a) Find the new equation if the line is shifted verti- 
cally up by & units. What is the y-intercept of this 
line? 

(b) Find the new equation if the line is shifted horizon- 
tally to the right by & units. What is the y-intercept 
of this line? 


and from 


http://en.wikipedia.org/wiki/Space_Shuttle accessed June 9, 2007. The mass given for the Shuttle is for the Orbiter alone; 
at liftoff, the total mass of the Shuttle, including the plane-like Orbiter, the external solid rocket boosters, and the external 


liquid-fuel tank, is closer to 2 million kg than to 105,000 kg. 


66. The cost, C’' in dollars, for an amusement park includes Find the inverse, g(y), of the functions in Problems 69-71. 
an entry fee and a certain amount per ride. We have 


C = f(r) where r represents the number of rides. r—2 472 
Give a formula in terms of f(7) for the cost as a func- 69. f(x) = ipa 70. f(x) = ae 
tion of number of rides if the situation is modified as 
described: ; 

71. f(a) = Vers. 
(a) The entry fee is increased by $5. Laie 


(b) The entry fee includes 3 free rides. 


W@iIn Exercises 67-68, check that the functions are inverses. Win Problems 72-73, 
1 (a) Write a function of x that performs the operations de- 
67. g(x) =1— i and f(t) =1+ Ta scribed. 
xr = 


2 (b) Find the inverse and describe in words the sequence of 
68. h(x) = V2x and k(t) = me forz,t >0 operations in the inverse. 


72. Multiply by 2, raise to the third power, and then add 5. 
73. Divide by 7, add 4, and take the ninth root. 
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9.1 QUADRATIC FUNCTIONS 


Unlike linear functions, quadratic functions can be used to describe situations where the speed or 
rate of change of an object changes as it moves. 


Example 1 The height in feet of a ball thrown upward from the top of a building after ¢ seconds is given by 
h(t) = —16¢? + 32¢+128, t>0. 
Find the ball’s height after 0, 1, 2, 3, and 4 seconds and describe the path of the ball. 
Solution We have 


h(0) = —16- 0? + 32-0 + 128 = 128 ft. 
h(1) = —16- 17 +. 32-14 128 = 144 ft. 
h(2) = —16-27 4.32.24 1128 = 128 ft. 


Continuing, we get Table 9.1. The ball rises from 128 ft when t = 0 to a height of 144 ft when 
t = 1, returns to 128 ft when t = 2 and reaches the ground, height 0 ft, when t = 4. 


Table 9.1 Height of a ball height (ft) 
150 F 
t (seconds) 
: 100 - 
1 
g 50 F 
3 
ad 0 ! t (seconds) 
iL 2 38 
Figure 9.1: Height of a ball thrown from 
the top of a building 


Interpreting Quadratic Functions Expressed in Standard Form 


The expression defining the function in Example | has a term, —16¢, involving the square of the 
independent variable. This term is called the quadratic term, the expression is called a quadratic 
expression, and the function it defines is called a quadratic function. In general, 


A quadratic function is one that can be written in the form 
y = f(z) =az*+br+c, a,b, cconstants, a 4 0. 


The expression ax? + bx + c is a quadratic expression in standard form. 


The term ax? is called the quadratic term or leading term, and its coefficient a is the 
leading coefficient. 


The term bz is called the linear term. 


The term c is called the constant term. 


Example 2 


Solution 


For the function h(t) = —16¢? + 32¢ + 128 in Example 1, interpret in terms of the ball’s motion 
(a) The constant term 128 (b) The sign of the quadratic term —16¢?. 


(a) The constant term is the value of the function when t = 0, and so it represents the height of the 
building. 

(b) The negative quadratic term —16¢? counteracts the positive terms 32¢ and 128 for t > 0, and 
eventually causes the values of h(t) to decrease, which makes sense since the ball eventually 
starts to fall to the ground. 


Figure 9.1 shows an important feature of quadratic functions. Unlike linear functions, quadratic 
functions have graphs that bend. This is the result of the presence of the quadratic term. See Fig- 
ure 9.2, which illustrates this for the power functions f(a) = x? and g(x) = —ax?. The shape of the 
graph of a quadratic function is called a parabola. If the coefficient of the quadratic term is positive 
then the parabola opens upward, and if the coefficient is negative the parabola opens downward. 


f(x) = 2° . 


3 


Figure 9.2: Graphs of f(a) = a? and g(a) = —a? 


Interpreting Quadratic Functions Expressed in Factored Form 


Example 3 


Solution 


Factoring a quadratic expression puts it in a form where we can easily see what values of the variable 
make it equal to zero.! 


The function h(t) = —16t? + 32¢ + 128 in Example | can be expressed in the form 
A(t) =—-16(¢-4)(¢+2), t>0. 
What is the practical interpretation of the factors (¢ — 4) and (t + 2)? 
When t = 4, the factor (t — 4) has the value 4 — 4 = 0. So 
h(4) = —16(0)(4+ 2) =0. 
In practical terms, this means that the ball hits the ground 4 seconds after it is thrown. When t = —2, 
the factor (t + 2) has the value —2 + 2 = 0. However, there is no practical interpretation for this, 


since the domain of h is t > 0. See Figure 9.3. 


'See Section 2.3 for a review of factoring. 


Example 4 


Solution 


150 -- 
/ 

1005 

/ 
/ 

Expression is 0 when t = —2 / 505 Height of the ball is 0 when ¢ = 4 
S / 
‘¢ t (seconds) 


ea 


Figure 9.3: Interpretation of the factored form h(t) = —16(¢ — 4)(t + 2) 


Values of the independent variable where a function has the value zero, such as the t = 4 and 
¢ = —20 in the previous example, are called zeros of the function. In general, we have the following 
definition. 


A quadratic function in x is expressed in factored form if it is written as 


y = f(x) =a(a —r)(a—s), where a, r, and s are constants and a £ 0. 


e The constants r and s are zeros of the function f(a) = a(a# —r)(a — s). 


e The constant a is the leading coefficient, the same as the constant a in the standard form. 


The zeros of a function can be easily recognized from its graph as the points where the graph 
crosses the horizontal axis. 


Can each function graphed in Figure 9.4 be expressed in factored form f(x) = a(x —r)(a — s)? If 
so, is each of the parameters r and s positive, negative, or zero? (Assume r < s.) 


(a) y (b) y (c) y 


Figure 9.4 


Since r and s are the xz-intercepts, we look at whether the x-intercepts are positive, negative or zero. 
(a) There is only one x-intercept atx = 0,sor=s=0. 

(b) There are two x-intercepts, one positive and one negative, sor < 0 ands > 0. 

(c) There is only one v-intercept. It is positive and r = s. 

(d) There are no x-intercepts, so it is not possible to write the quadratic in factored form. 

(e) There are no x-intercepts, so it is not possible to write the quadratic in factored form. 


Example5 


Solution 


Expressing a quadratic function in factored form allows us to see not only where it is zero, but 
also where it is positive and where it is negative. 


A college bookstore finds that if it charges p dollars for a T-shirt, it sells 1000 — 20p T-shirts. Its 
revenue is the product of the price and the number of T-shirts it sells. 


(a) Express its revenue R(p) as a quadratic function of the price p in factored form. 
(b) For what prices is the revenue positive? 


(a) The revenue R(p) at price p is given by 
Revenue = R(p) = (Price) (Number sold) = p(1000 — 20p). 


(b) We know the price, p, is positive, so to make R positive we need to make the factor 1000 — 20p 
positive as well. Writing it in the form 


1000 — 20p = 20(50 — p) 


we see that Ff is positive only when p < 50. Therefore the revenue is positive when 0 < p < 50. 


Interpreting Quadratic Functions Expressed in Vertex Form 


Example 6 


Solution 


The next example illustrates a form for expressing a quadratic function that shows conveniently 
where the function reaches its maximum value. 


The function h(t) = —16t? + 32¢ + 128 in Example | can be expressed in the form 
A(t) = —16(¢ — 1)? + 144. 
Use this form to show that the ball reaches its maximum height h = 144 when t = 1. 


Looking at the right-hand side, we see that the term —16(t— 2 is a negative number times a square, 
so it is always negative or zero, and it is zero when t = 1. Therefore h(t) is always less than or equal 
to 144 and is equal to 144 when t = 1. This means the maximum height the ball reaches is 144 feet, 
and it reaches that height after 1 second. See Table 9.2 and Figure 9.5. 


Table 9.2 Values of h(t) = —16(t — 1)? + 144 are height (ft) 
less than or equal to 144 150+ (es) 
2 
t (seconds) —16(t —1)° +144 106- 

0 128 Hf 
1 144 50 4 
2 128 ‘ 
3 80 — | t (seconds) 
A 0 —2-1 t 2 8 


Figure 9.5: Ball reaches its greatest 
height of 144 ft att = 1 


The point (1, 144) in Figure 9.5 is called the vertex of the graph. For quadratic functions the 
vertex shows where the function reaches either its largest value, called the maximum, or its smallest 
value, called the minimum. In Example 6 the function reaches its maximum value at the vertex 
because the coefficient is negative in the term —16(t — 1)?. 

In general: 


A quadratic function in x is expressed in vertex form if it is written as 


y = f(a) =a(a—h)? +k, where a, h, and k are constants and a # 0. 


For the function f(x) = a(x — h)? +k, 
e f(h) =k, and the point (h, k) is the vertex of the graph. 


e The coefficient a is the leading coefficient, the same a as in the standard form. 


- Ifa > 0 then k is the minimum value of the function, and the graph opens upward. 
- Ifa < Othen k is the maximum value of the function, and the graph opens downward. 


Example 7 For each function, find the maximum or minimum and sketch the graph, indicating the vertex. 
(a) g(x) = (x —3)?+2 (b) A(t) =5—(t+2) (c) h(x) =a2?-4r+4 
Solution (a) The expression for g is in vertex form. We have 


g(x) = (a — 3)? + 2 = Positive number (or zero) + 2. 


Thus g(x) > 2 for all values of x except x = 3, where it equals 2. The minimum value is 2, and 
the vertex is at (3, 2) where the graph reaches its lowest point. See Figure 9.6(a). 


(b) The expression for A is also in vertex form. We have 


wm 


A(t) = 5 — (t + 2)? = 5 — Positive number (or zero). 


Thus A(t) < 5 for all t except t = —2, where it equals 5. The maximum value is 5, and the 
vertex is at (—2,5), where the graph reaches its highest point. See Figure 9.6(b). 

The expression for h is not in vertex form. However, recognizing that it is a perfect square,” we 
can write it as 


(c 


wm 


h(x) = a? —42 +4 = (a — 2)?, 


which is in vertex form with k = 0. So h(2) = 0 and h(z) is positive for all other values of x. 
Thus the minimum value is 0, and it occurs at 1 = 2. The vertex is at (2,0). See Figure 9.6(c). 


(a) A@)=@=By £2 (b) Vertex 55 (c) io h(x) = 2? — 4044 
10 
t Vertex 
Fy 5 
Vertex =i iit | 
. xe A(t) = 5 — (+ 2) 5 = 
3 6 0 3 


Figure 9.6: Interpretation of the vertex form of a quadratic expression 


?See page 42 for a review of perfect squares. 


Example 8 The functions in Example 7 can be thought of as resulting from shifts or scales of the basic function 
f (x) = x”. Describe these operations in each case. 


Solution (a) The function g(x) is formed from f(x) by a horizontal shift 3 units to the right and a vertical 
shift up 2 units. 
(b) The function A(x) is formed from f(a) by a horizontal shift 2 units to the left followed by a 
vertical shift up 5 units and a multiplication by —1. 
(c) Using the form h(x) = (x — 2)? shows that h(x) is formed from f(x) by a horizontal shift 2 
units to the right. 


Exercises and Problems for Section 9.1 
EXERCISES 


1. A peanut, dropped at time t = 0 from an upper floor of | MiIn Exercises 4—7, for which values of x is the function posi- 
the Empire State Building, has height in feet above the tive and for which is it negative? 
ground t seconds later given by 


4. f(x) = (x —4)(a@ +5) 
h(t) = —16t? + 1024. §. ga? 9 — 58 
What does the factored form 6. h(x) = a? — 12% + 36 
7. k(x) = —(a — 1)(a@ — 2) 


h(t) = —16(t — 8)(t + 8) 


MiFor each function f(a) = a(a — h)? + k graphed in 8-12, 


tell us about when the peanut hits the ground? : i : 
is each of the constants h and k positive, negative, or zero? 


2. A coin, thrown upward at time t = 0 from an office in 
the Empire State Building, has height in feet above the 8. y a y 


ground ¢ seconds later given by aes 
h(t) = —16¢? + 64t + 960 = —16(t — 10)(t + 6). x x 
(a) From what height is the coin thrown? 

(b) At what time does the coin reach the ground? 


10.0 11. y 
3. When a company charges a price p dollars for one of 
its products, its revenue is given by 


Revenue = f(p) = 500p(30 — p). 


(a) For what price(s) does the company have no rev- 
enue? 12. y 
(b) What is a reasonable domain for f(p)? 


Mi Match the graphs in Exercises 13-20 to the following equa- 
tions, or state that there is no match. 
(a) y=(x—2)?+3 (b) y=—(a—2)?4+3 
(ce) y=(a+2)?+3 (dq) y=(r#+2)?-3 


(e) y=—(a@+2)?+3 @&) y=2(a—2)? +3 
@) y=(e-3)?+2 (@) y=(e+3)?- 
13. 14. y 
12 
(a 
3 
DP 
-1012345 
15. y 16. y 
-21 v4 
0 
iin a i, Aa 29 1 5 


-10 123 4 5 


PROBLEMS 


17. 


19. 


21. A ball is dropped from the top of a tower. Its height 
above the ground in feet t seconds after it is dropped is 
given by 100 — 16t?. 


(a) Explain why the 16 tells you something about how 
fast the speed is changing. 

(b) When dropped from the top of a tree, the height of 
the ball at time ¢ is 120 — 16t?. Which is taller, the 
tower or the tree? 

(c) When dropped from a building on another planet, 
the height of the ball is given by 100 — 202”. 
How does the height of the building compare to 
the height of the tower? How does the motion of 
the ball on the other planet compare to its motion 
on the earth? 

22. The average weight of a baby during the first year of 
life is roughly a quadratic function of time. At month 

m, its average weight, in pounds, is approximated by* 


w(m) = —0.042m? + 1.75m +8. 


(a) What is the practical interpretation of the 8? 
(b) What is the average weight of a one-year-old? 


WEach of the graphs in Problems 23-28 is the graph of a 
quadratic function. 

(a) If the function is expressed in the form y = ax? + ba + 

c, say whether a and c are positive, negative, zero. 


(b) If the function is expressed in the form y = a(a—h)?+ 
k, say whether h and k are positive, negative, zero. 


(c) Can the expression for the function be factored as y = 
a(az — r)(a — s)? If it can, are r and s equal to each 
other? Say whether they are positive, negative, or zero 
(assume r < 8). 


25. 


2s) / 
29. A company finds that if it charges x dollars for a wid- 


get it can sell 1500 — 32 of them. It costs $5 to produce 
a widget. 


nay 
mae 
AY 


(a) Express the revenue, R(), as a function of price. 

(b) Express the cost, C'(a), as a function of price. 

(c) Express the profit, P(a), which is revenue minus 
cost, as a function of price. 


Shttp://www.cde.gov/growthcharts/, accessed June 6, 2003. 


Mi What changes to the parameters a, h, k in the equation MiIn Problems 32-33, use what you know about the graphs of 
quadratic functions. 
y= a(x —h) +k ; 
32. Find the domain of g given that 


g(x) = V/ (a — 4)(@ + 6). 


33. Find the range of h given that 


produce the effects described in Problems 30-31? 


30. The vertex of the graph is shifted down and to the right. 


31. The graph changes from upward-opening to 
downward-opening, but the zeros (a-intercepts) do h(x) = 1/25 + (x — 3)?. 


not change. 


9.2 WORKING WITH QUADRATIC EXPRESSIONS 


In the previous section we saw how to interpret the form in which a quadratic function is expressed. 
In this section we see how to construct and manipulate expressions for quadratic functions. 


Constructing Quadratic Expressions 


In the previous section we saw that different forms give us different information about a quadratic 
function. The standard form tells us the vertical intercept, the factored form tells us the horizontal 
intercepts, and the vertex form tells us the maximum or minimum value of the function. We can also 
go the other way and use this information to construct an expression for a given quadratic function. 


Example 1 Find a quadratic function whose graph could be 


(3, —18) 


Figure 9.7: Find possible expressions for these functions 
Solution (a) Since we know the zeros, we start with a function in factored form: 
f(z) = a(z —r)(x — 8). 


The graph has z-intercepts at x = 1 and x = 4, so the function has zeros at those values, so we 
choose r = 1 and s = 4, which gives 


f(x) = a(a — 1)(a — 4). 
Since the y-intercept is —12, we know that y = —12 when x = 0. So 


—12 = a(0 —1)(0 —4) 


Example 2 


Solution 


—12 = 44 


—3=a. 


So the function 
f(a) = —3(2 — 1)(@ — 4) 


has the right graph. Notice that the value of a is negative, which we expect because the graph 
opens downward. 

We are given the vertex of the parabola, so we try to write its equation using the vertex form 
y = f(x) = a(x — h)? + k. Since the coordinates of the vertex are (3, —13), we let h = 3 and 
k; = —13. This gives 


(b 


7 


fla) =a(a —3)7 — 13. 


The y-intercept is (0,5), so we know that y = 5 when x = 0. Substituting, we get 


5=a(0—3)? — 13 


5 = 9a— 13 
18 = 9a 
2 =O. 


Therefore, the function 
f(z) =2(z —3)? —13 


has the correct graph. Notice that the value of a in positive, which we expect because the graph 
opens upward. 


In Example 5 on page 259 about T-shirt sales at a bookstore, we saw how a quadratic function 
can arise in applications to economics that involve multiplying two linear functions together, one 
representing price and one representing sales. In the next example we see how a quadratic function 
can be used to represent profit. 


The revenue to a bookstore from selling 1000 — 20p T-shirts at p dollars each is 
R(p) = p(1000 — 20p). 


Suppose that each T-shirt costs the bookstore $3 to make. 
(a) Write an expression for the cost of making the T-shirts. 
(b) Write an expression for the profit, which is the revenue minus the cost. 
(c) For what values of p is the profit positive? 
(a) Since each T-shirt costs $3, we have 
Cost = 3(Number of T-shirts sold) = 3(1000 — 2p). 


(b) We have 
Profit = Revenue — Cost = p(1000 — 20p) — 3(1000 — 20p). 


(c) Factored form is the most useful for answering this question. Taking out a common factor of 
(1000 — 20p), we get 


Profit = p(1000 — 20p) — 3(1000 — 20p) = (p — 3)(1000 — 20p) = 20(p — 3)(50 — p). 


This first factor is p — 3, which is positive when p > 3 and negative when p < 3. So 


p>50: g(p) = 20(p — 3)(50 — p) = positive x negative = negative 
3<p<50: g(p) = 20(p — 3)(50 — p) = positive x positive = positive 
p<3: g(p) = 20(p — 3)(50 — p) = negative x positive = negative. 


So the profit is positive if the price is greater than $3 but less than $50. 


In Example 2 we converted the expression for the function into factored form to see where it 
was positive. How do we convert between different forms in general? 


Converting Quadratic Expressions to Standard and Factored Form 
In the previous section we saw three forms for a function giving the height of a ball: 
h(t) = —16¢? + 32t+ 128 (standard form) 


= —16(t—4)(t+ 2) — (factored form) 
= —16(t—1)? +144 (vertex form). 


One way to see that these forms are equivalent is to convert them all to standard form. 


Converting to Standard Form 


We convert an expression to standard form by expanding and collecting like terms, using the dis- 
tributive law. For example, to check that —16(t — 1)? + 144 and —16¢? + 32¢ + 128 are equivalent 
expressions, we expand the first term: 


—16(t — 1)? + 144 = —-16(t? — 2¢+ 1) + 144 
= —16t? + 32t — 16 + 144 
= —16¢? + 32¢ + 128. 


Similarly, expanding shows that —16(t — 4)(t + 2) and —16¢? + 32t¢ + 128 are equivalent: 
—16(¢ — 4)(¢ + 2) = —16(t? — 4t + 2¢ — 8) 
= —16(¢° — 2 — 8) 
= —16t? + 32t + 128. 


Converting to Factored Form 


Factoring takes an expression from standard form to factored form, using the distributive law in 
reverse. Factoring is reviewed in Section 2.3. 


Example 3 Write each of the following expressions in the indicated form. 


(a) 2—<27+4+ 32(2 — x) (standard) (b) We Wea) (factored) 


D; 
(c) (z2+3)(z—2) +2 — 2 (factored) (d) 5(x?2 — 2” +1) — 9 (vertex) 


Solution (a) Expanding and collecting like terms, we have 


2—2° +32(2—2) =2—a27 + 62 — 3e7 = —47? + 62 +2. 


(b) This is already almost in factored form. All we need to do is express the division by 2 as 
multiplication by 1/2: 


(n-—1)(2-—n) 1 
I 


(c) We could expand this expression and then factor it, but notice that there is a common factor of 
z — 2, which enables us to get to the factored form more directly: 
(2 +3)(2-2) + 2-2 = (z-2)((2 +3) 41) 
= (z —2)(z+4) 
= (z — 2)(z — (—4)). 


factor out (z — 2) 


(d) The key to putting this in vertex form is to recognize that the expression in parentheses is a 
perfect square: 


h(a? — Ie 1) 9 = 5(@ — 1)? = 9) 
——— 


(w-1)? 


In Example 3(d) we had to rely on recognizing a perfect square to put the expression in vertex 
form. Now we give a more systematic method. 


How Do We Put an Expression in Vertex Form? 


Example 4 Find the vertex of the parabolas (a) y = x? + 6x +9 


(b) gy=a? +62+8. 


(a) We recognize the expression on the right-hand side of the equal sign as a perfect square: y = 
(x + 3), so the vertex is at (—3, 0). 


Solution 


(b) Unlike part (a), the expression on the right-hand side of the equal sign is not a perfect square. In 


order to have a perfect square, the 6a term should be followed by a 9. We can make this happen 
by adding a 9 and then subtracting it in order to keep the expressions equivalent: 


xv? +6¢2+8=27+62+9-—9+8 add and subtract 9 
— Oe 


Perfect square 


= (#+3)?-1 since -9+ 8 = —1. 


Therefore, y = x? + 6x + 8 = (a + 3)? — 1. This means the vertex is at the point (—3, —1). 


In the last example, we put the equation y = x? + 6x + 8 into a form where the right-hand side 


contains a perfect square, in a process that is called completing the square. To complete the square, 
we use the form of a perfect square 


(n+p)? =a" + 2px +p’. 


Example 5 Put each expression in vertex form by completing the square. 
(a) «2? —8a (b) 227+427—7 


Solution (a) We compare the expression with the form of a perfect square: 
x? — 8x 
G7 2pr pe. 


To match the pattern, we must have 2p = —8, so p = —4. Thus, if we add (—4)? = 16to 
x” — 8x we obtain a perfect square. Of course, adding a constant changes the value of the 
expression, so we must subtract the constant as well. 


x? — 8a = 27 —8x+16—16 add and subtract 16 
_—— 
Perfect square 


a” — 8" = (x — 4)? — 16. 


Notice that the constant, 16, that was added and subtracted could have been obtained by taking 
half the coefficient of the x-term, (—8/2), and squaring this result. This gives (—8/2)? = 16. 


(b) We compare with the form of a perfect square: 
go? + 4p —7 
x” + 2px + p?. 


Note that in each of the previous examples, we chose p to be half the coefficient of x. In this 
case, half the coefficient of x is 2, so we add and subtract 2? = 4: 


ve? +4¢—7=27+4r+4—-4—7 add and subtract 4 
SS 


Perfect square 


g? +4 —7 = (2 +2)? - 11. 


An Alternative Method for Completing the Square 


In Examples 4 and 5 we transform the quadratic expression for f(x). Example 6 illustrates a varia- 
tion on the method of completing the square that uses the equation y = f(a). Since there are more 
operations available for transforming equations than for transforming expressions, this method is 
more flexible. 


Example 6 Put the expression on the right-hand side in vertex form by completing the square. 
(ie el (b)) y= 3a? £247 — 15 
Solution (a) The overall strategy is to add or subtract constants from both sides to get the right-hand side in 


the form of a perfect square. We first subtract 1 from both sides so that the right-hand side has 
no constant term, then add a constant to complete the square: 


Y=o +o 
y-l=2?4+2 subtract | from both sides 


add 1/4 = (1/2)? to both sides 


1 
ae = 


Ble 


Example 7 


Solution 


Gases 
y=(o+=] + 7 isolate y on the left side. 


(b) This time we first divide both sides by 3 to make the coefficient of x? equal to 1, then proceed 


as before: 
y = 307 + 247 — 15 
7 = 27 + 82 —5 divide both sides by 3 
- +5=27+82 add 5 to both sides so there is 


no constant term on the right 


+4%=974824+4? add 4? = (8/2)? to both sides 


5 
tel =(c +4) 
2 2G fay =i 


y = 3(a + 4)? — 63 _ isolate y on the left side. 


A bookstore finds that if it charges $p for a T-shirt then its revenue from T-shirt sales is given by 
R= f(p) = p(1000 — 20p) 
What price should it charge in order to maximize the revenue? 
We first expand the revenue function into standard form: 
R= f(p) = p(1000 — 20p) = 1000p — 20p?. 


Since the coefficient of p? is —20, we know the graph of the quadratic opens downward. So the 
vertex form of the equation gives us its maximum value. The expression on the right is more com- 
plicated than the ones we have dealt with so far, because it has a coefficient —20 on the quadratic 
term. In order to deal with this, we work with the equation R = 1000p — 20p? rather than the 
expression 1000p — 20p?: 


R = 1000p — 20p? 


= = py — 50p divide by —20 
-5 + 257 = p? — 50p + 257 add 257 to both sides 
R 
— 5p + 25° = (p — 25)” 


== 0p 225) 4220 25- 
R = —20(p — 25)? + 12,500. 


So the vertex is (25, 12,500), indicating that the price that maximizes the revenue is p = $25. 
Figure 9.8 shows the graph of f. The graph reveals that revenue initially rises as the price increases, 
but eventually starts to fall again when the high price begins to deter customers. 


(25, 12,500) 


P 
10 20 30 40 50 


Figure 9.8: Revenue from the sale of T-shirts 


Notice two differences between the method in Example 7 and the method in Examples 4 and 5: 
we can move the —20 out of the way temporarily by dividing both sides, and instead of adding and 
subtracting 25? to an expression, we add to both sides of an equation. Since in the end we subtract 
the 25? from both sides and multiply both sides by —20, we end up with an equivalent expression 
on the right-hand side. 


Visualizing The Process of Completing The Square 


We can visualize how to find the constant that needs to be added to x? +bz in order to obtain a perfect 
square by thinking of x? + ba as the area of a rectangle. For example, the rectangle in Figure 9.9 has 
area 2(x +8) = x” +82. Now imagine cutting the rectangle into pieces as in Figure 9.10 and trying 
to rearrange them to make a square, as in Figure 9.11. The corner piece, whose area is 47 = 16, is 
missing. By adding this piece to our expression, we “complete” the square: 7? + 82+16 = (a+4)?. 


x 
r+8 

Figure 9.9: Rectangle with Figure 9.10: Cutting off a Figure 9.11: Rearranging the piece to 

sides x andx+ 8 strip of width 4 make a square with a missing corner 


Exercises and Problems for Section 9.2 
EXERCISES 


WExercises 1-4 show the graph of a quadratic function. Find 


3. y 4. 
a possible formula for the function. 
1. y 2. y 
(6, 15) x 
aan : 4 / \s (3, -5) 
x 


Find possible formulas for the quadratic functions described 
in Exercises 5-8. 


Win Exercises 31-42, put the functions in vertex form f(x) = 


a(x — h)? + k and state the values of a, h, k. 


5. Graph has vertex (2,3) and y-intercept —4. 31, y= =2(e = 5)? +5 
6. Zeros x = 3, —5, and graph has y-intercept 12. (x + 4)? 
7. Graph has vertex (3, 9) and passes through the origin. at da ae 7 
8. Graph has x-intercepts 8 and 12 and y-intercept 50. 33. y = (2a — 4)? +6 
9. A rectangle is 6 feet narrower than it is long. Express 34. y—5 = (2- x)" 
its area as a function of its length / in feet. 35. y= a? + 122 +20 
10. The height of a triangle is 3 feet more than twice the 36. y = dg? +240 +17 


length of its base. Express its area as a function of the 


2 
length of its base, x, in feet. 37. y-—5=2°4+2r41 


38. y—12 = 227 4+8r4+8 


MiIn Exercises 11-12, a quadratic expression is written in ver- $8, gp i? hp 


tex form. r 

(a) Write the expression in standard form and in factored 40. y = 22° + 202 4 12 
form. 4. y+2=a2" —3e 

(b) Evaluate the expression at x = 0 and x = 3 using each 42. y= 3x2 + Te +5 


of the three forms and compare the results. 


11, (2@+3) — Min Exercises 43-46, find the x- and y-intercepts. 


12. (x — 2)? — 25 
43. y = 32? + 15x 4+ 12 
MiIn Exercises 13-22, express the quadratic function in stan- 44 


.y=x? — 3x —10 
dard form, and identify a, b, and c. 


45. y=au?+5r4+2 


13. f(«) = a( —3) 14. g(m) = (m—7)? 46. y = 32? + 182 — 30 
18. f(r) =(n—4)(n+7) 16. g(p) = 1 - V2p" 


MiIn Exercises 47—50, find the vertex of the parabola. 


17. m(t) = 2(t—1)? +12 18. p(q) = (¢+2)(3q—4) 41. y=ele—-1) i920? =5249 
19. A(x) =(x—r)(z—s) 20. p(z)=a(a—h)? +k 49. y=2—2? 50. y= 2a + 2-27 
21. q(p) = (p —1)(p — 6) + p(3p +2) 

22. h(t) = 3(2t — 1)(t +5) 


W@iln Exercises 51-54, find the minimum value of the function, 


MiIn Exercises 23-30, write the expression in factored form. if it has one. 


23. 27 +82 +15 24. 27 +27 —24 


25, (@ —4)? =4 26. x? + 7% +10 
27. 42? — 49 28. 9t? + 60t + 100 54. j(x) = —(a —4)? +7 


29. (a + 2)(x — 3) + 2(a — 3) 
30. 6w? + 31lw + 40 


PROBLEMS 


Standard form: —2p" + 24p — 54 
Factored form: —2(p — 3)(p — 9) 
Vertex form: —2(p — 6)” + 18. 


55. The profit (in thousands of dollars) a company makes 
from selling a certain item depends on the price of the 
item. The three different forms for the profit at a price 
of p dollars are: 


(a) Show that the three forms are equivalent. 63. The length of a rectangular swimming pool is twice its 


(b) Which form is most useful for finding the prices width. The pool is surrounded by a walk that is 2 feet 
that give a profit of zero dollars? (These are called wide. The area of the region consisting of the pool and 
the break-even prices.) Use it to find these prices. the walk is 1056 square feet. 


(c) Which form is most useful for finding the profit 
when the price is zero? Use it to find that profit. 

(d) The company would like to maximize profits. 
Which form is most useful for finding the price 
that gives the maximum profit? Use it to find the 
optimal price and the maximum profit. 


(a) Use the method of completing the square to deter- 
mine the dimensions of the swimming pool. 

(b) If the material for the walk costs $10 per square 
foot, how much would the material cost for the en- 
tire walk? 


MiIn Problems 64—65, put the quadratic function in factored 
form, and use the factored form to sketch a graph of the 
function without a calculator. 


Min Problems 56-57, find a quadratic function with the given 
zeros and write it in standard form. 
56. 3 and 4 
57. a+ 1 and 3a, where a is a constant 64. y= 27+ 8r412 65. y = 2? —62 —7 


58. Group expressions (a)—(f) together so that expressions 
in each group are equivalent. Note that some groups 


may contain only one expression. Wi Write the quadratic function 

(a) (+3)? (b) 0? +9 an aie 

(c) ?+6t+9 (d) t(t+9) —3(t—3) oo 

(e) 4 /t44.81 (f) 2t? + 18 in the forms indicated in Problems 66-68. Give the values 
2 of all constants. 


Mi Write the quadratic functions in Problems 59-60 in the fol- 
lowing forms and state the values of all constants. 
(a) Standard form y = ax” + ba +c. 
(b) Factored form y = a(x — r)(a — 8). 
(c) Vertex form y = a(a — h)? +k. 


66. y = a(x —r)(x — 8) 67. y=a(x—h)? +k 


68. y= ka(va+1)+w 


69. Explain how you can determine the coefficient of x? in 


59. 
a es the standard form without expanding out: 


60. y = 21 — 23a 4 6x. 


61. Find a quadratic function F(x) that takes its largest or(20 + 3) — 5(a” + Oe + 1) — 5(10e + 2) + 3a 4 25 
value of 100 at « = 3, and express it in standard form. 


‘ ee 
62. A carpenter finds that if she charges p dollars for a Wihatasihe coctierentt 


i Win Problems 70-71, write an expression f(a) for the result 


(a) At what price will she price herself out of the mar- of the given operations on x, and put it in standard form. 
ket, that is, have no customers at all? 

(b) How much should she charge to maximize her an- 70. Add 5, multiply by x, subtract 2. 
nual revenue? 71. Subtract 3, multiply by x, add 2, multiply by 5. 


9.3 SOLVING QUADRATIC EQUATIONS BY COMPLETING THE SQUARE 


In Example 3 on page 257 we solved the equation h(t) = 0 to find when the ball hit the ground. 
When we find the zeros of a quadratic function f(a) = ax? + bx + c, we are solving the equation 


ax’? +br+c=0. 


A quadratic equation in x is one which can be put into the standard form 


az? + ba +c=0, where a, b, c are constants, with a # 0. 


Some quadratic equations can be solved by taking square roots. 


Example 1 Solve (a) «?—-4=0 (b) 27-5=0 


Solution (a) Rewriting the equation as 


we see the solutions are 


(b) Similarly, the solutions to x? — 5 = 0 are x = V5 = £2.236. 


Example 2 Use the result of Example | to solve (x — 2)? = 5. 


Solution Since the equation 


+5, 


e=5 has solutions a6 


the equation 


(2-2)? =5 has solutions a—2=4¥5. 


Thus the solutions to (a — 2)? = 5 are 


r=24+V5 and r=2-V5, 


which can be combined as 7 = 2+ V5. Using a calculator, these solutions are approximately 


& = 2 + 2.236 = 4.236 and 2 — Dv kali) = OW 8i0. 


Example3 Solve (a) 2(y+1)2=0 (b) 2(y—3)2+4=0. 
Solution (a) Since 2(y + 1)? = 0, dividing by 2 gives 
(y+1)?=0 so yt+1=0. 


Thus the only solution is y = —1. It is possible for a quadratic equation to have only one 
solution. 
(b) Since 2(y — 3)? + 4 = 0, we have 


2(y a oe = —4, 


so dividing by 2 gives 
(y — 3)? = —2. 


But since no number squared is —2, this equation has no real number solutions. 


In general, if we can put a quadratic equation in the form 
(a — h)? = Constant, 


then we can solve it by taking square roots of both sides. 


Example 4 


Solution 


For the function 
A(t) = =16@ — 1) + 144 


giving the height of a ball after t seconds, find the times where the ball reaches a height of 135 feet. 
We want to find the values of ¢ such that h(t) = 135, so we want to solve the equation 
—16(¢ — 1)? + 144 = 135. 


Isolating the (¢ — 1)? term we get 


135 — 144 9 
(a1) = eS 
( ) —16 16 
3 
—-l=+- 
: 4 
3 
=l1t-. 
: 4 


Therefore, the solutions are t = 0.25 and t = 1.75. So the ball reaches a height of 135 ft on its way 
up very soon after being thrown and again on its way down about 2 seconds after being thrown. 


Next we develop a systematic method for solving quadratic equations by taking square roots. 
The solutions to quadratic equations are sometimes called roots of the equation. 


The General Method of Completing the Square 


Example 5 


Solution 


In Section 9.2 we saw how to find the vertex of a parabola by completing the square. A similar 
method can be used to solve quadratic equations. 


Solve 2? + 62 +8 = 1. 


First, we move the constant to the right by adding —8 to both sides: 


e L6eLS—G=i1=8 add —8 to each side 
x? +62 =—-7 


2? +62+9=-—7+9 complete the square by adding 
(6/2)? = 9 to both sides 


r+3=+V2 take the square root of both 
sides 


Example 6 


Solution 


If the coefficient of x? is not 1 we can divide through by it before completing the square. 


Solve 3x? + 6a — 2 = 0 for x. 


First, divide both sides of the equation by 3: 
2 
2 
27 —--=0. 
G0 a (> Sane 3 
Next, move the constant to the right by adding 2/3 to both sides: 
2 
2 
Me= =, 
G0 See 3 


Now complete the square. The coefficient of x is 2, and half this is 1, so we add 1? = 1 to each 
side: 


2 
g?+%%+1= 3 +1 completing the square 
5 
1)? == 
(@+1P=3 
5 
tL = ae = 
aes 3 
5 
= —1 ae Pan 
7 3 


The Quadratic Formula 


Completing the square on the equation ax? + bx + c = 0 gives a formula for the solution of any 
quadratic equation. First we divide by a, getting 


b 
e+ —-2+—=0. 
a a 


Now subtract the constant c/a from both sides: 


We complete the square by adding a constant to both sides of the equation. The coefficient of x is 
b/a, and half this is 


find a common denominator 


1 bb 
2 @ Da: 
We square this and add the result, (b/2a)?, to each side: 
> ob b\? ee 
e+ -xe2t+ { — =--+(— complete the square 
2 a 2a 
ae a eee d parenth 
4 OF Pu Aa2 a Ag? expand parentheses 
c 
a 


b? — 4ac eee 
= —— simplify right-hand side. 
4a? 


We now rewrite the left-hand side as a perfect square: 
( b ) b? — 4ac 
c+—) =——. 

2a 


Taking square roots gives 


b Vb? — 4ac b —vVb? — 4ac 
L+>- = L+ >= : 
2 2a 2a 2a 
so 
—b vVb* —4ac —b Vb? —A4ac 
= — + ——— or SS 
7 = 2a 2a * 2a 2a : 
which gives the solutions 
—b+ Vb? — 4ac —b— Vb? — 4ac 
L = and fS-——____§__ 
2a 2a 


The quadratic formula combines both solutions of ax? + br + c = 0: 


| /b2 — 4ac 
2a ; 


Example 7 Use the quadratic formula to solve for x: (a) 2x7 — 2x -—-7=0 (b) 32?+32=10 
Solution (a) We have a = 2, b= —2, c= —7, so 
—(-2) ale (—2)? —4. 2(—7) 2+/4+ 56 2+ V60 
El 
22 4 4 
If we write /60 = 4-15 = 2/15, we get 
—222vi5 1 vis 
sae eee ee sae 


(b) We first put the equation in standard form by subtracting 10 from both sides: 
3a? + 3x — 10 = 0. 
Thus a = 3, b = 3, and c = —10, so 


—34+,/3?—-4-3(-10) -34+V941200 -34+V129 1. V129 


SS SS SSB e089 SSS SS SS 


2-3 6 6 2 


Example 8 A ball is thrown into the air, and its height, in feet, above the ground t seconds afterward is given 
by y = —16t? + 32¢ + 8. How long is the ball in the air? 


Solution The ball is in the air until it hits the ground, which is at a height of y = 0, so we want to know when 


16t? + 32t+8=0. 


Using the quadratic formula gives 


~32 + ,/327 —4(-1 32+ / 
EEE EGG) ee ISS Se ee 


2(—16) =30 


“IS 


The negative root does not make sense in this context, so the time in the air is t = 2.22 seconds, a 
little more than 2 seconds. 


Example 9 The distance it takes a driver to stop in an emergency is the sum of the reaction distance (the distance 
traveled while the driver is reacting to the emergency) and the braking distance (the distance traveled 
once the driver has put on the brakes). For a car traveling at v km/hr, the reaction distance is 0.42u 
meters and the stopping distance is 0.0085v2 meters. What is the speed of a car that stops in 100 
meters? 


Solution The total stopping distance is 0.42v + 0.0085v? meters, so we want to solve the equation 


0.42v + 0.0085v? = 100, or, in standard form, 0.00857 + 0.42u — 100 = 0. 


Using the quadratic formula, we get 


—0.42 + ,/0.42? — 4-0. il 
y = LOA2= vy 0.42* — 4 -0.0085(-100) ge a7 or 195.950. 


ry 2 - 0.0085 


The positive root is the only one that makes sense in this context, so the car was going about 87 
km/hr. 


The Discriminant 


We can tell how many solutions a quadratic equation has without actually solving the equation. 
Look at the expression, b? — 4ac, under the square root sign in the quadratic formula. 


For the equation ax? + bx + c = 0, we define the discriminant D = b? — 4ac. 
e If D = b? — 4ac is positive, then +b? — 4ac has two different values, so the quadratic 
equation has two distinct solutions (roots). 


e If D = b? — 4ac is negative, then \/b2 — 4ac is the square root of a negative number, so 
the quadratic equation has no real solutions. 

e If D = b? — 4ac = 0, then Vb? — 4ac = 0, so the quadratic equation has only one 
solution. This is sometimes referred to as a repeated root. 


Example 10 How many solutions does each equation have? 
(a) 427-102+7=0 (b) 0.3w? + 1.5w+1.8=0 (c) 3t? —18t+27=0 


Solution (a) We use the discriminant. In this case, a = 4, b = —10, and c = 7. The value of the discriminant 
is thus 


b? — dac = (-10)? — 4-4-7 = 100-112 = -12. 


Since the discriminant is negative, we know that the quadratic equation has no real solutions. 
(b) We again use the discriminant. In this case, a = 0.3, b = 1.5, and c = 1.8. The value of the 
discriminant is thus 
b? = 4ac = (1.5)? = 4-013 1.8 — 0.09, 


Since the discriminant is positive, we know that the quadratic equation has two distinct solu- 
tions. 
(c) Checking the discriminant, we find 


b? — 4dac = (—18)? —4-3-27=0. 


Since the discriminant is zero, we know that the quadratic equation has only one solution. 


Exercises and Problems for Section 9.3 
EXERCISES 


1. You wish to fence a circular garden of area 80 square 19. 1—4(9 — 2)? = 13 20. 2(2 — 1)? =5 
meters. How much fence do you need? é 4 * 

21. ((e—3)? +1) =16 22. (a? —5)° -5=0 

Mi Write the equations in Exercises 2-10 in the standard form 
aa” + br + c = 0 and give possible values of a, b, c. Note 
that there may be more than one possible answer. 


WSolve the quadratic equations in Exercises 23-28 or state 
that there are no solutions. 


P F 23. 2° +6r+9=4 24. 2” — 122-5 =0 
2. 22° — 0.32 =9 3. 32 —22° = —7 ; és 
: 25. 22° +32 —-1=0 26. 5” — 22° —-5=0 
x 
4,4-2°=0 5. A=n(5) 27. «? +52-—7=0 28. (Qe + 5)(29 —3) =7 
4-32 MiIn Exercises 29-45, solve by 
6. —2(2r—3)(a—-1) = 0 he -4= . . : 
l-—2 O06 (a) Completing the square (b) Using the quadratic formula 
8. = (2 2 
(all BO =) = ee ee) 29. 22 +8c+12=0 30. 2? — 10x — 15 =0 
9, Ca—a f + ia — 2 42° — 82 5 
; ; 31. 207 + 16r—-24=0 32. 27 +7r+5=0 
10. 5a ((« +1)? — 2) = 5a ((a +1)? — 2) 
33. x? —9r +2=0 34. x? +17x -8 =0 
Solve the quadratic equations in Exercises 11-22 by taking 35. 22 —222 +10 =0 36. 222 — 322 47-0 


square roots. 


37, 327 +182 +2=0 38. 527 +172 +1=0 
11. x? =9 12, 2? —-7=0 39. 627 +112-10=0 40. 20? =-3-—72 
13. 22+3=17 14. (x +2)?-4=0 4. 72? =2+8 42. 4a? + 4e +1=0 
2 = 2 — 
15. (x — 3)? —-6=10 16. (x —1)?+5=0 43. 9x —6r+1=0 44, 4x +47+3=0 


45. 9x* —62 +2=0 
7 @=5 <6 18. 7(x — 3)? = 21 2 er 


Find all zeros (if any) of the quadratic functions in Exer- 
cises 46-47. 


46. y = 3x7 — 22 —4 


47. y = 5a" —2n 42 


MiIn Exercises 48-53, use the discriminant to say whether the 
equation has two, one, or no solutions. 


PROBLEMS 


48. 


50. 


52. 


2a? +774 +3=0 49. 7x? -x -8 =0 


9x? —62 +1=0 51. 407 +4r +1=0 


9x? — 62 +2=0 53. 4r7 +47 +3=0 


54. At time t = 


55. 


0, in seconds, a pair of sunglasses is 
dropped from the Eiffel Tower in Paris. At time f, its 
height in feet above the ground is given by 


h(t) = —16t” + 900. 


(a) What does this expression tell us about the height 
from which the sunglasses were dropped? 
(b) When do the sunglasses hit the ground? 


The height of a ball t seconds after it is dropped from 
the top of a building is given by 


h(t) = —16t? + 100. 


How long does it take the ball to fall k feet, where 
0<k < 100? 


Win Problems 56-59, for what values of the constant A (if 
any) does the equation have no solution? Give a reason for 
your answer. 


56. 
58. 


60. 


61. 


3(a—2)? =A 57. (a — A)? = 10 


A@—3)7 +5 =0 59. 5(a — 3)? + A=10 


Squaring both sides of the first equation below yields 
the second equation: 


v= V2e4+3 
xv = we +3. 


Note that x = 3 is a solution to both equations. Are the 
equations are equivalent? Explain your reasoning. 


A Norman window is composed of a rectangle sur- 
mounted by a semicircle whose diameter is equal to 
the width of the rectangle. 


(a) What is the area of a Norman window in which the 
rectangle is / feet long and w feet wide? 

(b) Find the dimensions of a Norman window with 
area 20 ft? and with rectangle twice as long as it is 
wide. 


4 


62. 


63. 


64. 


65. 


66. 


The New River Gorge Bridge in West Virginia is the 
second longest steel arch bridge in the world.* Its 
height above the ground, in feet, at a point x feet from 
the arch’s center is h(a) = —0.001212462? + 876. 


(a) What is the height of the top of the arch? 
(b) What is the span of the arch at a height of 575 feet 
above the ground? 


A rectangle of paper is 2 inches longer than it is wide. 
A one inch square is cut from each corner, and the pa- 
per is folded up to make an open box with volume 80 
cubic inches. Find the dimensions of the rectangle. 


The stopping distance, in feet, of a car traveling at v 
miles per hour is given by> 


v2 
d = 2.2v + 20° 

(a) What is the stopping distance of a car going 30 
mph? 60 mph? 90 mph? 

(b) If the stopping distance of a car is 500 feet, use a 
graph to determine how fast it was going when it 
braked, and check your answer using the quadratic 
formula. 


If a and c have opposite signs, the equation ax? + ba + 
c = Ohas two solutions. Explain why this is true in two 
different ways: 


(a) Using what you know about the graph of y = 
ax? + br +c. 
(b) Using what you know about the quadratic formula. 


Graph each function on the same set of axes and count 
the number of intercepts. Explain your answer using 
the discriminant. 

(a) f(z) = 2? —4¢ +5 (b) f(x) = 2? —40 +4 
(c) f(z) =a? —4¢ +3 (d) f(x) =a? —4¢ 42 


www.nps.gov/neri/bridge.htm, accessed on February 19, 2005. 


Shttp://www.arachnoid.com/lutusp/auto.html, accessed June 6, 2003. 


67. 


68. 


69. 


70. 


Use what you know about the discriminant b? — 4ac 
to decide what must be true about c in order for the 
quadratic equation 3x? + 2a + c = 0 to have two dif- 
ferent solutions. 


Use what you know about the discriminant b? — 4ac 
to decide what must be true about b in order for the 
quadratic equation 2x? + br +8 = 0 to have two dif- 
ferent solutions. 

Show that 2ax? — 2(a — 1)a — 1 = 0 has two solutions 
for all values of the constant a, except for a = 0. What 
happens if a = 0? 

Under what conditions on the constants b and c do the 
line y = —a + band the curve y = c/s intersect in 


(a) No points? 
(b) Exactly one point? 


71. 


72. 


73. 


(c) Exactly two points? 
(d) Is it possible for the two graphs to intersect in more 
than two points? 


If the equation 2x7 — ba +50 = 0 has at least one real 
solution, what can you say about b? 


What can you say about the constant c given that x = 3 
is the largest solution to the equation x? +4+3a+c=0? 


Use what you know about the quadratic formula to find 
a quadratic equation having 


24+ V8 
2 


as solutions. Your equation should be in standard form 
with integer (whole number) coefficients. 


9.4 SOLVING QUADRATIC EQUATIONS BY FACTORING 


Example 1 


Solution 


In this section we explore an alternative method of solving quadratic equations. It does not always 
apply, but when it does it can be simpler than completing the square. In Section 9.1 we saw that r 


and s are solutions of the equation 


a(x —r)(a— s) =0. 


The following principle shows that they are the only solutions. 


The zero-factor principle states that 


If A: B = 0 then either A = 0 or B = 0 (or both). 


The factors A and B can be any numbers, including those represented by algebraic expres- 
sions. 


We have 


Find the zeros of the quadratic function f(x) = 2? — 4a + 3 by expressing it in factored form. 


fla) =27 —4¢ +3 = (@—- 1) —3), 


so x = 1 and x = 38 are zeros. To see that they are the only zeros, we let A= x —1 and B= 2-3, 
and we apply the zero-factor principle. If x is a zero, then 


(x — 1) (2-3) =0, 
SS ee 


so either A = 0, which implies 


se — il = (0) 


or B = 0, which implies 


C3 = 


— 


In general, the zero-factor principle tells us that for a quadratic equation in the form 


a(x —r)(a— s) =0, where a, 1, s are constants, a # 0, 


the only solutions are x = r and x = s. 


Example 2 Solve for x. 


(a) (a —2)(a—3)=0 (b) (a—q)(x+5) = 

(c) 2? +4¢ =21 (d) (2x —2)(x — 4) = 20 
Solution (a) This is a quadratic equation in factored form, with solutions x = 2 and x = 3. 

(b) This is a quadratic equation in factored form, with solutions x = q and x = —5. 


(c) We put the equation into factored form: 


a? + 4a = 21 
x? +4¢7—21=0 
(c+ 7)(a — 3) =0. 


Thus the solutions are x = —7 and x = 3. 
(d) The left side is in factored form, but the right side is not zero, so we cannot apply the zero-factor 
principle. We put the equation in a form where the right side is zero: 


(2a — 2)(a — 4) 
2(a — 1)(a — 4) 
(a —1)(a —4) =10 dividing both sides by 2 
x? —5a+4=10 expanding left-hand side 

a —52—-6=0 

(a +1)(a —6) = 0. 


= 20 
= 20 factoring out a 2 


Applying the zero-factor principle we have either 
Co — 0 on 2 6) —10: 


Solving these equations for x gives x = —1 and az = 6. 


Example 3 


Solution 


Example 4 


Solution 


Find the horizontal and vertical intercepts of the graph of h(x) = 2x? — 16x + 30. 


The vertical intercept is the the constant term, h(0) = 30. The horizontal intercepts are the solutions 
to the equation h(a) = 0, which we find by factoring the expression for h(a): 


Ria) = 2a" — Se +15) 
0 = 2(a@ — 3)(a —5) letting h(x) = 0 and factoring 


The x-intercepts are at x = 3 and x = 5. See Figure 9.12. 


30 


3 5 


Figure 9.12: A graph of 
h(x) = 2x? — 16x + 30 


Find the points where the graphs of 
f(z) =227 —42+7 and g(x) =a? +2+1 
intersect. 
See Figure 9.13. At the points where the graphs intersect, their function values match so 


Qn? —4e + 7aa?+a+1 
Qn? — 2? —4g —2 +7-1=0 combine like terms 


g —5¢-+6=0 simplify. 


To apply the zero-factor principle, we factor the left-hand side: 
(a — 2)(a — 3) = 0. 


If x is a solution to this equation then either x — 2 = 0 or x — 3 = 0, by the zero-factor principle. 
So the possible solutions are x = 2 and x = 3. We check these values in the original equation: 


(2) =2-2? —=4° 97 = 7 
g(2) = 2? 294 = 


so the first intersection point is (2,7), and 


fGl=—2-3 = 4-347 13 
g(3) =37 +341 = 15) 


so the second intersection point is (3, 13). 


f(z) = 2a? — 42 +7 


g(x) =z? +241 


Figure 9.13: Where do the graphs of f(a) and g(x) intersect? 


Example5 Write a quadratic equation in ¢ that has the given solutions. 
(a) —land2 (b) 24+ V3 and2— V3 (c) aand 6, constants 


Solution (a) Using the factored form we get 
(t — (-1))(t — 2) = (t+ 1)(¢- 2) =0. 
(b) Ift = 2+ V3, thent — 2 = +, so 


(i —e2) ed 


is a quadratic equation with the required solutions. 
(c) Again we use the factored form (¢ — a)(t — b) = 0. 


Solving Other Equations Using Quadratic Equations 


Factoring can be used to solve some equations that are not quadratic, as in the following examples. 


Example6 Solve 22° — 5a? = 32. 
Solution We first put the equation in standard form: 


25° — 5a" = 32 — 0 
a(2x? — 52 —3)=0 factor out an x 


xu(2x + 1)(~— 3) =0 _ factor the quadratic. 
If the product of three numbers is 0, then at least one of them must be 0. Thus 


v0) or 22+1=0 or g—=3 = U0, 


Example 7 


Solution 


Example 8 


Solution 


so 
Taal) or c= = or B= SB. 


We call 2x? — 5x? — 3a = 0a cubic equation, because the highest power of z is 3. 
You might be tempted to divide through by z in the original equation, 27° — 5x2? = 32, giving 


2x? — 5x2 = 3. However this is not allowed, because x could be 0. In fact, the result of dividing by 
x is to lose the solution x = 0. 


Solve y* — 10y? +9 = 0. 
Since y* = (y?)?, the equation can be written as 

y* — 10y? + 9 = (y?)? — 107? +9 =0. 
We can think of this as a quadratic equation in y?. Letting z = y?, we get 


z*—10z+9=0 replacing y? with z 
(z —1)(z —9) =0 _ factoring the left side 
(y? —1)(y? —9) =0 replacing z with y?. 


Thus, the solutions are given by 
y? —1=0 or y —9=0. 


Solving for y gives 


= sell or = se3}, 
The equation y* — 10y? + 9 = 0 is called a quartic equation because the highest power of y is 4. 
Sometimes an equation that does not look like a quadratic equation can be transformed into 


one. We must be careful to check our answers after making a transformation, because sometimes 
the transformed equation has solutions that are not solutions to the original equation. 


a 
Solve =-. 
a-1l a 


Multiplying both sides by a(a — 1) gives 


a 


—*_-ala-1)==-ala-1). 


Canceling (a — 1) on the left and a on the right, we get 
a” = 4(a—1), 


giving the quadratic equation 
a —Ag+A—(. 


Example 9 


Solution 


Factoring gives 
(a _ ae = 0, 


which has solution a = 2. Since we multiplied both sides by a factor that could be zero, we check 
the solution: 


i =i 8 


Fas) eres 


Solve 


Notice that the two equal fractions have the same denominator. Therefore, it will suffice to find the 
values of x that make the numerators equal, provided that such values do not make the denominator 
zero. 


Rewriting this equation as 


and taking the square root of both sides, we see that 
w=3 Biel a= 3) 


The denominator of the original equation, x + 3, is not zero when x = 3. Therefore, it is a solution 
to the original equation. However, the denominator in the original equation is zero when x = —3. 
This means that x = —3 is not a solution to the original equation. So x = —3 is an extraneous 
solution that was introduced during the solving procedure. 


Exercises and Problems for Section 9.4 


EXERCISES 

Solve the equations in Exercises 1-10 by factoring. 15. 2? +20 =524+4 16. 2x7 +52 =0 
1. (v@ —2)(2@ —3) =0 2, 2(5—2) =0 17. x? —8%+12=0 18. 2? +30+7=0 
3. 27 +52 +6=0 4. 62? + 132 +6 =0 19. 2? + 62—4=0 20. 22” — 5¢—12=0 
5. (2 —1)(e-3) =8 6. (2 —5)(a — 2)? =0 21. 2? —32412=5¢4+5 22. 2a(x4+1) = 5(a — 4) 
7. 2 +227 +1=0 8 2*-1=0 


9. (« — 3)(a@+ 2)(a@+7) =0 


MFind the zeros (if any) of the quadratic functions in Exer- 
cises 23-27. 


10. x(x? — 4)(a? +1) =0 


Solve the equations in Exercises 11-22 by any method. 


23. y = 3a” — 22-11 24. y= 5a? 43r4+3 


25. y= (2a —3)(82-1) 26. y= 3a? —5r-1 


11. 2(2—3)(2@+5)=0 12. 2 -4=0 


27. y = «(6x — 10) — 7(3a” — 5) 


13. 5a(z +2) =0 14. x(x +3) = 10 


WiIn Exercises 28-36, write a quadratic equation in x with the 41. —.-= =") 42. t* — 13t? +36 —0. 
given solutions. ae ee 
4 2 _ _qre 
28, /S and —V5 a 43, t* — 37-10 =0. 44, t+ 2Vt- 15 =0. 
30. O and 3/2 31. 24+ V3 and2-— V3 45. (t — 3)®° —5(¢ 3)? +6 =0. 
32. —p and 0 33. p+ ./qand p — \/¢ 
; 46. Consider the equation (2 — 3)(a + 2) = 0. 
34. aandb 35. a, no other solutions 
: ; (a) What are the solutions? 
36. With no solutions (b) Use the quadratic formula as an alternative way to 
find the solutions. Compare your answers. 
WiSolve the equations in Exercises 37-45. 47. Consider the equation x? + 7x + 12 = 0. 
37. «? —2° +22 =—0 38. —227 -3+21=0 (a) Solve the equation by factoring. 
1 2 2 (b) Solve the equation using the quadratic formula. 
39. c+—=2. 40. — - —— -3=0 Compare your answers. 
x y y-3 
PROBLEMS 
48. Which of the following equations have the same solu- 58. A ball is thrown straight upward from the ground. Its 


tion? Give reasons for your answers that do not depend 
on solving the equations. 


(b) rts oe 
© 2-1 ~2T8 
@ 2z-1 2-3 
(e) (22 —1)(a@+3)=2-3 


(f) (x — 3)(2 +3) =2x7—-1 
(g) +3 = (2a —1)(a — 3) 


WWithout solving them, say whether the equations in Prob- 
lems 49—56 have two solutions, one solution, or no solution. 
Give a reason for your answer. 


49. 
51. 
53. 
55: 


57. 


3(a@—3)(e+2)=0 50. 
(e+5)(a+5)=-10 52. 
(2 — 3)? =0 54, 
-2%2-1)?+7=5 56 


(a — 2)(x — 2) =0 
(a +2)? =17 

3(@ +2)? +5=1 
2(a — 3)? +10 = 10 


If a diver jumps off a diving board that is 6 ft above the 
water at a velocity of 20 ft/sec, his height, s, in feet, 
above the water can be modeled by s(t) = —16t? + 
20t + 6, where t > 0 is in seconds. 


(a) How long is the diver in the air before he hits the 
water? 

(b) What is the maximum height achieved and when 
does it occur? 


59. 


60. 


Win Problems 61-64, solve (a) For p 


height above the ground in meters after t seconds is 
given by —4.9¢? + 30¢ +c. 


(a) Find the constant c. 
(b) Find the values of t that make the height zero and 
give a practical interpretation of each value. 


A gardener wishes to double the area of her 4 feet by 
6 feet rectangular garden. She wishes to add a strip of 
uniform width to all of the sides of her garden. How 
wide should the strip be? 


Does x~* + 271 = (a + 2)~* have solutions? If so, 
find them. 


(b) For gq. 


In each case, assume that the other quantity is nonzero and 
restricted so that solutions exist. 


61. p? + 2pq +5q =0 


63. p?q? —p+2=0 


65. 


62. q? + 3pq = 10 


64. pq? + 2p7q =0 


Consider the equation ax? + ba = 0 with a ¥ 0. 


(a) Use the discriminant to show that this equation has 
solutions. 

(b) Use factoring to find the solutions. 

(c) Use the quadratic formula to find the solutions. 


66. We know that if A- B = 0, then either A = 0 or 2? — 162+ 64 =4z (4) 
B=0.If A- B = 6, does that imply that either A = 6 27 — 202 +64 =0 (5) 
or B = 6? Explain your answer. 

(z —4)(z — 16) =0 (6) 


67. In response to the problem “Solve x(a + 1) = 2-6,” Reer a (7) 


a student writes “We must have x = 20rx+1 = 6, 


which leads to x = 2 or x = 5 as the solutions.” Is the Identify and account for the flaw, specifying the step 
student correct? (1)-(7) where it is introduced. 
68. A flawed approach to solving the equation z—2,/z = 8 69. The equation 


is shown below: 
10x” — 292 + 21 =0 


zZ—2/z =8 1 
Me “ has solutions « = 3/2 and « = 7/5. Does this mean 
2-8 = 22 (2) that the expressions 10a? —29x+21 and (a—3/2)(a— 
(2-8)? = (2Vz)? (3) 7/5) are equivalent? Explain your reasoning. 


9.5 COMPLEX NUMBERS 


Until now, we have been regarding expressions like \/—4 as undefined, because there is no real 
number whose square is —4. In this section, we expand our idea of number to include complex 
numbers. In the system of complex numbers, there is a number whose square is —4. 


Using Complex Numbers to Solve Equations 


The general solution of cubic equations was discovered during the sixteenth century. The solution 
introduced square roots of negative numbers, called imaginary numbers. This discovery lead math- 
ematicians to find the solutions of quadratic equations, such as 


zg” —22+10=0, 
which is not satisfied by any real number x. Applying the quadratic formula gives 


2+ /4— 40 1 V—36 
LS = 1 or. 
2 2 
The number —36 does not have a square root which is a real number. To overcome this problem, we 


define the imaginary number 7 = /—1. Then 


?=-1. 
Using i, we see that (61)? = 3617 = —36, so 
36 (i? 6i 
a Pe 2 al al el ae 


There are two solutions for this quadratic equation just as there were two solutions in the case of 
real numbers. The numbers | + 32 and 1 — 32 are examples of complex numbers. 


A complex number is defined as any number that can be written in the form 


z=a+bi, 


where a and b are real numbers and i = \/—1. The real part of z is the number a; the 
imaginary part is the number bz. 


Example 1 


Solution 


Calling the number 7 imaginary makes it sound as though 7 does not exist in the same way as 
real numbers exist. In practice, if we measure mass or position, we want our answers to be real. 
However, there are real-world phenomena, such as electromagnetic waves, which are described 
using complex numbers. 


Solve x? — 6x +15 = 4. 
To solve this equation, we put it in the form ax? + br +c = 0. 


xc? —6a+15=4 
xv? —6x2+11=0. 


Applying the quadratic formula gives 


Algebra of Complex Numbers 


Example 2 


Solution 


We can perform operations on complex numbers much as we do on real numbers. Two complex 
numbers are equal if and only if their real parts are equal and their imaginary parts are equal. That 
is, a+ bi = c+ di means that a = c and b = d. In particular, the equality a + bi = 0 is equivalent 
to a = 0, b =0. A complex number with an imaginary part equal to zero is a real number. 

Two complex numbers are called conjugates if their real parts are equal and if their imaginary 
parts differ only in sign. The complex conjugate of the complex number z = a + bi is denoted Z, so 


=a-— Ot. 


Xl 


(Note that z is real if and only if z = z.)® 


What is the conjugate of 5 — 77? 


To find the conjugate, we simply change the subtraction sign to an addition sign. The conjugate of 
= MiB D4 Me 


®When speaking, we say “z-bar” for Z. 


Example 3 


Solution 


Example 4 


Solution 


Example 5 


Solution 


Example 6 


Solution 


Find the real numbers a and 6 that will make the following equation true: 2 — 62 = 2a + 301. 


For the equation to be true, we must have 2a = 2 and 3bi = —6i. Thus, a = 1 and 3b = —6, which 
gives us b = —2. 


Addition and Subtraction of Complex Numbers 


To add two complex numbers, we add the real and imaginary parts separately: 


(a+ bi) + (c+ di) =(a+ce)+(b+d)i. 


Compute the sum (2 + 7i) + (3 — 52). 
Adding real and imaginary parts gives (2 + 72) + (3 — 5i) = (2+ 3) + (7% — 5i) = 5 +4 2i. 
Subtracting one complex number from another is similar: 


(a + bi) — (c+ di) = (a—c)4+ (b-d)i. 


Compute the difference (5 — 42) — (8 — 31). 


Subtracting real and imaginary parts gives (5 — 42) — (8 — 31) = (5 — 8) + (—47 — (—32)) = 
(j= Si (etna = 37 


Multiplication of Complex Numbers 


Multiplication of complex numbers follows the distributive law. We use the identity i? = —1 and 
separate the real and imaginary parts to expand the product (a + bi)(c + di): 


(a+ bi)(c + dt) = a(c+ di) + bi(c + dt) 
= ac + adi + bei + bdi” = ac + bd(—1) + adi + bei 
= ac — bd + adi + bei 

(ac — bd) + (ad + bc)i. 


Compute the product (4 + 67)(5 + 2%). 


Multiplying out gives (4 + 67)(5 + 27) = 20 + 8i + 307 + 127? = 20 + 387 — 12 = 8 + 381. 


Example 7 


Solution 


Example 8 


Solution 


Example 9 


Solution 


Simplify (2 + 4%)(4 — i) + 6 + 10%. 


We wish to obtain a single complex number in the form a + bi. Multiplying out and adding real and 
imaginary parts separately: 


(2 + 4i)(4 — i) +6 + 101 = 8 — 2 + 164 — 427 + 6 + 108 = 14 + 2434+ 4 = 18 + 24%. 


Multiplying a number by its complex conjugate gives a real, non-negative number. This prop- 
erty allows us to divide complex numbers easily. 


(a) Compute the product of —5 + 4: and its conjugate. 
(b) Compute z - Z, where z = a + bi and a, bare real. 
(a) We have 
(—5 + 4:)(—5 — 42) = 25 + 20: — 207 — 1677 = 25 — 16(—-1) = 25 + 16 = 41. 
(b) We have 
z-Z=(a+ bi)(a— di) 

=a’ + abi — abi — B77? 

= a? — }*(-1) 

ie oie 


A special case of multiplication is the multiplication of 7 by itself, that is, powers of 7. We know 
that 7? = —1; then, 7? =7- 4? = —i, and i* = (47)? = (—1)? = 1. Then i? =i- i* =i, and so on. 
That is, for a nonnegative integer n, 2” takes on only four values. Thus we have 


i forn =1,5,9,13,... 
es —1  forn = 2,6,10,14,... 
—i forn=3,7,11,15,... 
1 forn = 4,8,12,16,... 


Simplify each of the following. 
(a) 434 
(b) 318 + 2121 — 3743 — 4776 


Since i+ = 1, we use this fact to help us simplify. 
(ete te ta) yl 
(b) 


BUS BAU heen he aN OV AR ye) Rehan eee yen 


= 30)? + 2G)? se) — 4:7 )e 
= 3(1) + 24(1) — 32°(1) — 4771) 

= 342i — 37° — 47? 

= 3+ 22 — 3(—2) — 4(-1) 
=34+2i+3i+4 

=7+5i. 


Division of Complex Numbers 


How can we divide two complex numbers? Even a very simple case such as (2 + i)/(1 — i) does 
not have an obvious solution. However, suppose that we divide 2 + 7 by a real number, such as 5. 
Then we have 

2+% 2 4@ #2 = 1, 
5 55 BB 
In order to divide any two complex numbers, we use the complex conjugate to create a division by 
a real number, since the product of a number and its complex conjugate is always real. 


ye By) 
Example10 Compute Z 
3+ 22 
Solution The conjugate of the denominator is 3 — 27, so we multiply by (3 — 22) /(3 — 2i). 


Mare Bara os ey 6—41+91-6i7 12451 12 5. 


asp =e 32 4+ 22 Pe Tre 


Exercises and Problems for Section 9.5 
EXERCISES 


Write the complex numbers in Exercises 1-18 in the form 15. 3/—5 + 5/—45 16. 2i(3¢? — 44 + 7) 
a + bi where a and 6 are real numbers. 
17. the conjugate of 11 + 132 


ay (by) es) ae a = 8) 18. the product of 6 — 77 and its conjugate 


3. --— 4. /—12 
5, /—81- /=4 6. 3V—35 — 4/60 Win Exercises 19-23, find the real numbers a and b. 
7, 24/=16 —5/—1 8. (—44°)(—2%) + 6(54°) 19. 8+4i=a+ bi 
9. (7+5i)—(12—11é) 10. 6(3 + 44) — 244 +5) 20. 281 =a + bi 
1 21. 6 = 3a +4 5bi 
Pe ietney: Toa 22. 15 — 251 = 3a + 5bi 


13. (34+84)+2(4-72) 14. (9—7i)-3(5 +3) 23. 36 + 12i = 9a — 3bi 


PROBLEMS 


24. Which of the following statements is true? Explain 
your answer. 


(a) qi4 = 424 (b) 430 3 0 
(c) 4o2 = 438 (d) 49 = q27 


WSolve the equations Problems 25-32. 


25. 2? —8%+17=0 
26. 2? +29 = 10r 


27. x? —6x£+14=0 
28. x? — 1274+ 45 =6 
29. 2a? — 102 +20 =7 
30. «7 —5a+16=3 
31. 4a? + 22 +1 = 4 


32. 377 +32 +10 =7r +6 


REVIEW EXERCISES AND PROBLEMS FOR CHAPTER 9 


EXERCISES 


MiIn Exercises 1-8, sketch the graph without using a calcula- 
tor. 


1. y = (x — 2)? 2. y=54+2(e41)? 
3. y= (3 —2)(a +4 2) 4. y = (24 + 3)(@ + 3) 
5. y= (#£-1)(a4—- 5) 6. y = —2(a4+ 3)(a — 4) 


7. y= A(x —3)? +5 8. y= —(a@ +1)? +25 


MiIn Exercises 9-14, write the expressions in standard form. 


9, —5x? — 27 +3 10 oe ee 
a. 2 
2: 
UU. a 12. 2(r — 2)(3 — 2r) 


13. 2(s — s(4—s) —1) 
14, (2? + 3)(z” +2) 


Win Exercises 15-18, find the minimum or maximum value 
of the quadratic expression in x. 


15. (x +7)? —8 16. a— (x +2)? 


17. g—7(a+a)? 18. 2(a7+624+9)+2 


MiIn Exercises 19-26, write the expressions in vertex form and 
identify the constants a, h, and k. 
19. 2(x? —6@+9)+4 20. 11—7(3— 2)? 


21. (22 +4)? —7 22. x? — 12% + 36 


23. —a? + 2ba — b? 24. 6(a? — 8a + 16) + 2 


(t —6)? —3 
4 


25: 


26. b+ c(x? — 4dax + 4d?) +5 


Min Exercises 27-29, rewrite the equation in a form that 
clearly shows its solutions and give the solutions. 


27. v7 +3x2+2=0 28. l4+27+27 =0 


29. 5z +627 +1=0 


Mi Write the quadratic functions in Exercises 30-31 in the fol- 
lowing forms and state the values of all constants. 
(a) Standard form y = ax? + bx +c. 


(b) Factored form y = a(a — r)(a — s). 
(c) Vertex form y = a(a — h)? +k. 


30. y —8 = —2(4 + 3)” 
31. y = 24(3% — 7) + 5(7 — 3x) 


Wiln Exercises 32-51, solve for x. 


32. «7 -16=0 33. #7 +5=9 


34. (x +4)? = 25 35. (x —6)? +7=7 
36. (x —5)? +15 =17 37. (wx —1)(2-—a2) =0 
38. (x—93)(a@+115)=0 39. (a +47)(x +59) =0 
40. x? +142 + 45 =0 41. x? + 21x +98 =0 
42. 22? +2 —55=0 43. 2? + 16x +64 =0 
44. 2? 4+2624+169=0 45. 2? 4+122+7=0 
46. x + 249 — 56 =0 47. 32° + 30r +9 =0 
48. 20° —4e?+22=0 49. 2° +329 +22 =—0 
50. c+ /z=6 


51. Solve x71 +271 = —x -2. 


Solve Exercises 52-57 with the quadratic formula. 
52. x? —4¢ -12=0 53. 2n? — 52 —12=0 
54. y?+3y+4=6 55. 3y?+y—-2=7 
56. 717 —15t+5=3 57, —2t?+12t+5 = 2t+8 


WSolve Exercises 58-63 by completing the square. 
58. 7 —8a+8=0 
60. s7+3s—-1=2 
62. 2t? —4t+4=6 


59. y? + 10y-—2=0 
61. r?—-r+2=7 
63. 3u2 + 9v = 12 


64. Explain why the equation (x — 3)” = —4 has no real 
solution. 


65. Explain why the equation x” + 2 + 7 = 0 has no pos- 
itive solution. 


Find possible quadratic equations in standard form that have 
the solutions given in Exercises 66-69. 


66. x =2,-6 


68. c=24V5 


PROBLEMS 


Mi Write the complex numbers in Exercises 70-83 in the form 
a+ bi where a and 6 are real numbers. 


4-14 
70. (1 1) — (18 — 42 71. 
(10 + 34) — (18 — 4) 7 
72. ./—100 73. J/—9 + 5/—49 
74. /-8+3/-18 75. 2/—3 —4/—27 


76. 5\/—32 — 6/—2 dds 


54 
2+14 


(3 — i)(5 +32) 


78. 


79. (1+ 4i) + (6 — 8%) 


80. 41° (67°) — 23(428) + 30? 
81. (3+%)(5 —i/2) 
82. (31)? + (5%)? — 4i + 30 


5 + 102 
2-4 


83. 


84. The three different forms for a quadratic expression 
are: 


Standard form: x? — 10x + 16 
Factored form: (a — 2)(x — 8) 
Vertex form: (a — 5)? — 9. 


(a) Show that the three forms are equivalent. 
(b) Which form is most useful for finding the 


(i) Smallest value of the expression? Use it to 
find that value. 

(ii) Values of 2 when the expression is 0? Use it 
to find those values of x. 


(iii) Value of the expression when x = 0? Use it 
to find that value. 


Problems 85-86 show the graph of a quadratic function. 
(a) If the function is in standard form y = ax? + br +c, 
is a positive or negative? What is c? 
(b) If the function is in factored form y = a(x —1r)(x— s) 
with r < s, what is r? What is s? 


(c) If the function is in vertex form y = a(x — h)? +k, 
what is h? What is k? 


85. 


86. 


Mi Write the quadratic function 
y = 4x — 304+ Qn? 


in the forms indicated in Problems 87—90. Give the values 
of all constants. 


87. y=ax*+br+c 
89. y=a(x—h)? +k 


88. y = a(x — r)(x — s) 
90. y=az(x —v) + uw 


91. 


92. 


93. 


94. 


95. 


96. 


97. 


98. 


99. 


100. 


Explain why the smallest value of f(a) = 3(a—6)? + 
10 occurs when x = 6 and give the value. 


Explain why the largest value of g(t) = —4(t + 1)? + 
21 occurs when t = —1 and give the value. 


Write the expression x” — 62 +9 in a form that demon- 
strates that the value of the expression is always greater 
than or equal to zero, no matter what the value of x. 


(a) Use the method of completing the square to write 
y = x? — 6x + 20 in vertex form. 

(b) Use the vertex form to identify the smallest value 
of the function, and the x-value at which it occurs. 


The height in feet of a stone, t seconds after it is 
dropped from the top of the Petronas Towers (one of 
the tallest buildings in the world), is given by 


h = 1483 — 16¢?. 


(a) How tall are the Petronas Towers? 
(b) When does the stone hit the ground? 


The height, in feet, of a rocket t seconds after it is 
launched is given by h = —16t? + 160t. How long 
does the rocket stay in the air? 


A rectangle has one corner at (0,0) and the opposite 
corner on the line y = —a + b, where 6 is a positive 
constant. 


(a) Express the rectangle’s area, A, in terms of x. 

(b) What value of x gives the largest area? 

(c) With x as in part (b), what is the shape of the rect- 
angle? 


A farmer encloses a rectangular paddock with 200 feet 
of fencing. 


(a) Express the area A in square feet of the paddock 
as a function of the width w in feet. 
(b) Find the maximum area that can be enclosed. 


A farmer makes two adjacent rectangular paddocks 
with 200 feet of fencing. 


(a) Express the total area A in square feet as a func- 
tion of the length y in feet of the shared side. 
(b) Find the maximum total area that can be enclosed. 


A farmer has a square plot of size x feet on each side. 
He wants to put hedges, which cost $10 for every foot, 
around the plot, and on the inside of the square he 
wants to sow seed, which costs $0.01 for every square 
foot. Write an expression for the total cost. 


MiIn Problems 101-104, find the number of x-intercepts, and 
give an explanation of your answer that does not involve 
changing the form of the right-hand side. 


101. y= —3(a + 3)(a—5) 102. y = 1.5(x — 10)? 


103. y=—(@-1)?+5 104. y=2(2+3)? 44 


MiIn Problems 105-107, use a calculator or computer to sketch 
the graphs of the equations. What do you observe? Use al- 
gebra to confirm your observation. 


105. y = (@ + 2)(a@+ 1) + (a — 2)(x — 3) — 2a(a — 1) 

106. y = (x — 1)(a — 2) + 3a and y = 2? 

107. y = (w— a)? + 2a(a — a) +a? for a = 0, a = 1, and 
a=2 

108. When the square of a certain number is added to the 


number, the result is the same as when 48 is added to 
three times the number. Use the method of completing 
the square to determine the number. 


MiIn Problems 109-112, decide for what values of the constant 
A (if any) the equation has a positive solution. Give a reason 
for your answer. 


109. 2? +2+A=0 110. 3(2 + 4)(2 + A) =0 


111. A(x—3)?-6=0 3112. (a —3)?7 -A=0 


MiIn Problems 113-115, the equation has the solution x = 0. 
What does this tell you about the parameters? Assume a 4 
0. 

113. ax? + br +c=0 
114. a(a —r)(x— s) =0 
115. a(x —h)? +k =0 


Problems 116-119 refer to the equation (a —a)(x—1) = 0. 


116. 
117. 


Solve the equation for x, assuming a is a constant. 


Solve the equation for a, assuming x is a constant not 
equal to 1. 


118. For what value(s) of the constant a does the equation 


have only one solution in 2? 


119. For what value(s) of a does the equation have infinitely 


many solutions in a? 


Min Problems 120-123, give the values of a for which the 
equation has a solution in x. You do not need to solve the 
equation. 


120. 
122. 


124. 


125. 


(3a—2)°+a=0 121. ax—-5+62r =0 


62-5 =8r+a—2x 123. 42?—(1-2r)*+a=0 


2 


For what values of a does the equation az? = 2? — x 


have exactly one solution in x? 

(a) Show that if (x — h)? + k = 0 has two distinct 
solutions in x, then / must be negative. 

(b) Use your answer to part (a) to explain why / must 
be negative if (« —h)? +k = (w—r)(x—s), with 


rZés. 


126. 


127. 


128. 


(c) What can you conclude about k if —2(a — h)? + 
k = —2(2 —r)(x — s), withr # 5? 


(a) Explain why 2(a —h)? +k is greater than or equal 
to k for all values of x. 

(b) If 2(2@ — h)? +k = ax? + ba +c, explain why it 
must be true that c > k. 

(c) What can you conclude about c and k& if —2(a@ — 
h)? +k = ax? +br+0? 


If a is a constant, rewrite x? + (a — 1)a —a = Oin 
a form that clearly shows its solutions. What are the 
solutions? 


Rewrite 2a + 2 + a® = 0 ina form that clearly shows 
it has no solutions. 


SOLVING DRILL 


MiIn Problems 1-30, solve the equation for the indicated variable. 


1. 2? —4¢ +3 =0;forz 

2. 104+ 3a = 18+ 5a — 2°; for x 
3. 6 — 3t = 2t — 10+ 5t; for t 
4. ?+7t+3 =0; fort 

5. 8 +5=r74+5r4+ 4; forr 
6. 5s? +33 = 0; for s 

7. 2w? + 16w + 15 = 5w + 3; for w 

8. 5a +13 — 2x2 = 10x — 9; for x 

9. 3p? + 3p —8 = p? + 5p — 14; for p 

10. 3t? + 5¢ — 4 = 2t? + 8t + 6; fort 

11. 22° = 1227: for x 

12. 5.2w — 2.3w? + 7.2 = 0; for w 

13. 2.1q? — 4.2 + 9.8 = 14.9 + 1.7q — 0.4q?; for q 

14. 4.2t + 5.9 — 0.7t = 12.2; fort 

15. 52? = 20; for x 

16. 2a(a +5) — 4a +9 = 0; for x 

17. p(p— 3) = 2(p+ 4); for p 

18. x(a +5) — 2(4a + 1) = 2; for x 

19. 5(2s +1) — 3(7s+ 10) = 0; for s 

20. 2t(1.3t — 4.8) + 4.6(¢? — 8) = 5t(0.8t + 3.9) — 5(3t + 4); for t 
21. p? + 5pq + 8qr? = 0; for p 


22. p? + 5pq + 8qr* = 0; for q 


23. p? + 5pq + 8qr* = 0; for r 

24. as — bs? + ab = 2bs — a’; for s 
25. as — bs? + ab = 2bs — a’: fora 
26. as — bs? + ab = 2bs — a’; for b 
27. p(2q + p) = 3q(p + 4); for p 

28. p(2q + p) = 3q(p + 4); for q 

29. 2(T]Vo = 5V(H® — 3Vo); for H 
30. 2[T]Vo = 5V (H° — 3Vo); for Vo 
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10.1 EXPONENTIAL FUNCTIONS 


Example 1 


Solution 


Example 2 


We often describe the change in a quantity in terms of factors instead of absolute amounts. For 
instance, if ticket prices rise from $7 to $14, instead of saying “Ticket prices went up by $7” we 
might say “Ticket prices doubled.” Likewise, we might say theater attendance has dropped by a 
third, or that online ordering of tickets has increased tenfold. 

In Chapter 5 we saw that linear functions describe quantities that grow at a constant rate. Now 
we consider functions describing quantities that grow by a constant factor. 


In a population of bacteria, there are initially 5 million bacteria, and the number doubles every hour. 
Find a formula for f(¢), the number of bacteria (in millions) after ¢ hours. 


At t = 0, we have 


f(0) =5. 
One hour later, at t = 1, the population has doubled, so we have 
fl) =8°2= 10, 
After 2 hours, at t = 2, the population has doubled again, so we have 
(2) — 52a? — 52s = 200) 


After each hour, the population grows by another factor of 2 (that is, it gets multiplied by 2), so after 
3 hours the population is 5 - 2°, after 4 hours the population is 5 - 2*, and so on. Thus, after t hours 
the population is 


P50 


Exponents Are Used to Group Repeated Growth Factors 


We can express repeated addition as multiplication. For example, in an investment that starts with 
$500 and grows by $50 per year for three years, the final balance is given by 


Final balance = 500 + 50+ 50 + 50 = 500+ 50-3. 
Se 


3 terms of 50 


Now we express repeated multiplication using exponents. For example, after 3 hours, the bacteria 
population has doubled 3 times: 


= 2) ee eS —5.93 
f(3)=5- 2-2-2 =5.23. 


3 factors of 2 


Write an expression that represents the final value of a property that is initially worth $180,000 and 


(a) Increases tenfold (b) Quadruples twice 
(c) Increases seven times by a factor of 1.12 


Solution 


(a) The final value is 180,000 - 10 dollars. 
(b) Since the initial value quadruples two times, the final value is 180,000 - 4 - 4 dollars, which can 
be written 180,000 - 4? dollars. 
(c) Since the initial value increases by a factor of 1.12 seven times, the final value is 
180,000 (1.12)(1.12) --- (1.12), 
———— 


7 times 


which can be written 180,000(1.12)” dollars. 


Exponential Functions Change by a Constant Factor 


Example 3 


Solution 


Example 4 


Solution 


Functions describing quantities that grow by a constant positive factor, called the growth factor, are 
called exponential functions. For instance, the function Q = 5 - 2’ in Example | has the form 


Q = (Initial value) - (Growth factor)’, 


where the initial value is 5 and the growth factor is 2. In general: 


Exponential Functions 


A quantity Q is an exponential function of ¢ if it can be written as 


Q=f(t)=a-b', aandbconstants, b > 0. 


Here, a is the initial value and b is the growth factor. We sometimes call b the base. 


The base 0 is restricted to positive values because if b < 0, then b¢ is not defined for some 
exponents ¢. For example, (—2)!/? and 0~! are not defined. 


Are the following functions exponential? If so, identify the initial value and growth factor. 
(a), Q= 275... 3! (b= 80005)" (CO — 120-2 


(a) This is exponential with an initial value of 275 and a growth factor of 3. 

(b) This is exponential with an initial value of 80 and a growth factor of 1.05. 

(c) This is not exponential because the variable t appears in the base, not the exponent. It is a power 
function. 


Model each situation with an exponential function. 

(a) The number of animals N ina population is initially 880, and the size of the population increases 
by a factor of 1.14 each year. 

(b) The price P of an item is initially $55, and it increases by a factor of 1.031 each year. 


(a) The initial size is 880 and the growth factor is 1.14, so N = 880(1.14)* after t years. 
(b) The initial price is $55 and the growth factor is 1.031, so P = 55(1.031)° after ¢ years. 


Example 5 The following exponential functions describe different quantities. What do they tell you about how 
the quantities grow? 
(a) The number of bacteria (in millions) in a sample after ¢ hours is given by N = 25 - 2°. 
(b) The balance (in dollars) of a bank account after ¢ years is given by B = 1200(1.033)°. 
(c) The value of a commercial property (in millions of dollars) after t years is given by V = 
22.1(1.041)*. 


Solution (a) Initially there are 25 million bacteria, and the number doubles every hour. 
(b) The initial balance is $1200, and the balance increases by a factor of 1.033 every year. 
(c) The initial value is $22.1 million, and the value increases by a factor of 1.041 every year. 


Decreasing by a Constant Factor 


So far, we have only considered increasing exponential functions. However, a function described by 
a quantity that decreases by a constant factor is also exponential. 


Example 6 After being treated with bleach, a population of bacteria begins to decrease. The number of bacteria 
remaining after ¢ minutes is given by 
3\¢ 
t) =800{—]} . 
a(t) = 800 (+) 


Find the number of bacteria at t = 0, 1, 2 minutes. 


Solution We have 


Here the constant 800 tells us the initial size of the bacteria population, and the constant 3/4 tells 
us that each minute the population is three-fourths as large as it was a minute earlier. 


Graphs of Exponential Functions 


Figure 10.1 shows a graph of the bacteria population from Example 1, and Figure 10.2 shows a 
graph of the population from Example 6. These graphs are typical of exponential functions. Notice 
in particular that: 
e Both graphs cross the vertical axis at the initial value, f(0) = 5 in the case of Figure 10.1, and 
g(0) = 800 in the case of Figure 10.2. 


e Neither graph crosses the horizontal axis. 


20 | i 800 
600 - 
| 450 - t 
8 g(t) = 800 (+) 
4 
5 
— ¢ (hours) t (minutes) 
1 2 1 2 
Figure 10.1: The bacteria population Figure 10.2: The bacteria population 
f(t) =5.- 2° from Example | g(t) = 800(3/4)* from Example 6 


e The graph of f(t) = 5 - 2° rises as we move from left to right, indicating that the number of 
bacteria increases over time. This is because the growth factor, 2, is greater than 1. 
e The graph of g(t) = 800(3/4)° falls as we move from left to right, indicating that the number 
of bacteria decreases over time. This is because the growth factor, 3/4, is less than 1. 
Notice that exponential functions for which b 4 1 are either increasing or decreasing—in other 
words, their graphs do not change directions. This is because an exponential function represents 
a quantity that changes by a constant factor. If the factor is greater than |, the function’s value 
increases, and the graph rises (when read from left to right); if the factor is between 0 and 1, the 
function’s value decreases, and the graph falls. 


The Domain of an Exponential Function 


In Example | about a population of bacteria, we considered positive integer values of the exponent. 
But other values are possible. For example, 5 - 2':° tells you how many bacteria there are 1.5 hours 
after the beginning. 


Example 7 Let P = f(t) = 1500(1.025)° give the population of a town ¢ years after 2005. What do the 
following expressions tell you about the town? 


(a) f(0) (b)  f(2.9) (c) f(-4) 


Solution (a) We have 
(0) = 1500(1.025)° = 1500. 


This tells us that in year 2005, the population is 1500. 
(b) We have 
F290) — 500 1025) teal s52) 


This tells us that 2.9 years after 2005, close to the end of 2007, the population is about 1610. 
(c) We have 
f(—4) = 1500(1.025)* = 1359.926. 


This tells us that 4 years before 2005, or in year 2001, the population was about 1360. 


In Example 7, negative input values are interpreted as times in the past, and positive input values 
are interpreted as times in the future. As the example suggests, any number can serve as an input for 
an exponential function. Thus, the domain for an exponential function is the set of all real numbers. 


Recognizing Exponential Functions 


Sometimes we need to use the exponent laws to find out whether an expression can be put in a form 


that defines an exponential function. 


Example 8 


Solution (a) Writing this as 


Hat 


3 


Are the following functions exponential? If so, identify the values of a and b. 


=o 
(a) Q=— (b) Q=v5-4* 


© Q=v5e 


we see that the function is exponential. We have a = 1/3 and b = 1/2. 


/5 ‘ At = (5 z Ain ti2 = Ber (Ane = J5- DES 


we see that the function is exponential. We have a = V5 and b = 2. 


(b) Writing this as 


(c) Writing this as 


V5tt = V5t?, 


we see that it is a power function with exponent 2 and not an exponential function. 


Exercises and Problems for Section 10.1 
EXERCISES 


Are the functions in Exercises 1-4 exponential? If so, iden- 
tify the initial value and the growth factor. 


1 Q= 12t4 2. 
3. Q = 0.75(0.2)' 4. Q = 0.2(3)%75 


Q=t-124 


Mi Write the exponential functions in Exercises 5-8 in the form 
Q = ab" and identify the initial value and growth factor. 


5. Q = 300-3! 6. Q=—> 


7. Q = 200-37 8. Q=50-27° 


Can the quantities in Exercises 9-12 be represented by ex- 
ponential functions? Explain. 
9. The price of gas if it grows by $0.02 a week. 


10. The quantity of a prescribed drug in the bloodstream if 
it shrinks by a factor of 0.915 every 4 hours. 


11. The speed of personal computers if it doubles every 3 
years. 


12. The height of a baseball thrown straight up into the air 
and then caught. 


13. The population of a town is M in 2005 and is growing 
with a yearly growth factor of Z. Write a formula that 
gives the population, P, at time t years after 2005. 


MWrite expressions representing the quantities described in 
Exercises 14-19. 


14. The balance B increases n times in a row by a factor 
of 1.11. 


15. The population is initially 800 and grows by a factor of 
d a total of / times in a row. 


16. The population starts at 2000 and increases by a factor 
of & five times in a row. 


17. The investment value Vo drops by a third n times in a 
row. 


18. The area covered by marsh starts at R acres and de- 
creases by a factor of s nine times in a row. 


19. The number infected N increases by a factor of z for t 
times in a row. 


20. A lump of uranium is decaying exponentially with 
time, t. Which of graphs (I)—-(IV) could represent this? 


23. Match the exponential functions (a)-(d) with their 
graphs (1)-(IV). 


= ‘A (a) Q=4(1.2)" (b) Q=4(0.7)' 


© Q=8(1.2)' @) Q=8(1.4)' 
Q 
12 FE (I) 
21. Which of graphs (I)-(I[V) might be exponential? (I) 
8 
(Ill) 
4 a 
(IV) 
| l t 
(Ill) 1 2 
= = Sketch graphs of the exponential functions in Exercises 24— 
25. Label your axes. 
22. An investment initially worth $3000 grows by a factor t t 
24. y = 100(1.04 25. y = 800(0.9 
of 1.062 every year. Complete Table 10.1, which shows d ( ) ? 0-9) 
the value of the investment over time. 
PROBLEMS 
26. In 2005, Bhutan had a population! of about 2,200,000 rate. 
and an annual growth factor of 1.0211. Let f(t) be the . : ; 
population ¢ years after 2005 assuming growth contin- (a) Evaluate the following expressions and explain 
ues at this rate. what they tell you about the Czech Republic. 
(a) Evaluate the following expressions and explain (i) F(1) (ii) F(2) 
what they tell you about Bhutan. (iii) f(3) (iv) f(5) 
a) f(A) (ii) (2) (b) Write a formula for f(t). 
(iii) (3) (iv) f(5) 
(b) Write a formula for f(t) 28. Write an expression that represents the population of a 


bacteria colony that starts with 10,000 members and 

27. In 2005, the Czech Republic had a population of about 
10,200,000 and a growth factor of 0.9995 (that is, the 
population was shrinking).” Let f(t) be the population 

t years after 2005 assuming growth continues at this 


(a) Halves twice 
(b) Is multiplied 8 times by 0.7 
(c) Is multiplied 4 times by 1.5 


' www.odci.gov/cia/publications/factbook/geos/bt.html#People, accessed August 9, 2005. 


2 www.odci.gov/cia/publications/factbook/geos/ez.html, accessed August 9, 2005. 


29. 


30. 


31. 


32. 


33: 


The population of a city after t years is given by 
220,000(1.016)*. Identify the initial value and the 
growth factor and explain what they mean in terms of 
the city. 


The number of grams of palladium-98 remaining after 
¢ minutes is given by 


Q = 600(0.962)'. 


Find the quantity remaining after 


(a) 1 minute (b) 2minutes (c) 1 hour 


An investment grows by 1.2 times in the first year, by 
1.3 times in the second year, then drops by a factor of 
0.88 in the third year. By what overall factor does the 
value change over the three-year period? 


The value V, in dollars, of an investment after t years 
is given by the function 


V = g(t) = 3000(1.08)’. 


Plot the value of the investment at 5-year intervals over 
a 30-year period beginning with t = 0. By how much 
does the investment grow during the first ten years? The 
second ten years? The third ten years? 


A mill in a town with a population of 400 closes and 
people begin to move away. Find a possible formula for 
the number of people P in year t if each year one-fifth 
of the remaining population leaves. 


MWrite the exponential functions in Problems 34-39 in the 
form Q = ab‘, and identify the initial value and the growth 
factor. 


50 —2t-1 
34. = as 35. Q = 250-5 
36. Q = 2' V300 37. Q = 40-27 
a/ t 
38. Q=45-3°° 39. Q= = 


40. Do the following expressions define exponential func- 
tions? If so, identify the values of a and b. 


(a) 3-0.5% (b) 8° (c) 8i-7* 


MiFor Problems 41-44, put the function in the required form 
and state the values of all constants. 
41. y = 3x + 8 in the form y = 5+ m(a — 20). 
42. y=3 (2v7)° in the form y = ka”. 


43. y = 32° Qn? + da + 5 in the form 
y=at+a2(b+2(c4+dz)). 
3)" 
ae ) in the form y = ab’. 


10.2 WORKING WITH THE BASE OF AN EXPONENTIAL EXPRESSION 


Example 1 


Solution 


It is sometimes convenient to describe growth in terms of a percentage rate. In Example 1, we see 
that growth at a constant percent rate is the same as growth by a constant factor. In other words, a 
quantity that grows at a constant percent rate defines an exponential function. 


(a) 10 years 


A person invests $500 in year t = 0 and earns 10% interest each year. Find the balance after: 


(b) ¢ years. 


(a) After 1 year, the balance in dollars is given by 


Balance after 1 year = Original deposit + Interest 
= 500 + 0.10 - 500 


= 500(1 + 0.10) 
= 500: 1.10 = 550 


factor out 500 


growth factor is 1.10. 


At the end of 2 years, we add another 10%, which is the same as multiplying by another growth 


factor of 1.10: 


Balance at end of 2 years = (500 - 1.10) 1.10 = 500 - 1.10? = 605 dollars. 


a 


550 


Example 2 


Solution 


Example 3 


Solution 


Since the growth factor is 1.10 every year, we get 
Balance at end of 10 years = 500(1.10)'° = 1296.87 dollars. 
(b) Extending the pattern from part (a), we see 


Balance at end of t years = 500(1.10)* dollars. 


Converting Between Growth Rates and Growth Factors 
Example | shows that if a balance grows by 10% a year, the growth factor is 
b=1+0.10 = 1.10. 


In general, 


In the exponential function f(t) = ab‘, the growth factor b is given by 


(ys Ie i, 


where 7 is the percent rate of change, called the growth rate. For example, if r = 9%, 
b=1+r=1+9% =1+0.09 = 1.09. 


State the growth rate r and the growth factor b for the following quantities. 


(a) The size of a population grows by 0.22% each year. 
(b) The value of an investment grows by 11.3% each year. 
(c) The area of a lake decreases by 7.4% each year. 


(a) We have r = 0.22% = 0.0022 andb =1+r=1.0022. 
(b) We have r = 11.3% = 0.113 andb=1+7r=1.113. 
(c) We have r = —7.4% = —0.074 and b = 1+ r= 1+ (—0.074) = 0.926. 


When the growth rate is negative, we can also express it as a decay rate. For example, the area 
of the lake in part (c) of Example 2 has a decay rate of 7.4%. 


What is the growth or decay rate r of the following exponential functions? 


(a) f(t) = 200(1.041)! (b) g(t) = 50(0.992)! (c) h(t) =75 (vs) 


(a) Here, b = 1.041, so the growth rate is 


l+r=1.041 
f= O00! = Al%, 


(b) Here, b = 0.992, so the growth rate is 
1l+r=0.992 


Example 4 


Solution 


Example5 


Solution 


r = —0.008 = —0.8%. 


We could also say that the decay rate is 0.8% per year. 
(C)eEeres b> — /5 = 2.2361, so the growth rate is 


Ter = 2.2361 
P= LISI = IOI. 


It is easy to confuse growth rates and growth factors. Keep in mind that: 


Change in value = Starting value x Growth rate 


Ending value = Starting value x Growth factor. 


The starting value of a bank account is $1000. What does an annual growth rate of 4% tell us? What 
does a growth factor of 1.04 tell us? 


A growth rate of 4% tells us that over the course of the year, 


Change in value = Starting value x Growth rate 
= 1000(4%) = $40. 


A growth factor of 1.04 tells us that after 1 year, 


Ending value = Starting value x Growth factor 
= 1000(1.04) = $1040. 


Of course, both statements have the same consequence for the bank balance. 


Find the growth rate r and annual growth factor b for a quantity that 
(a) Doubles each year (b) Grows by 200% each year (c) Halves each year. 


(a) The quantity doubles each year, so b = 2. We have 


b=14+r 
n—2—1=1— 100%. 


In other words, doubling each year is the same as growing by 100% each year. 
(b) We have r = 200% = 2, so 


b= 1+ 200% 
=142=3. 


In other words, growing by 200% each year is the same as tripling each year. 
(c) The quantity halves each year, so b = 1/2. We have 


b=14+r 


IL i 
: 2 2 7 


In other words, halving each year is the same as decreasing by 50% each year. 


Recognizing Exponential Growth from a Table of Data 


Example6 


Solution 


Example 7 


Solution 


We can sometimes use the fact that exponential functions describe growth by a constant factor to 
determine if a table of data describes exponential growth. 


Could the table give points on the graph of an exponential function y = ab*? If so, find a and b. 


Table 10.2 

zo] i 3 
y 5.824 
Taking ratios, we see that 


4.4 See 4.84 =11, 5.324 
4 4.4 4.84 


Thus, the value of y increases by a factor of 1.1 each time x increases by 1. This is an exponential 
function with growth factor b = 1.1. From the table, we see that the starting value is a = 4, so 
= ALY, 


The next example compares growth at a constant percent rate with linear growth. 
A person invests $500 in year t = 0. Find the annual balance over a five-year period assuming: 
(a) It grows by $50 each year. (b) It grows by 10% each year. 


(a) See Table 10.3, which shows that the balance is a linear function of the year. 


Table 10.3 An investment earning $50 per year 


en 0S Se) Se Ee ess 
Balance 750.00 


(b) See Table 10.4. Notice that the balance goes up by a larger amount each year, because the 10% 
is taken of an ever-larger balance. 


Balance in year 1 is $500 + 10%(500) = $550.00 
Balance in year 2 is $550 + 10%(550) = $605.00 
Balance in year 3 is $605 + 10%(605) = $665.50, 


and so on. So the balance is not a linear function of the year since it does not grow by the same 
dollar amount each year. Rather, it is an exponential function that grows by a constant factor. 


Table 10.4 An investment growing by 10% each year 


Year 


Balance 


Exercises and Problems for Section 10.2 
EXERCISES 


Bos i ee Eee ee 


805.26 


WDo the exponential expressions in Exercises 1-6 represent 
growth or decay? 


1. 203(1.03)* 2. 7.04(1.372)* 


3. 42.7(0.92)* 4. 0.98(1.003)* 


5. 109(0.81)' 6. 0.22(0.04)' 


MiIn Exercises 7-10 give the growth factor that corresponds to 
the given growth rate. 


7. 8.5% growth 8. 215% growth 


9. 46% decay 10. 99.99% decay 


MiIn Exercises 11-14 give the growth rate that corresponds to 
the given growth factor. 


11. 1.7 12. 5 13. 0.27 14. 0.639 


WiState the starting value a, the growth factor b, and the per- 
centage growth rate r for the exponential functions in Exer- 
cises 15-19. 


15. Q = 200(1.031)' 


iQ ava (Vay 


16. Q = 700(0.988)' 


18. Q =50 (2) 


19. Q=5-2° 


Wi The functions in Exercises 20-23 describe the value of dif- 
ferent investments in year t. What do the functions tell you 
about the investments? 


20. V = 800(1.073)¢ 21. V = 2200(1.211)* 


22. V = 4000 + 100¢ 23. V = 8800(0.954)* 


MWrite an expression representing the quantities in Exer- 
cises 24-27. 


24. A population at time ¢ years if it is initially 2 million 
and growing at 3% per year. 


25. The value of an investment which starts at $5 million 
and grows at 30% per year for t years. 


26. The quantity of pollutant remaining in a lake if it is re- 
moved at 2% a year for 5 years. 


27. The cost of doing a project, initially priced at $2 mil- 
lion, if the cost increases exponentially for 10 years. 


MiIn words, give a possible interpretation in terms of percent- 
age growth of the expressions in Exercises 28-31. 


28. $10,000(1.06)* 
30. (400 people) (1.006)” 


29. (47 grams) (0.97)” 
31. $100,000(0.98)* 


32. An investment initially worth $3000 grows by 6.2% per 
year. Complete Table 10.5, which shows the value of 
the investment over time. 


Table 10.5 


33. A commercial property initially worth $200,000 de- 
creases in value by 8.3% per year. Complete Ta- 
ble 10.6, which shows the value of the property (in 
$1000s) over time. 


Table 10.6 


V, $1000s 


34. With time t, in years, on the horizontal axis and the 
balance on the vertical axis, plot the balance att = 
0, 1, 2, 3 of an account that starts in year 0 with $5000 
and increases by 12% per year. 


PROBLEMS 


35. After t years, an initial population Po has grown to 
Po(1 + r)*. If the population at least doubles during 
the first year, which of the following are possible val- 


ues of r? 
(a) r=2% (b) r=50% 
(c) r= 100% (d) r= 200% 


WiState the starting value a, the growth factor b, and the per- 
centage growth rate r for the exponential functions in Prob- 
lems 36-40. 


36. Q=90- 10° 37. Q= / 
— 7 "40 
210 1\ #/25 
8. Q= 9. Q= x 
sia 3+ 2¢ a 50(5) 
12¢ 
40. Q = 2000 (1+ a) 


41. In Example 6 on page 300, describe the change in pop- 
ulation per minute as a percentage. 


42. With ¢ in years since 2000, the population? of Plano, 
Texas, in thousands is given by 222(1.056)’. 


(a) What was the population in 2000? What is its 
growth rate? 
(b) What population is expected in 2010? 


43. A quinine tablet is taken to prevent malaria; t days later, 
50(0.23)' mg remain in the body. 


(a) How much quinine is in the tablet? At what rate is 
it decaying? 

(b) How much quinine remains 12 hours after a tablet 
is taken? 


44. In 2005, the population of Burkina Faso was about 
13,900,000 and growing at 2.53% per year.* Estimate 
the population in 
(a) 2006 
(c) 2008 


(b) 2007 
(d) 2010 


45. The mass of tritium in a 2000 mg sample decreases by 
5.47% per year. Find the amount remaining after 


(a) 1 year (b) 2 years 

Wi The population of Austin, Texas, is increasing by 2% a year, 
that of Bismark, North Dakota, is shrinking by 1% a year, 
and that of Phoenix, Arizona, is increasing by 3% a year. 
Interpret the quantities in Problems 46-48 in terms of one 
of these cities. 


46. (1.023 47. (0.99)' 48. (1.03)? —1 


MiIn Problems 49-51, could the table give points on the graph 
of a function y = ab”, for constants a and 6? If so, find the 
function. 


49. 50. 
jofi|2 | 3 fo} 2 || 
ro 


51. 


Ce Bee 
y | 5 3.2805 


52. The percent change (increase or decrease) in the value 
of an investment each year over a five-year period is 
shown in Table 10.7. By what percent does the invest- 
ment’s value change over this five-year period? 


10.3 WORKING WITH THE EXPONENT OF AN EXPONENTIAL EXPRESSION 


In Example | on page 298 we saw that the function f(t) = 5 - 2¢ describes a population of bacteria 
that doubles every hour. What if we wanted to describe a population that doubles every 5 hours, or 


every 1.6 hours? 


3B. Glaeser and J. Shapiro, “City Growth and the 2000 Census: Which Places Grew, and Why,” at www.brookings.edu, 


accessed on October 24, 2004. 
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www.odci. gov/cia/publications/factbook/geos/uv.html#People, accessed August 9, 2005. 


Doubling Time and Half Life 


Example 1 


Solution 


Example 2 


Solution 


The value V, in dollars, of an investment t years after 2004 is given by 
V = 4000. 2°/22. 


(a) How much is it worth in 2016? 2028? 2040? 
(b) Use the form of the expression for V to explain why the value doubles every 12 years. 
(c) Use exponent laws to put the expression for V in a form that shows it is an exponential function. 


(a) In 2016, twelve years have passed, and ¢t = 12. In 2028, twelve more years have passed, so 
t = 24, and in 2040 we have t = 36. 


Att = 12: V = 4000 - 212/12 = 4000 - 2! = 8000 
Att = 24: V = 4000 - 274/12 = 4000 - 2? = 16,000 
Att = 36: V = 4000 - 29¢/1? = 4000 - 2° = 32,000. 


Notice that the value seems to double every 12 years. 

(b) As we see in part (a), the ¢/12 in the exponent of the power 2*/12 goes up by | every time t 
increases by 12, that is, every 12 years. If the exponent goes up by one, then the power doubles. 
So the value doubles every 12 years. 

(c) Using exponent laws, we write 


V = 4000- 2*/1? — 4000(21/1)* = 4000 - 1.0595°. 


Thus, the value is growing exponentially, at a rate of 5.95% per year. 


The doubling time of an exponentially growing quantity is the amount of time it takes for the 
quantity to double. In the previous example, if you start with an investment worth $4000, then after 
12 years you have $8000, and after another 12 years you have $16,000, and so on. The doubling 
time is 12 years. 

For exponentially decaying quantities, we consider the half-life, the time it takes for the quantity 
to be halved. 


Let 
1\t/7 
P(t) = 1000 (5) 


be the population of a town ¢ years after it was founded. 

(a) What is the initial population? What is the population after 7 years? After 14 years? When is 
the population 125? 

(b) Rewrite P(t) in the form P(t) = ab! for constants a and b, and give the annual growth rate of 
the population. 


(a) Since P(0) = 1000(1/2)°/7 = 1000, the initial population is 1000. After 7 years the population 
is 


iy 1\" 1 
P(7) = 1000 (5) = 1000 (5) = 1000. 5 = 500, 


Example 3 


Solution 


and after 14 years it is 
1\ 4/7 1\2 1 
P(14) = 1000 (5) = 1000 (5) = 1000: Tei 250. 


Notice that the population halves in the first 7 years and then halves again in the next 7 years. 
To reach 125 it must halve yet again, which happens after the next 7 years, when t = 21: 


2/7 1\3 1 
P(21) = 1000 (5) = 1000 (5) = 1000. = = 125. 


1\t/7 1\1/7 t 
P(t) = 1000 (5) = 1000 ((;) = 1000(0.906)’. 


So a = 1000 and b = 0.906. Since b = 1 + r, the growth rate is r = —0.094 = —9.4%. 
Alternatively, we can say the population is decaying at a rate of 9.4% a year. 


(b) We have 


So far, we have considered quantities that double or halve in a fixed time period (12 years, 7 
years, etc.). Example 3 uses the base 3 to represent a quantity that triples in a fixed time period. 


The number of people owning the latest phone after ¢ months is given by 
N(t) = 450 - 3/8. 
How many people own the phone in 6 months? In 20 months? 
In 6 months 
N(6) = 450 - 36/6 


= 450-3 
= 1350 people. 


In 20 months, there are 


N(20) = 450 - 370/6 
= 17,523.332, 


or approximately 17,523 people. 


Comparing the functions 
V = 4000. 2"/?, 
which describes a quantity that doubles every 12 years, and 
N = 450- 3¢/6, 
which describes a quantity that triples every 6 months, we can generalize as follows: The function 


Q _ abt/T 


Example 4 


Solution 


describes a quantity that increases by a factor of b every T’ years. 


Describe what the following functions tell you about the value of the investments they describe, 
where ¢ is measured in years. 


(a) V = 2000- 3¢/15 (b) V =3000- 4¢/40 (c) V = 2500- 10%/109 


(a) This investment begins with $2000 and triples (goes up by a factor of 3) every 15 years. 
(b) This investment begins with $3000 and quadruples (goes up by a factor of 4) every 40 years. 
(c) This investment begins with $2500 goes up by a factor of 10 every 100 years. 


Negative Exponents 


Example 5 


Solution 


Example 6 


Solution 


We have seen that exponential decay is represented by ab’ with 0 < b < 1. An alternative way to 
represent it is by using a negative sign in the exponent. 


Let Q(t) = 4~*. Show that Q represents an exponentially decaying quantity that decreases to 1/4 
of its previous amount for every unit increase in ft. 


We rewrite Q(t) as follows: 
b 
apaet=ey= (5). 


This represents exponential decay with a growth factor of 1/4, so the quantity gets multiplied by 
1/4 every unit of time. 


Express the population in Example 2 using a negative exponent. 


Since 1/2 = 2—1, we can write 


1\t/7 
P(t) = 1000 (5) = 1000(2—1)*/7 = 1000 - 2-*/”. 


Converting Between Different Time Scales 


If a bank account starts at $500 and grows by 1% each month, its value after t months is given by 
B(t) = 500-1.01*. What if we want to know how much the account grows each year? Since a year 
is 12 months, we have 


= $563.41 
Amount after two years = 500- 1.0174 = $634.87 
Amount after n years = 500 - 1.0112". 


Amount after one year = 500 - 1.01!” 


Example 7 Write a formula for the balance Cn) after n years that shows the annual growth rate of the account. 
Which is better, an account earning 1% per month or one earning 12% per year? 


Solution Using the exponent rules, we get 


CG) —s00e thie = Soniot 2) 
= 500- 1.127”, 


because 1.01!7 = 1.127. This represents the account balance after n years, so the annual growth 
factor is 1.127. Since 1.127 = 1+ 0.127 = 1 +r, the annual growth rate r is 0.127, or 12.7%. This 
is more than 12%, so an account earning 1% per month is better than one earning 12% per year. 


The next example shows how to go the other way, converting from an annual growth rate to a 
monthly growth rate. 
Example 8 The population, in thousands, of a town after ¢ years is given by 
= heey, 


(a) What is the annual growth rate? 
(b) Write an expression that gives the population after m months. 
(c) Use the expression in part (b) to find the town’s monthly growth rate. 


Solution (a) From the given expression, we see that the growth factor is 1.035, so each year the population 
is 3.5% larger than the year before, and it is growing at 3.5% per year. 
(b) We know that 


Number of months = 12 x Number of years 
LS — 
m t 


ele 


so t = m/12. This means 
50 - 1.035* = 50- 1.035'"/12, 


so the population after m months is given by 
SO Ue 
(c) Using the exponent laws, we rewrite this as 
50 (1.035477)" — 50 - 1.0029”, 


because 1.035!/1!? = 1.0029. So the monthly growth rate 0.0029, or 0.29%. 


Shifting the Exponent 


Sometimes it is useful to express an exponential function in a form that has a constant subtracted 
from the exponent. We call this shifting the exponent. 


Example 9 The population of a town was 1500 people in 2005 and increasing at rate of 2.5% per year. Express 
the population in terms of (a) the number of years, t, since 2005, and (b) the year, y. 
Use each expression to calculate the population in the year 2014. 


Solution (a) Here the starting value, when t = 0, is 1500, so 
P= ia00en O25 
Since 2014 is 9 years since 2005, we have t = 9. Substituting this into our equation, we get: 


=O) i aie ene ae 
= 1873.204) 


Thus, in the year 2014, we would have approximately 1873 people. 
(b) If y is the year, then the relationship between y and t is given by 


y = 2005 + ft. 
For instance, at t = 9 we have y = 2005 + 9 = 2014. Solving for t, 
b=) — Alby, 
we can rewrite our equation for P by substituting: 
P = g(y) = 1500- 1.025% °° because ¢ = y — 2005. 
So, in 2014, we would have 


P = g(2014) = 1500 - 1.0252014— 2005 
= 1500— gos. 
= 1873.294, 


which is the same answer as before. 


In Example 9, we shifted the exponent by 2005. We can convert the resulting formula to stan- 
dard form by using exponent rules: 
P= 1500+ 1.0259" 
= 1500+ 1,025" «1025 2" 


1500 
= 1.0252005 ty 1.205". 
However, in this form of the expression, the starting value, a = 1500/1.0259°°, does not have 
a reasonable interpretation as the size of the population in the year 0, because it is a very small 
number, and the town probably did not exist in the year 0.° It is more convenient to use the form 
P = 1500-1.0254¥~ 29°, because we can see at a glance that the population is 1500 in the year 2005. 
In general, a shift of to years gives us the formula 


P= Pp-*., 


>In fact, there is no year 0 in the Gregorian calendar. The year before year | is the year 1 B.C.E. 


Here, Po is the value of P in year to. This form is like the point-slope form y = yo + m(a — 20) 
for linear functions, where yo is the value of y at x = x. 


Example10 Let B = 5000(1.071)*—19°® be the value of an investment in year t. Here, we have By = 5000 and 
to = 1998, which tells us that the investment’s value in 1998 was $5000. 


Exercises and Problems for Section 10.3 


EXERCISES 
1. The average rainfall in Hong Kong in January and Find values for the constants a,b, and T so that the quan- 
February is about 1 inch each month. From March to tities described in Exercises 12-15 are represented by the 
June, however, average rainfall in each month is dou- function 
ble the average rainfall of the previous month. v= abi!? 
(a) Make a table showing average rainfall for each 12. A population begins with 1000 members and doubles 
month from January to June. every twelve years. 


(b) Write a formula for the average rainfall in month 
n, where 2 < n < 6 and January is month 1. 
(c) What is the total average rainfall in the first six 


13. An investment is initially worth 400 and triples in value 
every four years. 


months of the year? 14. A community that began with only fifty households 
having cable television service has seen the number in- 
2. Find a formula for the value of an investment initially crease fivefold every fifteen years. 


th $12,000 that by 12% 5 ; ; ; : 
wont Eig Were ga eae 15. The number of people in a village of 6000 susceptible 


3. Find the starting value a, the growth factor b, and to a certain strain of virus has gone down by one-third 
the growth rate r for the exponential function Q = every two months since the virus first appeared. 
500 - 2'/7. 
4. Which is better, an account earning 2% per month or MiFind values for the constants a,b, and T’ so that the quan- 
one earning 7% every 3 months? tities described in Exercises 16-19 are represented by the 
5. A sunflower grows at a rate of 1% a day; another grows en Q=ab* /T 
at a rate of 7% per week. Which is growing faster? 
Assuming they start at the same height, compare their 16. A lake begins with 250 fish of a certain species, and 
heights at the end of 1 and 5 weeks. one-half disappear every six years. 


17. A commercial property initially worth $120,000 loses 


Mi Write the functions in Exercises 6-9 in the form Q = ab’. . 
25% of its value every two years. 


Give the values of the constants a and b. 
18. The amount of a 200 mg injection of a therapeutic drug 


os A. 9t/3 ‘Gs. 5 remaining in a patient’s blood stream goes down by 
3 ; one-fifth every 90 minutes. 
8. Q=7- 4t 9 Q=4(2- ay 19. The number of people who have not heard about a new 
movie is initially N and decreases by 10% every five 
days. 


What do the functions in Exercises 10-11 tell you about the 


ia : MiFind values for the constants a,b, and to so that the quan- 
quantities they describe? 


tities described in Exercises 20-23 are represented by the 


10. The size P of a population of animals in year ¢ is Huackon ~ apt to 
P = 1200(0.985)!?*. cae 

11. The value V of an investment in year t is V = 3500 - 20. The size of a population in year t = 1995 is 800 and it 
gt/T grows by 2.1% per year. 


21. After t = 3 hours there are 5 million bacteria in a cul- 
ture and the number doubles every hour. 


22. A house whose value increases by 8.2% per year is 
worth $220,000 in year t = 7. 


23. A 200 mg sample of radioactive material is isolated at 


PROBLEMS 


24. Formulas I-III all describe the growth of the same pop- 

ulation, with time, t, in years: I. P= 15(2)y/" 

I. P=15(4)*/?? im. P=15(16)*/*4 

(a) Show that the three formulas are equivalent. 

(b) What does formula I tell you about the doubling 
time of the population? 

(c) What do formulas II and III tell you about the 
growth of the population? Give answers similar to 
the statement which is the answer to part (b). 


25. Find the half-lives of the following quantities: 


(a) A decays by 50% in 1 week. 
(b) B decays to one quarter of the original in 10 days. 
(c) C decays by 7/8 in 6 weeks. 


26. An exponentially growing population quadruples in 22 
years. How long does it take to double? 

27. A radioactive compound decays to 25% of its original 
quantity in 90 minutes. What is its half-life? 

28. Arrange the following expressions in order of increas- 
ing half-lives (from smallest to largest): 


20(0.92)'; 120(0.98)’; 0.27(0.9)'; 90(0.09)’. 


29. The population of bacteria m doubles every 24 hours. 
The population of bacteria g grows by 3% per hour. 
Which has the larger population in the long term? 

30. The half-life of substance A is 17 years, and substance 
B decays at a rate of 30% per decade. Of which sub- 
stance is there less in the long term? 


MiFor the functions in the form P = ab‘/ describing popu- 

lation growth in Problems 31-36: 

(a) Give the values of the constants a,b, and T. What do 
these constants tell you about population growth? 

(b) Give the annual growth rate. 


32. P= 800.27" 
M. Pam 10 

2\t/14 
36. P = 400 (3) 


31. P= 400-2" 
§3..P = 803" 
35. P =50(3)""° 


Wi State the starting value a, the growth factor b, and the growth 
rate r as a percent correct to 2 decimals for the exponential 
functions in Problems 37-40. 

37. V = 2000(1.0058)* 

38. V = 500 (3- 2°”) 


time ¢ = 8 hours, and it decays at a rate of 17.5% per 
hour. 


39. V = 5000(0.95)'/4 

40. V = 3000- 2°/° + 5000 - 2°/° 

41. The value of an investment grows by a factor of 1.011 
each month. By what percent does it grow each year? 

42. The value of an investment grows by 0.06% every day. 
By what percent does it increase in a year? 


43. A property decreases in value by 0.5% each week. 
By what percent does it decrease after one year (52 
weeks)? 


44. The area of a wetland drops by a third every five years. 
What percent of its total area disappears after twenty 
years? 


MiPrices are increasing at 5% per year. What is wrong with 


the statements in Problems 45-53? Correct the formula in 
the statement. 

45. A $6 item costs $(6 - 1.05)’ in 7 years’ time. 

46. A $3 item costs $3(0.05)*° in ten years’ time. 


47. The percent increase in prices over a 25-year period is 
(1.05)?°. 


48. If time ¢ is measured in months, then the price of a $100 
item at the end of one year is $100(1.05)'*". 


49. If the rate at which prices increase is doubled, then the 
price of a $20 object in 7 years’ time is $20(2.10)’. 


50. If time ¢ is measured in decades (10 years), then the 
price of a $45 item in ¢ decades is $45(1.05)°"™". 


51. Prices change by 10 - 5% = 50% over a decade. 
52. Prices change by (5/12)% in one month. 


53. A $250 million town budget is trimmed by 1% but then 
increases with inflation as prices go up. Ten years later, 
the budget is $250(1.04)'° million. 


W@iFor the investments described in Problems 54—59, assume 


that t is the elapsed number of years and that T is the elapsed 

number of months. 

(a) Describe in words how the value of the investment 
changes over time. 

(b) Give the annual growth rate. 


54. V = 3000(1.0088)1!?" 
56. V = 250(1.0011)*°* 
58. V = 625(1.03)7/3 


55. V = 6000(1.021)* 
57. V = 400(1.007)7 
59. V = 500(1.2)*/? 


10.4 SOLVING EXPONENTIAL EQUATIONS 


Example 1 


Solution 


Suppose that a sample of 80 million bacteria is needed from the population in Example 1 on 
page 298, given in millions by Q = 5 - 2¢ after t hours. The population is large enough when 


80 = 542", 


This is an example of an exponential equation. The first step in solving it is to divide by the initial 
value and get 


80 5-2" 
5 OU 
16 = 2° 


Since 16 = 2+, we see that ¢t = 4 is a solution to the equation, so there are 80 million bacteria after 
4 hours. 
A population is given by P = 149(21/ 9) where t is in years. When does the population reach 596? 


We solve the equation 
149(21/9)t — 596. 


Dividing by 149, we get 
Caer = Al 
DYE 


Since the two exponents must be equal, we can see that 


Notice that solving the equation 80 = 5 - 2* depended on 16 being a whole number power of 2, 
and solving the equation in Example 1 depended on 4 being the square of 2. What do we do if we 
encounter an exponential equation that does not work out so neatly? 


Using Tables and Graphs to Approximate Solutions to Equations 


Suppose we want 70 million bacteria in Example | on page 298, so we want to solve 
5-2? = 70, 


This equation cannot be solved so easily. Since there are 40 million bacteria after 3 hours and 80 
million bacteria after 4 hours, we know that the solution must be between 3 and 4 hours, but can we 
find a more precise value? 

In Chapter 11 we use logarithms to solve exponential equations algebraically. For now, we 
consider numerical and graphical methods. We try values of t between 3 and 4. Table 10.8 shows 
that t ~ 3.81 hours is approximately the solution to 5 - 2‘ = 70. Alternatively, we can trace along a 
graph of y = 5 - 2° until we find the point with y-coordinate 70, as shown in Figure 10.3. 


y (million bacteria) y=5-2° 


70 


| 
! 
| t (hours) 
3.81 


Figure 10.3: Graph of bacteria after t hours 
Table 10.8 Million bacteria after t hours 


= 
80 


Example 2 A bank account begins at $22,000 and earns 3% interest per year. When does the balance reach 
$62,000? 


Solution After t years the balance is given by 
B= 22 00003)". 


Figure 10.4 shows that when B = 62,000 we have t © 35. So it takes about 35 years for the balance 
to reach $62,000. 


B B = 22,000(1.03)* 


Figure 10.4: Graph of balance after t years 


Describing Solutions to Exponential Equations 


Even without solving an exponential equation exactly, it is often useful to be able to identify qual- 
itative characteristics of the solution, such as whether it is positive or negative. For example, the 
equation 
52) 3 

must have a negative solution because 5 > 3, so 2° must be less than 1. Positive powers of 2, like 
2? = 4 or 2'/2 = 1.4142, are greater than 1, while negative powers, like 2~! = 0.5, are less than 
1. In this case the solution is approximately ¢ = —0.7370. You can check this on a calculator by 
evaluating 5 - 2~°-737°, which is very close to 3. 


Example 3 Is the solution to each of the following equations a positive or negative number? 
(a) 2” = 12 () 2° = 03 @© M5" =033 @) SOS" = 12 


Solution (a) The solution must be positive, since 12 > 2. In fact, 23-°°° = 12.000, so the solution is approx- 

imately 3.585. 

(b) This time, since 0.3 < 2, we need a negative power of 2, so the solution is negative. In fact, 
2-1-7387 — (9),3000, so the solution is approximately —1.737. 

(c) Here we want 0.5” to be less than 1. Since 0.5 < 1, positive powers of 0.5 are also less than 1. 
So the solution must be positive. In fact, the solution is about 1.737, since 0.51-737 = 0.3000. 

(d) Since 12 > 3, we 0.5” to be greater than 1. Since 0.5 < 1, we must use a negative exponent, so 
the solution is negative. In fact, the solution is —2, since 


Dee 1 1 
=o 
3(0.5) =3(5) cas aE P=) 


See Figure 10.5. 


16 
12 


2” = (U3) 


L 1 | | x 


2 3.585 4 =) plas Il 


0.3 


LIL |r 


Figure 10.5 


On page 317 we reasoned that 


5-2) = 70 


has a solution between 3 and 4, because 70 is between 40 = 5 - 2° and 80 = 5- 2*. This sort of 
reasoning is often useful in getting a rough estimate of the solution to an exponential equation. 


Example 4 Say whether the solution is greater than 1, between 0 and 1, between —1 and 0, or less than —1. 


(a) 4% =3 (b) 5-4* = 26 (c) (z) =F 


Solution 


(a) Since 3 is between 4° = 1 and 4! = 4, the value of x that makes 4” = 3 is between 0 and 1. 

(b) Since 26 is between 5-4! = 20 and 5-4? = 80, the value of x that makes 5-4” = 26 is between 
1 and 2 and thus greater than 1. 

(c) Here x must be negative, since 1/4 raised to a positive power is less than 1/4, so it can never 
equal 3. Moreover, since 3 is between (1/4)° = 1 and (1/4)~! = 4, then the value of x that 
makes (1/4)* = 3 is between —1 and 0. 


The Range of an Exponential Function 


Not every exponential equation has a solution, as Example 5 illustrates. 


Example5 


Solution 


Describe the solution to 
2 — Al 


When 2 is raised to any power, positive or negative, the result is always a positive number. So, 
2” = —A4 has no solutions. 


The observation in Example 5 that 2” is positive for all values of x applies to any positive base: 
Provided b > 0, 
b* > 0 forall x. 


This means that the output value of the exponential function f(x) = ab® has the same sign as the 
starting value a, regardless of the value of x: 


Sign of output value = (Sign of a) - (Sign of b”) 
Se 


Always positive 


= Sign of a. 


Thus, if a is positive, f(x) = ab” is positive for all x, and if a is negative, f(x) is negative for all 
x. In fact, we have 
e The range of an exponential function with a > 0 is the set of all positive numbers. 


e The range of an exponential function with a < 0 is the set of all negative numbers. 


Exercises and Problems for Section 10.4 


EXERCISES 
Wi Solve the equations in Exercises 1-8 given that Answer Exercises 9-12 based on Table 10.9, which gives 
; : ‘ values of the exponential function Q = 12(1.32)*. Your 
fH =2, gt) =3, At) =4. answers may be approximate. 
Table 10.9 
1. f(t) =4 2. h(t) =4 
3. g(t) =1 4. 2g(t) = 162 
33 2 
5. 2+h(t) = 7 6. 2(1— f(%)) =1 9. Solve 12(1.32)' = 24.7. 
10. Solve 6(1.32)* = 10.45. 
7. f(t) = h(t) 8. A(t) = £(6) oe 


11. Solve 12(1.032)’ = 25. 
12. Solve 25 — 12(1.32)' = 2.9. 


WWithout solving them, say whether the equations in Exer- 13. 9” = 250 14. 25 =5' 
cises 13-16 have a positive solution, a negative solution, a : 
zero solution, or no solution. Give a reason for your answer. 15. 7° = 0.3 16. 6 =—1 
PROBLEMS 
17. (a) What are the domain and range of Q = 21. (a) Construct a table of values for the function g(a) = 


18. 


19. 


20. 


200(0.97)'? 

(b) If Q represents the quantity of a 200-gram sample 
of a radioactive substance remaining after t days 
in a lab, what are the domain and range? 


Match each statement (a)—(b) with the solutions to one 
or more of the equations (I)-(VI). 


I. 10(1.2)' =5 I. 10 = 5(1.2)° 
I. 10+5(1.2)'=0 IV. 5+10(1.2)' =0 
Vv. 10(0.8)' =5 VI. 5(0.8)' = 10 


(a) The time an exponentially growing quantity takes 
to grow from 5 to 10 grams. 

(b) The time an exponentially decaying quantity takes 
to drop from 10 to 5 grams. 


Match the statements (a)-(c) with one or more of the 
equations (I)-(VIII). The solution of the equation for 
t > 0 should be the quantity described in the state- 
ment. An equation may be used more than once. (Do 
not solve the equations.) 


I. 4(1.1)'=2 I. (1.1)%=4 
Mm. 2°=4 IV. 2(1.1)' =4 
Vv. 4(0.9)' = 2 VI. (0.9) =4 
vil. 2-'=4 VII. 2(0.9)' =4 


(a) The doubling time for a bank balance. 

(b) The half-life of a radioactive compound. 

(c) The time for a quantity growing exponentially to 
quadruple if its doubling time is 1. 


The balance in dollars in a bank account after t years is 
given by the function f(t) = 4622(1.04)* rounded to 
the nearest dollar. For which values of t in Table 10.10 
is 


(a) f(t) < 5199? 
(b) f(t) > 5199? 
(c) f(t) = 51992 


What do your answers tell you about the bank account? 


Table 10.10 


po ee 


4622(1.04)* 


22. 


23. 


24. 


25. 


28(1.1)” for x = 0,1, 2,3, 4. 
(b) For which values of x in the table is 


(i) g(x) < 33.88 
(iii) g(a) = 37.268 


(ii) g(x) > 30.8 


(a) Construct a table of values for the function y = 
526(0.87)” for x = —2, —1,0,1, 2. 

(b) Use your table to solve 604.598 = 526(0.87)” 
for x. 


(a) Construct a table of values for the function y = 
253(2.65)” for x = —3.5, —1.5, 0.5, 2.5. 

(b) At which x-values in your table is 253(2.65)” > 
58.648? 


The value, V, of a $5000 investment at time ¢ in years 
is V = 5000(1.012)’. 


(a) Complete the following table: 


t 60 
v] | | tT | 


(b) What does your answer to part (a) tell you about 
the doubling time of your investment? 


The quantity, Q, of caffeine in the body ¢ hours after 
drinking a cup of coffee containing 100 mg is Q = 
100(0.83)*. 


(a) Complete the following table: 


(b) What does your answer to part (a) tell you about 
the half-life of caffeine? 


26. A lab receives a 1000 grams of an unknown radioactive 


27. 


28. 


29. 


substance that decays at a rate of 7% per day. 


(a) Write an expression for @, the quantity of sub- 
stance remaining after t¢ days. 

(b) Make a table showing the quantity of the substance 
remaining at the end of 8,9, 10, 11, 12 days. 

(c) For what values of ¢ in the table is the quantity left 


(i) Less than 500 gm? 
(ii) More than 500 gm? 


(d) A lab worker says that the half-life of the sub- 
stance is between 11 and 12 days. Is this consistent 
with your table? If not, how would you correct the 
estimate? 


In year t, the population, L, of a colony of large ants 
is L = 2000(1.05)*, and the population of a colony of 
small ants is S = 1000(1.1). 


(a) Construct a table showing each colony’s popula- 
tion in years t = 5, 10, 15, 20, 25, 30, 35, 40. 

(b) The small ants go to war against the large ants; 
they destroy the large ant colony when there are 
twice as many small ants as large ants. Use your 
table to determine in which year this happens. 

(c) As long as the large ant population is greater than 
the small ant population, the large ants harvest 
fruit that falls on the ground between the two 
colonies. In which years in your table do the large 
ants harvest the fruit? 


From Figure 10.6, when is 


(a) 100(1.05)' > 121.55? 
(b) 100(1.05)' < 121.55? 


t 
ike 100(1.05) 


121.55 - 
100 


50 


2 a 6 8 


Figure 10.6 


Figure 10.7 shows the resale value of a car given by 
$10,000(0.5)*, where ¢ is in years. 


(a) In which years in the figure is the car’s value 
greater than $1250? 

(b) What value of t is a solution to 5000 = 
10,000(0.5)*? 


30. (a) Graph y = 


31. 


32. 


Figure 10.7 


500(0.8)” using the points 7 = 
—2, —1.5, —1, —0.5, 0, 0.5, 1, 1.5, 2. 
(b) Use your graph to solve 
(i) 500(0.8)” = 698.71 
(ii) 500(0.8)* > 400 


(a) Graph y = 250(1.1)*” and y = 200(1.2)” using 
the points x = 1, 2, 3,4, 5. 

(b) Using the points in your graph, for what x-values 
is 
(i) 250(1.1)” > 200(1.2)” 
(ii) 250(1.1)” < 200(1.2)” 

(c) How might you make your answers to part (b) 
more precise? 


An employee signs a contract for a salary t years in the 
future given in thousands of dollars by 45(1.041)’. 


(a) What do the numbers 45 and 1.041 represent in 
terms of the salary? 

(b) What is the salary in 15 years? 20 years? 

(c) By trial and error, find to the nearest year how long 
it takes for the salary to double. 


WWithout solving them, say whether the equations in Prob- 
lems 33-44 have a positive solution, a negative solution, a 
zero solution, or no solution. Give a reason for your answer. 


33. 


35: 


7+ 2 =5 34, 25-37 = 15 
13 abt 5 36. (0.1) =2 
. 5(0.5)¥ =1 38. 5 = —(0.7)' 
. 28 = 7(0.4)* 40. 7 = 28(0.4)? 
. 0.01(0.3)' = 0.1 42. 10° =7-5' 
. 4°38 =5 
. (3.2)78*1 (1 43.2) = (3.2) 


45. Assume 0 < r < 1 and z is positive. Without solving 
equations (I)—-(IV) for x, decide which one has 


(a) The largest solution 
(b) The smallest solution 
(c) No solution 


L 3(01+r)"=7 I. 3(1+2r)* =7 
I. 3(1+0.01r)*=7 IV. 3(1—r)* =7 


46. Assume that a,b, and r are positive and that a < 6b. 
Consider the solution for x to the equation a(1+-r)* = 
b. Without solving the equation, what is the effect of 
increasing each of a,r, and b, while keeping each of 
the other two fixed? Does the solution increase or de- 
crease? 


(a) a (b) r (c) b 


Wiln Problems 47-54, decide for what values of the constant 
A the equation has 
(a) A solution 
(c) A positive solution 


(b) The solution t = 0 


47. 5¢' = A 48. 3° =A 

49. (0.2)' =A 50. A—2-'=0 

51. 63A—3-7'=0 52. 2-3'+A=0 

53. A5-'+1=0 54. 2(0.7)' + 0.24 =0 


Solve the equations in Problems 55-60 for x. Your solutions 
will involve wu. 


55. 10° = 1000" 56. 8° = 2” 
NY Py? 
27+1 _ u bead = ox 
57. 5 = 125 58. (5) (=) 
TN 1 
59, (-} =9" 60. 5°* = — 
(5) rs 


WiSolve the equations in Problems 61-64 using the following 
approximations: 


109°: 304 = 2, 19°47" = 3, 10°°6?? =e 


Example. Solve 10” = 6. Solution. We have 


10° =6 
= 9x8 
— 490-391 . 490-477 


= 19°:301+0.477 


= 10°°778, 

so x = 0.778. 

61. 10° = 15 62. 10° =9 
63. 10° = 32 64. 10° = 180 


10.5 MODELING WITH EXPONENTIAL FUNCTIONS 


Many real-world situations involve growth factors and growth rates, so they lend themselves to 
being modeled using exponential functions. 


Example 1 


The quantity, Q, in grams, of a radioactive sample after t days is given by 


Q = 150(0.94)*. 


Identify the initial value and the growth factor and explain what they mean in terms of the sample. 


Solution 


The initial value, whent = 0, is Q = 150(0.94)° = 150. This means we start with 150 g of material. 


The growth factor is 0.94, which gives a growth rate of —6% per day, since 0.94 — 1 = —0.06. As 
we mentioned in the follow-up to Example 2 on page 305, we call a negative rate a decay rate, so we 
say that the substance is decaying by 6% per day. Thus, there is 6% less of the substance remaining 


after each day passes. 


Finding the Formula for an Exponential Function 


If we are given the initial value a and the growth factor b = 1 + r of an exponentially growing 
quantity Q, we can write a formula for Q, 


Q =ab'. 


However, we are not always given a and b directly. Often, we must find them from the available 
information. 


Example 2 A youth soccer league initially has N = 68 members. After two years, the league grows to 96 
members. Assuming a constant percent growth rate, find a formula for N = f(t) where ¢ the 
number of years after the league was formed. 


Solution Since the number of players is increasing at a constant percent rate, we use the exponential form 
N = f(t) = ab’. Initially, there are 68 members, so a = 68, and we can write f(t) = 68b’. We 
now use the fact that f(2) = 96 to find the value of b: 


f(t) = 680° 
96 = 680? 
96 
= ie 
68 
[96 
see = b 
b = 1.188. 


Since b > 0, we have b = 1.188. Thus, the function is N = f(t) = 68(1.188)’. 


Example 3 Find a formula for the exponential function whose graph is in Figure 10.8. 


7] 
(7, 200) 
120 
| i t 
5 10 
Figure 10.8 
Solution We know that the formula is of the form y = ab‘, and we want to solve for a and b. The initial value, 


a, is the y-intercept, so a = 120. Thus 


y = 1200". 


Example 4 


Solution 


Because y = 200 when t = 7, we have 


200 = 1200 
“10g 


Raising both sides to the 1/7 power, 


137 
(p’)i/7 = 200 i 
120 


b= 1.076. 


Thus, y = 120(1.076)' is a formula for the function. 


In Section 10.3 we saw how to use exponent laws to rewrite an expression like 4000 - 2‘/!?, 
which represents a quantity that doubles every 12 years, in a form that shows the annual growth 
rate. The next example shows another method for finding the growth rate from the doubling time. 


The population of Malaysia is doubling every 38 years.° 
(a) If the population is G in 2008, what will it be 2046? 
(b) When will the population reach 4G? 

(c) What is the annual growth rate? 


(a) Assuming that the population continues to double every 38 years, it will be twice as large in 
2046 as it is in 2008, or 2G. See Figure 10.9. 

(b) The population will double yet again, rising from 2G to 4G, after another 38 years, or 2046 + 
38 = 2084. See Figure 10.9. 

(c) Let s(t) give the population Malaysia in year t. We have 


Si) — an, 


where a is the initial size in year t = 0. The population after 38 years, written s(38), is twice 
the initial population. This means 


s(38) = 2a 
ab®® = 2a 
=? 


b = 21/38 — 1.018. 


The population increases by a factor of 1.018 every year, and its annual growth rate is 1.8%. 


®CIA World Factbook at www.cia.gov. 


population 


\_ year 
2008 2046 2084 


Figure 10.9: The population of Malaysia 


Example5 Hafnium has a half-life of 12.2 hours. 


(a) If you begin with 1000 g, when will you have 500 g? 250 g? 125 g? 
(b) What is the hourly decay rate? 


Solution (a) The half-life is 12.2 hours, so the level will drop from 1000 g to 500 g in this time. After 12.2 
more hours, or 24.4 hours total, the level will drop to half of 500 g, or 250 g. After another 12.2 
hours, or 36.6 hours total, the level will drop to half of 250 g, or 125 g. See Figure 10.10. 
(b) Let u(t) be the quantity remaining after t hours. Then 


v(t) = ab’, 


where a is the initial amount of hafnium and 0 is the hourly decay factor. After 12.2 hours, only 
half the initial amount remains, so 


OULD) = Oa 
ab'?-? = 0.54 
b'?-2 = 0.5 
(pee — 0,51/12-2 
b = 0.9448. 


If r is the hourly growth rate then r = b— 1 = 0.9448 — 1 = —0.0552 = —5.52%. Thus, 
hafnium decays at a rate of 5.52% per hour. 


u(E) (grams) 
1000 


— ¢ (hours) 
10 20 30 AO 


Figure 10.10: Quantity of hafnium remaining 


Finding an Exponential Function When We Don’t Know the Starting Value 


Example 6 


Solution 


Example 7 


Solution 


In Examples 2 and 3, we are given the starting value a, so all we need to do is find the growth factor 
b. However, even if we are not given the starting value, we can sometimes use what we know about 
exponents to find a formula for an exponential function. 


An account growing at a constant percent rate contains $5000 in 2004 and $8000 in 2014. What is 
its annual growth rate? Express the account balance as a function of the number, t, of years since 
2000. 


Since the account balance grows at a constant percent rate, it is an exponential function of t. Thus, 
if f(t) is the account balance ¢ years after 2000, then f(t) = ab’ for positive constants a and b. 
Since the balance is $5000 in 2004, we know that 


Faia = 5000: 
Since the balance is $8000 in 2014, when t = 14, we know that 
drab — S000) 


We can eliminate a by taking ratios 


ab'* — 8000 | 
ab* ~~ 5000 — 
bo = 16 


b = 1.61/19 — 1.04812. 


This tells us the annual growth rate is 4.812%. To solve for a, we use f (4) = 5000: 


ab* = 5000 
5000 
a UE = 


This tells us that the initial account balance in 2000 was $4143. Thus, f(t) = 4143(1.04812)'. 


A lab receives a sample of germanium. The sample decays radioactively over time at a constant 
daily percent rate. After 15 days, 200 grams of germanium remain. After 37 days, 51.253 grams 
remain. What is the daily percent decay rate of germanium? How much did the lab receive initially? 


If g(t) is the amount of germanium remaining ¢ days after the sample is received, then g(t) = ab* 
for positive constants a and b. Since 200 g of germanium remain after 15 days we have 


g(15) = ab’ = 200, 
and since 51.253 g of germanium remain after 37 days we have 
0) ab — aiho5a) 
We can eliminate a by taking ratios: 


Amount after 37 days | ab?” _ 51.253 
Amount after 15 days —  abl5  ~—- 200 


p37 
pis = 0.2563 ais eliminated 


b2? = 0.2563. 


So 
b = (0.2563)1/2? = 0.93999. 


Since b = 1+ 7, we have r = 0.93999 — 1 = —0.06001, so the decay rate is about 6% per day. 
To find a, the amount of germanium initially received by the lab, we substitute for in either of our 
two original equations, say, ab!? = 200: 


a(0.93999)1° = 200 


a 200 
~ (0.93999) 15 
a = 506.0. 


Thus the lab received 506 grams of germanium. You can check that we obtain the same value for a 
by using the other equation, ab?” = 51.253. See Figure 10.11. 


g(t) grams remaining 
506 


200 


51.253 


t (days) 
15 37 


Figure 10.11: Graph showing amount of germanium remaining after t days 


Exercises and Problems for Section 10.5 
EXERCISES 


WiIn Exercises 1-3, write a formula for the quantity described. 7. The doubling time of an investment is 7 years. What is 


; ‘ . its yearly growth rate? 
1. An exponentially growing population that doubles ev- 


ery 9 years. 8. The half-life of nicotine in the body is 2 hours. What is 


, : ; the hourly decay rate? 
2. The amount of a radioactive substance whose half-life 


is 5 days. 9. Bismuth-210 has a half-life of 5 days. What is the de- 


te day? 
3. The balance in an interest-bearing bank account, if the Sele eee 


i WiFind the annual growth rate of the quantities described in 


WExercises 4—6 give a population’s doubling time in years. Hxetenes Mees 


Find its growth rate per year. 10. A population doubles in size after 8 years. 
4. 50 5. 143 6. 14 11. The value of a house triples over a 14-year period. 


12. A population goes down by half after 7 years. 


13. A stock portfolio drops to one-fifth its former value 
over a 4-year period. 


14. The amount of water used in a community increases by 
25% over a 5-year period. 


15. The amount of arsenic in a well drops by 24% over 8 
years. 


MiIn Exercises 16-21, a pair of points on the graph of an ex- 
ponential function is given. Find a formula for the function. 


16. f(t): (0,40), (8, 100) 
18. p(x): (5, 20), (35, 60) 


17. g(t): (0,80), (25, 10) 
19. g(x): (—12, 72), (6, 8) 


PROBLEMS 


WiFind possible formulas for the exponential functions de- 
scribed in Problems 23-33. 


23. P = g(t) is the size of an animal population that num- 
bers 8000 in year t = 0 and 3000 in year t = 12. 

24. The graph of f contains the points (24,120) and 
(72, 30). 

25. The value V of an investment in year t if the investment 
is initially worth $3450 and grows by 4.75% annually. 


26. An investment is worth V = $400 in year t = 5 and 
V = 1200 in year t = 12. 


27. A cohort of fruit flies (that is, a group of flies all the 
same age) initially numbers P = 800 and decreases by 
half every 19 days as the flies age and die. 


28. V = u(t) is the value in year ¢ of an investment ini- 
tially worth $3500 that doubles every eight years. 


29, f(12) = 290, f(23) = 175 
30. f(10) = 65, f(65) = 20. 


31. An investment initially worth $3000 grows by 30% 
over a 5-year period. 


32. A population of 10,000 declines by 0.42% per year. 

33. The graph of g is shown in Figure 10.12. 
7] 
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Figure 10.12 


20. v(x) : (0.1, 2), (0.9, 8) 
21. w(x) : (5, 20), (20, 5) 


22. Table 10.11 shows values for an exponential function. 
Find a formula for the function. 


Table 10.11 


5 
s(t) | 96 | 76.8 | 61.44 | 49.152 


34. The balance in a bank account grows by a factor of a 
each year and doubles every 7 years. 


(a) By what factor does the balance change in 14 
years? In 21 years? 
(b) Find a. 


35. A radioactive substance has a 62 day half-life. Initially 
there are Qo grams of the substance. 


(a) How much remains after 62 days? 124 days? 

(b) When will only 12.5% of the original amount re- 
main? 

(c) How much remains after 1 day? 


36. Between 1994 and 1999, the national health expendi- 
tures in the United States were rising at an average of 
5.3% per year. The U.S. health expenditures in 1994 
were 936.7 billion dollars. 


(a) Express the national health expenditures, P, in bil- 
lions of dollars, as a function of the year, t, with 
t = 0 corresponding to the year 1994. 

(b) Use this model to estimate the national health ex- 
penditures in the year 1999. Compare this num- 
ber to the actual 1999 expenditures, which were 
1210.7 billion dollars. 


37. Chicago’s population grew from 2.8 million in 1990 to 
2.9 million in 2000. 


(a) What was the yearly percent growth rate? 
(b) Assuming the growth rate continues unchanged, 
what population is predicted for 2010? 


38. Let P(t) be the population’ of Charlotte, NC, in thou- in a person’s body; three hours later (5 hours after 
sands, t years after 1990. the cigarette), there are 20 mg. Let n(t) represent the 
(a) Interpret P(0) = 396 and P(10) = 541 amount of nicotine in the body t¢ hours after smoking 


(b) Find a formula for P(t). Assume the population the cigarette. 


grows at a constant percentage rate and give your 
answer to 5 decimal places. (a) What is the hourly percent decay rate of nicotine? 


(c) Find and interpret P(20). (b) What is the initial quantity of nicotine in the body? 
(c) How much nicotine remains 6 hours after smoking 


39. Nicotine leaves the body at a constant percent rate. the cigarette? 


Two hours after smoking a cigarette, 58 mg remain 


10.6 EXPONENTIAL FUNCTIONS AND BASE e 


The mathematician Leonhard Euler® first used the letter e to stand for the important constant 
2.71828.... Many functions in science, economics, medicine, and other disciplines involve this 
curious number. Just as 7 often appears in geometrical contexts, e often appears in situations involv- 
ing exponential growth and probability. For example, the standard normal distribution in statistics, 
whose graph is the well-known bell-shaped curve, is given by the function 


f@e)=—e ee. 


Biologists use the function 
P(t) = Poe™ 


to describe population growth, and physicists use the function 


V = AeW*/(RO) 


to describe the voltage across the resistor in a circuit. 


Writing Exponential Functions Using Base e 


Example | on page 310 gives two equivalent ways of writing the value of an investment as an 
exponential function of time: 


V = 4000-1.0595' This form emphasizes the investment’s annual growth rate. 


V = 4000. 2*/!?, This form emphasizes the investment’s doubling time. 


An important feature of an exponentially growing quantity, in addition to annual growth rate or 
its doubling time, is its continuous growth rate. For the investment described by Example | on 
page 310, it can be shown that the continuous growth rate is k = 5.78% = 0.0578, and we can 
write 


V = 4000e° °°", This form emphasizes the continuous growth rate. 


As different as these three formulas appear, they all describe the same underlying function, as we 
can see by writing 


t 
4000 - 2¢/1? = 4000 Ca = 4000+ 1.0595! so the first and second formulas are the same 
t 
4000e°-9°78! — 4000 (ever) = 4000 - 1.0595". — so the first and third formulas are the same 
7J, Glaeser and N. Shapiro, “City Growth and the 2000 Census: Which Places Grew and Why,” www.brookings.edu, 


accessed on October 24, 2004. 
Shttp://en.wikipedia.org/wiki/E_%28mathematical_constant%29, page last accessed June 11, 2007. 


In the last step, we relied on the fact that e ~ 2.718: Using a calculator,’ this gives 
ea 271g = 10595. 


Depending on the point we wish to make, we might prefer one of these three equations to the other. 
The first one, having base b = 1.0595, emphasizes the investment’s 5.95% annual growth rate, 
and the second, having base 2, emphasizes its doubling time of 12 years. The third, having base e, 
emphasizes the continuous growth rate of 5.78%. In general: 


Any exponential function can be written in the form 
Q=a-e*, aandk constants. 


Here, 
e ais the initial value. 


e is the continuous growth rate. 


e Letting b = e*, we can convert from base-e form to standard form =a b¢ where b is 
the growth factor. 


In Example 1, we see how to convert an exponential function given in base-e form to standard 


form. 

Example 1 Equations (a)—(c) describe the value of investments after t years. For each investment, give the initial 
value, the continuous growth rate, the annual growth factor, and the annual growth rate. 
@) Vv =vx0e (Oey —5000e = @ Vv =e 

Solution (a) We have 


a = 2500 _ starting value is $2500 
k = 0.035 continuous growth rate is 3.5%. 


Using the exponent laws we rewrite V = 2500e9-°3°* as 


V = 2500 (c%935)* — 2500 - 1.0356¢, 


where b = e* = 9-935 — 1.0356 is the annual growth factor. Thus r = b—1 = 0.0356 = 3.56% 
is the annual growth rate. 
(b) We have 


a = 5000 _ starting value is $5000 
k = 0.147 continuous growth rate is 14.7.% 


Again, we write 


V = 5000e°°'4 — 5000(e°-°!47)* = 5000- 1.158°. 


°Most scientific and graphing calculators have an e* button. 


So the annual growth factor is b = e* = e9-0147 


b—1=0.158 = 15.8%. 
We have 


= 1.158 and the annual growth rate is r = 


(Cc 


—— 


a = 6250 starting value is $6250 
k = —0.095 continuous growth rate is —9.5%. 


In this case we have an exponentially decaying quantity, but the conversion works the same way 
as before. We write 


= 6250 (e~°-)' = 6250 - 0.9094". 
So the annual growth factor is b = e* = e~9-09 
r=b—1= -—0.0906 = —9.06%. 


= 0.9094 and the annual growth rate is 


Comparing Continuous vs. Annual Growth Rates 


The value of & is close to the value of r provided k& is reasonably small. In Example 1(a) we see 
that if & = 0.035 then r = 0.0356, and in Example 1(b) we see that if k = 0.147, then r = 0.158. 
Notice that in each case, the value of r is close to the value of k. This does not hold true for larger 
values of k. To see this, we try letting k = 3: 


b=ec®=c® = 20.086 
r =b—1=19.086. 


In this case, & and r are not at all close in value. 

Another important property illustrated by Example | is that sign of & is the same as the sign of 
r. In other words, if the growth rate r is positive, the continuous growth rate k is also positive, and 
if r is negative, so is k. It is also true that k = Oif r = 0. 


Manipulating Expressions Involving e 


Example 2 


Solution 


Sometimes we change the form of an expression to emphasize a certain point, as illustrated by 
Example 2. 


In a certain type of electrical circuit, the voltage V, in volts, is a function of the resistance R, in 
ohms, given by 
V = Ae*/(FO) where A and C are constants. 


Suppose R = 200,000 and V = 12e~°:". Find A and C. 


We are told that V = 12e~°-!*, Matching 12e—°-!* with the form Ae~*/(®°), we see that A = 12 


and 
t —1 
pS ane a (=) e 


Matching the coefficients of t, we get 


= 
i 
RC 


10 9 RC 
RO =10 
10 10 
= = sem 


Simplifying Expressions Involving e*¢ 


Often, scientists and engineers write expressions involving e in different ways. In Example 3, we 
rewrite a complicated expression in a simpler form using the fact that 


1 —kt 
okt =e i 
Example 3 The function 
p= 1600 
60 + 20e** 


describes a population that starts at 20 and levels out at 80. See Figure 10.13. 


Figure 10.13: Growth of a population 


Biologists sometimes write the expression for P in the form 


= L 
= Po + Ae-kt : 


Put P in this form and give the values of L, Po, and A. 


Solution To eliminate the e* in the numerator, we divide the numerator and denominator by e**: 
1600e*¢ 1600 1600 1600 
60 + 20e*# ome tt 20) 60e—*# +20 204+ 60e-*t 
Comparing with the form 
L 
= Po ap Ae -*t 


we have L = 1600, Pp = 20, and A = 60. 


Exercises and Problems for Section 10.6 


EXERCISES 
WiThe equations in Exercises 1-6 describe the value of in- | MlWrite the exponential functions in Exercises 7—12 in the 
vestments after t years. For each investment, give the initial form Q = ae** and state the values of a and k. 
value, the continuous growth rate, the annual growth factor, 
and the annual growth rate. 7.Q= 20e7¢/* OK 2000953 
1. V = 1200e°™* $Vene' a _ 1-38)? 
9. O= Tae 10. Q = 37.5 (e"™) 
3. V = 7500e °° 4, V = 17,0000°°?" eae 
e"e 
ll. Q= 12. Q = 90Ve-9-4# 
5. V = 20,000e~°** 6. V = 1800e"?" mer : ° 
PROBLEMS 
13. Investment A grows at an annual rate of r = 10%, 20. P(t) = 1500e"" 
and investment B grows at a continuous rate of k = 30 + 20e** 
10%. Compare these two investments, both initially L 
worth $1000, over a 50-year period by completing Ta- 21. P(t) = Py + Ae—*t 
ble 10.12. . 
22. Write 
Table 10.12 kt 
le 
30 + 20e*# 
in the form 
L 


P= ——__ 
Pot Ae-kt 
and identify the constants L, Po, and A. 


Min Problems 23-26, rewrite the given expression as indi- 
cated, and state the values of all constants. 


- 243t - kt 
14. A population is initially 15,000 and grows at a contin- 23. Rewrite 5e in the form ae”. 


uous rate of 2% a year. Find the population after 20 44. Rewrite 50 — = ea the fomiA (1 a e"*) 
years. e°- 

15. You buy a house for $350,000, and its value declines at 25. Rewrite (e* + 2) 2 inthe form e”” + aes +b. 
a continuous rate of —9% a year. What is it worth after 
>) ? 0.1t 

— : ; : 26. Rewrite — in the form i: 

16. You invest $3500 in a bank that gives a continuous an- 2e9 Mt +3 a + be 
nual growth rate of 15%. What is your balance B(t) 27. Two important functions in engineering are 
after t years? 

17. The voltage across a resistor at time t is Vo = se ev —-e” eaerhelieans tachi 
Ae~*/(RC) | where R = 150,000 and C = 0.0004. ake 2 DEP aa ee Oe 
Is the von growing or decaying? What is the con- ‘osha “+ hyperbolic cosine function. 
tinuous rate? 

WThe functions in Problems 18-21 describe the growth of a Show that the following expression can be greatly sim- 


population. Give the starting population at time t = 0. plified: 


cosh x)? — (sinh x)°. 
18. P(t) = 4000e"" 19. P(t) = Poe? 37 ( ) ( ) 


REVIEW EXERCISES AND PROBLEMS FOR CHAPTER 10 


EXERCISES 


MiIn Exercises 1-5, say whether the quantity is changing in an 
exponential or linear fashion. 
1. An account receives a deposit of $723 per month. 
2. A machine depreciates by 17% per year. 


3. Every week, 9/10 of a radioactive substance remains 
from the beginning of the week. 


4. One liter of water is added to a trough every day. 


5. After 124 minutes, 1/2 of a drug remains in the body. 


WiThe functions in Exercises 6-9 describe different invest- 
ments. For each investment, what are the starting value and 
the percent growth rate? 


6. V = 6000(1.052)! 
8. V = 14,000(1.0088)! 


7. V = 500(1.232)! 
9. V = 900(0.989)* 


10. A young sunflower grows in height by 5% every day. 
If the sunflower is 6 inches tall on the first day it was 
measured, write an expression that describes the height 
h of the sunflower in inches ¢ days later. 


11. A radioactive metal weighs 10 grams and loses 1% of 
its mass every hour. Write an expression that describes 
its weight w in grams after t hours. 


WiCan the expressions in Exercises 12-17 be put in the form 
ab‘? If so, identify the values of a and b. 


12. 2.5% 13. 107° 14. 1.3¢%5 
3 
3+2t —2t t 
15. 10-2 16. 3~7* .2 17. a 


WiGive the initial value a, the growth factor b, and the per- 
centage growth rate r for the exponential functions in Exer- 
cises 18-21. 


18. Q = 1700(1.117)' 
20. Q = 120- (3.2)° 


19. Q = 1250(0.923)' 
21. Q = 80(0.113)' 


Min Exercises 22—24, write the expression either as a constant 
times a power of x, or a constant times an exponential in x. 
Identify the constant. If a power, identify the exponent, and 
if an exponential, identify the base. 


—21 2 x 
23. Dy gee 
Qe 32 a3 


22. 


MiIn Exercises 25-28, give the growth factor that corresponds 
to the given growth rate. 


25. 60% growth 26. 18% shrinkage 


27. 100% growth 28. 99% shrinkage 


MiIn Exercises 29-32, give the rate of growth that corresponds 
to the given growth factor. 


29. 1.095 30. 0.91 31. 2.16 32. 0.95 


MiFind the percent rate of change for the quantities described 
in Exercises 33-37. 


33. An investment doubles in value every 8 years. 
34. A radioactive substance has a half-life of 11 days. 


35. After treatment with antibiotic, the blood count of a 
particular strain of bacteria has a half-life of 3 days. 


36. The value of an investment triples every seven years. 


37. A radioactive substance has a half-life of 25 years. 


MWrite expressions representing the quantities described in 
Exercises 38-43. 


38. The balance B doubles n times in a row. 


39. The value V increases n times in a row by a factor of 
1.04. 


40. The investment value begins at Vo and grows by a fac- 
tor of k every four years over a twelve-year period. 


41. The investment value begins at Vo and grows by a fac- 
tor of k every h years over a twenty-year period. 


42. The investment value begins at Vo and grows by a fac- 
tor of k every h years over an N-year period. 


43. The number of people living in a city increases from 
Po by a factor of r for 4 years, and then by a factor of 
s for 7 years. 


Wi The values in the tables in Exercises 44—46 are values of an 
exponential function y = ab*. Find the function. 


“  SfeT [> Ts 
y | 200 | 194 182.5346 
45. alaieiale 
i 8 
46. 


y 7 Los faser| 5.9049 


Min Exercises 47-54, find the formula for the exponential 
function whose graph goes through the two points. 


47. (3,4), (6, 10) 48. (2,6), (7,1) 


PROBLEMS 


49. (—6, 2), (3, 6) 50. (—5,8), (—2, 1) 


51. (0,2), (3,7) 52. (1,7), (5,9) 
53. (3, 6.2), (6, 5.1) 54. (2.5, 3.7), (5.1, 9.3) 


Wildentify the expressions in Exercises 55-60 as exponential, 
linear, or quadratic in ¢. 


55. 7+ 2t? 56. 6m + 7t? + 8t 
57. 5q° 58. 7t+8—4w 
59. 5A" +t 60. a(7.08)' 


MWrite an expression representing the quantities in Prob- 
lems 61-65. 


61. The amount of caffeine at time t hours if there are 90 
mg at the start and the quantity decays by 17% per 
hour. 


62. The US population ¢ years after 2000, when it was 281 
million. The growth rate is 1% per year. 


63. The price of a $30 item in ¢ years if prices increase by 
2.2% a year. 


64. The difference in value in t years between $1000 in- 
vested today at 5% per year and $800 invested at 4% 
per year. 


65. The difference in value in t years between a $1500 in- 
vestment earning 3% a year and a $1500 investment 
earning 2% a year. 


WIAs ~ gets larger, are the expressions in Exercises 66-70 in- 
creasing or decreasing? By what percent per unit increase or 
decrease of x? 


66. 10(1.07)* 67. 5(0.96)* 
68. 5(1.13)?” 69. 6() 
on —_ 


WiFind formulas for the exponential functions described in 
Problems 71-74. 


71. (3) = 12, f(20) = 80 


72. An investment is worth $3000 in year t = 6 and $7000 
in year t = 14. 

73. The graph of y = v(x) contains the points (—4, 8) and 
(20, 40). 

74. w(30) = 40, w(80) = 30 


WFind possible formulas for the exponential functions in 
Problems 75-76. 


75. V = f(t) is the value of an investment worth $2000 in 
year t = 0 and $5000 in year t = 5. 


76. The value of the expression g(8) is 80. The solution to 
the equation g(t) = 60 is 11. 


Win Problems 77-79, correct the mistake in the formula. 


77. A population which doubles every 5 years is given by 
PaTo", 

78. The quantity of pollutant remaining after ¢ minutes 
if 10% is removed each minute is given by Q = 
Qo (0.1)*. 

79. The quantity, @, which doubles every T’ years, has a 
yearly growth factor of a = 27. 


WiThe US population is growing by about 1% a year. In 2000, 
it was 282 million. What is wrong with the statements in 
Problems 80-82? Correct the equation in the statement. 


80. The population will be 300 million ¢ years after 2000, 
where 282(0.01)’ = 300. 


81. The population, P, in 2020 is the solution to P — 
1.01)?° = 0. 


$2. The solution to 282(1.01)' = 2 is the number of years 
it takes for the population to double. 


(282. 


83. Which grows faster, an investment that doubles every 
10 years or one that triples every 15 years? 


84. Which disappears faster, a population whose half-life is 
12 years or a population that loses 1/3 of its members 
every 8 years? 


85. For each description (a)—(c), select the expressions (I)— 
(VI) that could represent it. Assume Po, 0 < r < 1, 
and ¢ are positive. 


I. Po(1+r)’ Il. Po(1—r)* 
IW. Po(lt+r)* IV. Po(l—r)? 
V. Pot/(1+r) VI. Pot/(1—r) 


(a) A population increasing with time, t. 
(b) A population decreasing with time, t. 
(c) A population growing linearly with time, tf. 


86. Without calculating them, put the following quantities 
in increasing order. 


(a) The solution to 2’ = 0.2 
(b) The solution to 3-4~* = 1 
(c) The solution to 49 = 7 - 5* 
(d) The number 0 

(e) The number 1 


87. A quantity grows or decays exponentially according to 
the formula Q = ab’. Match the statements (a)—(b) 
with the solutions to one or more of the equations (I)— 


(VI). 

L. =1 I, 26° =1 

i: 2 Iv. b%+1=0 

Vv. 2b'+1=0 VL b%+2=0 

(a) The doubling time for an exponentially growing 
quantity. 

(b) The half-life of an exponentially decaying quan- 
tity. 


HW Without solving them, indicate the statement that best de- 
scribes the solution x (if any) to the equations in Prob- 
lems 88-97. Example. The equation 3-4” = 5 has a positive 
solution because 4” > 1 for x > 0, and so the best-fitting 
statement is (a). 

(a) Positive, because b” > 1 for b > 1 and x > 0. 
(b) Negative, because 6” < 1 forb > 1landaz < 0. 
(c) Positive, because b” < 1 for0 <b<landz>0. 
(d) Negative, because b” > 1 for0O <b < land < 0. 


(e) There is no solution because 6” > 0 for b > 0. 


88. 2-5” = 2070 89. 3° = 0.62 
90. 77 = -3 91.6446" =2 
92. 17-18" =8 93. 24-0.31* = 85 


94. 0.07 - 0.02" = 0.13 95. 240 - 0.55" = 170 


96. = =9 97. - 


Qe Osa ~ 7° 


98. A container of ice cream is taken from the freezer and 
sits in a room for ¢ minutes. Its temperature in degrees 
Fahrenheit is a — b-2~* +b, where a and b are positive 
constants. 


(a) Write this expression in a form that shows that the 


temperature is always 
(i) Less than a + b (ii) Greater than a 


(b) What are reasonable values for a and b? 


MiIn Problems 99-101, is 10° is greater than 10°? 


99. 0<a<b 
100. 0< aandb<0 
101. a<b<0 


Min Problems 102-104, is a is greater than x?? 


102. a< bandO0<a2<1 
103. a<bandx>1 


104. x < 0, ais an even integer, b is an odd integer 


MiIn Problems 105-107, is a greater than x 


105. 0<a<b 
106. 0<aandb<0 
107. a<b<0 


WiThe expressions in Problems 108-111 involve several let- 
ters. Think of one letter at a time representing a variable and 
the rest as nonzero constants. In which cases is the expres- 
sion linear? In which cases is it exponential? In this case, 
what is the base? 


108. 2”a” 109. a”b” +c” 


110. AB?C? 111. Ab? 
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11.1. INTRODUCTION TO LOGARITHMS 


Example 1 


Solution 


Suppose that a population of bacteria is given by P = 10° after t hours. When will the population 
reach 4000? To find out, we must solve the following equation for the exponent t: 


10° = 4000. 
Evaluating the left side at t = 3 gives 10° = 1000, which is less than 4000, and evaluating at t = 4 


gives 104 = 10,000, which is greater than 4000. So we estimate that the solution is between 3 and 
4, We can narrow down the solution further by calculating 10° for values of t between 3 and 4. 


Estimate the solution to 10° = 4000 to within one decimal place. 


Table 11.1 shows values of 10! for t between 3.2 and 3.8. 


Table 11.1 Solve 10° = 4000 


3.2 


1584.89 


Since 4000 falls between 10°: and 10°-’, we estimate that the solution to 10’ = 4000 is 
between 3.6 and 3.7. So it takes about 3.6 hours for the population to reach 4000. 


What Is a Logarithm? 


The solution in Example | is an example of a logarithm. In general, we define the common loga- 
rithm, written log;, x, or log x, as follows. 


If x is a positive number, 
log x is the exponent to which we raise 10 to get x. 


In other words, 
if y = logx then NO! = 


and 


if OY = a then Ui locens 


A Logarithm Is an Exponent 


This is the most important thing to keep in mind about logarithms. When you are looking for the 
logarithm of a number, you are looking for the exponent to which you need to raise 10 to get that 
number. 


Example 2 


Solution 


Example 3 


Solution 


Example 4 


Solution 


Use the definition to find log 1000, log 100, log 10. 


Since log x is the power to which you raise 10 to get x, we have 


log1000=3 because 10° = 1000 
log 100 = 2 because 17 — 100 
log 10 =1 because 10 = 100) 


In the previous example we recognized the number inside the logarithm as a power of 10. 
Sometimes we need to use exponent laws to put a number in the right form so that we can see what 
power of 10 it is. 


Without a calculator, evaluate the following, if possible: 


il 
(a) log il (b) log Vv 10 (c) log 100.000 
1 s 
log 0.01 log ——=2 log(—1 
(d) log0.0 (e) log 7000 (f) log(—10) 


(a) We have log 1 = 0 because 10° = 1. 
(b) We have log 10 = 1/2 because 10!/? = V/10. 


1 
We have log ——— = —5b 10-° = —_.. 
ore STOR ar 100,000 
(d) We have log 0.01 = —2 because 10~? = 0.01. 
(e) We have 
1 3 1 il 
los ———— === because 10 2/2 = — — = 
* i000 2 (103)'/2 1000 
(f) Since any power of 10 is positive, —10 cannot be written as a power of 10. Thus, log(—10) is 


undefined. 


In Example 3(f) we see that we cannot take the logarithm of a negative number. Also, log 0 is 
not defined since there is no power of 10 that equals zero. However, the value of a logarithm itself 
can be negative, as in Example 3(c), (d), and (e), and it can be zero, as in Example 3(a). 

For a number that is not an easy-to-see power of 10, you can estimate the logarithm by finding 
two powers of 10 on either side of it. 


Estimate log 63. 
We use the fact that 10 < 63 < 100. Since 10! = 10 and 10? = 100, we can say that 1 < log 63 < 


2. In fact, using a calculator, we have log 63 = 1.799. 


The definition of a logarithm as an exponent means that we can rewrite any statement about 
logarithms as a statement about powers of 10. 


Example5 


Solution 


Example 6 


Solution 


Example 7 


Solution 


Rewrite the following statements using exponents instead of logarithms. 
(a) log100 = 2 (b) log0.1 =—-1 (c) log 40 = 1.602 


For each statement, we use the fact that if y = log x then 10¥ = z. 


(a) log 100 = 2 means that 10? = 100. 
(b) log 0.1 = —1 means that 10~' = 0.1. 
(c) log 40 = 1.602 means that 10!:6°? = 40. 


Conversely, a statement about powers of 10 can be rewritten as a statement about logarithms. 


Rewrite the following statements using logarithms instead of exponents. 
(a) 10+ = 10,000 (b) 10-3 = 0.001 (CO) eee al 


For each statement, we use the fact that if 10” = x, then y = log x. 


(a) 104 = 10,000 means that log 10,000 = 4. 
(b) 107° = 0.001 means that log 0.001 = —3. 
(c) 10° = 3.981 means that log 3.981 = 0.6. 


A Logarithm Is a Solution to an Exponential Equation 
From the definition of log a, we can solve the exponential equation 


10” =a. 


Solve the equation 10° = 4000. 
In Example | we estimated the solution by using a calculator to find powers of 10 that are close 


to 4000. But the calculator will also calculate the solution directly. The solution to 10 = 4000 is 
t = log 4000. Using a calculator, we get t = log 4000 = 3.602.! 


An equation like 10' = 4000 can be solved in one step by logarithms. More complicated 


equations can sometimes be simplified into the form 10” = a, and then solved in the same way. 


Example 8 


Solution 


Solve the equation 3 - 10° — 8 = 13. 


We first simplify algebraically, then use the definition of the logarithm: 


3-10° = 3 — 13 
3-10' = 21 add 8 to both sides 
Opn divide both sides by 3 


t = log 7 = 0.845. use the definition 


'This leaves unanswered the question of how the calculator finds this value, which requires more advanced mathematics. 


Properties of Logarithms 


Example 9 


Solution 


We can think of taking logarithms as an operation, just as taking square roots is an operation. In 
fact, the logarithm is the inverse operation to the operation of raising 10 to a power. 


The Logarithm Operation Undoes Raising 10 to a Power 


We know that the operation of subtracting a constant undoes the operation of adding that constant, 
and the operation of dividing by a constant undoes the operation of multiplying by that constant. 
Likewise, the operation of taking a logarithm undoes the operation of raising 10 to a power. For 
example, 


log 10° = log 100,000 = 5 —— the logarithm undoes raising 10 to a 
power, leaving 5 


10° = 10°-69897 __ 5 _, raising 10 to the power of a logarithm 
undoes the logarithm, leaving 5. 


Evaluate without using a calculator: 
(a) log (L0°*) (b) {oles 2-5 
(c) jglos(-3.2) (d) 19st) ell 


(a) Since the logarithm undoes raising 10 to a power, we have log (10°-") = O.Ms 

(b) Since raising 10 to a power undoes the logarithm, we have 10'°2?° = 2.5. 

(c) For an operation to be reversed it needs to be defined in the first place. In this case log(—3.2) is 
not defined, so 10'°2(—-3-) is also not defined. 

(d) Since raising 10 to a power undoes the logarithm, we have 10'°8(*+)) = g + 1. Notice that 
log(x + 1) is defined in this case since x > —1, making x + 1 > 0. 


In general, 


Inverse Property of Logarithms 
The operation of raising 10 to a power and the logarithm operation undo each other: 


log(10") = N for all NV 
1phe) = Ni for N > 0 


Properties of Logarithms Coming from the Exponent Laws 


When we multiply 10? and 103, we get 10?*3 = 10°, by the laws of exponents. Since the logarithms 
of these numbers are just their exponents, the equation 5 = 2 + 3 can be interpreted as 


log(10°) = log(10?) + log(10°). 


In general, when we multiply two numbers together, the logarithm of their product is the sum of 
their logarithms. The following properties are derived from the exponent laws. 


Example 10 


Solution 


Example 11 


Solution 


Properties of the Common Logarithm 
e For a and b both positive and any value of t, 


log(ab) = loga + logb 
a 
log (¢) = loga — logb 


log(b") = t-logb 


e Since 10° = 1, 
log1 =0. 


We justify these properties on page 346. 


The properties of logarithms allow us to write expressions involving logarithms in many differ- 
ent ways. 


Show that the expressions log(1/b) and — log b are equivalent. 


There are at least two ways to see this using the logarithm rules we know. First, we know that 
log(a/b) = log a — log b, so log(1/b) = log 1 — log b. Since log 1 = 0, we have 


1 
log > = log 1 —logb = 0 — logb = — logb. 
Alternatively, we know that 


log ; = log (tn) 


=-1-logb using log (') =t-logb. 


When keeping track of manipulations involving logarithms, it is sometimes useful to think of 
log x and log y as simple quantities by using a substitution, as in the next example. 


Let u = logx and v = logy. Rewrite the following expressions in terms of u and v, or state that 
this is not possible. 


(a) log(4a/y) (b) log(4ay?) (c) log(4a — y) 
(a) We have 


log(4x/y) = log(4a) — log y using log (+) = loga — logb 
= log4+logx—logy using log(ab) = loga + logb 


=log4+u-—v. 
(b) We have 


log(4xy*?) = log(4x) + log(y?) using log(ab) = log a + log b 


=log4+logx + log(y*) again using log(ab) = log a + log b 
=log4+logr+3logy using log(b) =t-logb 
= log4+ut3v. 


Note that it would be incorrect to write 
log(4xy?) = 3log(4ay). 


This is because the exponent of 3 applies only to the y and not to the expression 4zy. 
(c) Itis not possible to rewrite log(4a— y) in terms of u and v. Although there are properties for the 
logarithm of a product or a quotient, there are no rules for the logarithm of a sum or a difference. 


The Logarithm Function 
Just as we can use the square root operation to define the function y = \/z, we can use logarithms 
to define the logarithm function, y = log x. 
The Domain of the Logarithm Function 
Since the logarithm of a number is the exponent to which you raise 10 to get that number, and since 
any power of 10 is a positive number, we can only take logarithms of positive numbers. In fact, the 
domain of the logarithm function is all positive numbers. 


The Graph of the Logarithm Function 


Table 11.2 gives values of y = log x and Figure 11.1 shows the graph of the logarithm function. 


Table 11.2 Values of log x y y = logx 


Figure 11.1: Graph log x 


The Range of the Logarithm Function 


Note that the graph in Figure 11.1 increases as x increases and has an z-intercept at x = 1. The 
values of log x are positive for x greater than one and are negative for x less than one. The graph 
climbs to y = 1 at x = 10 and to y = 2 at x = 100. To reach the modest height of y = 10 
requires x to equal 10!°, or 10 billion! This suggests that the logarithm function increases very 
slowly. Nonetheless, the graph of y = log x eventually climbs to any value we choose. Although 
cannot equal zero in the logarithm function, we can choose x > 0 to be as small as we like. As x 
decreases toward zero, the values of log x become more and more negative. In summary, the range 
of log x is all real numbers. 


Justification of log(a - b) = loga + log b and log(a/b) = loga — logb 


Since a and 0 are both positive, we can write a = 10” and b = 10”, so loga = m and logb = n. 
Then the product a - b can be written 


a-b=10"-10" =10™"™, 
Therefore m + 7 is the power of 10 needed to give a - b, so 
log(a-b) =m-+n, 


which gives 


log(a- b) = loga + log b. 


Similarly, the quotient a/b can be written as 


a 10” 


—=—_=10"™, 


’ ie” 
Therefore m — n is the power of 10 needed to give a/b, so 
wos (5) 
og {—} =m— 
8\5 m—n, 


and thus 


log (5) = loga — log b. 


Justification of log(b*) = t - logb 

Suppose that b is positive, so we can write b = 10" for some value of k. Then 

= Cory, 
We have rewritten the expression b’ so that the base is a power of 10. Using a property of exponents, 
we can write (10%)! as 10*¢, so 

Pairs 0", 

Therefore kt is the power of 10 that gives b’, so 

log(b") = kt. 
But since b = 10*, we know k = log b. This means 

log(b') = (log b)t = t - log b. 


Thus, for b > 0 we have 


log (b') = t - log b. 


Exercises and Problems for Section 11.1 


EXERCISES 
MiIn Exercises 1-8, rewrite the equation using exponents in- 21. 10° = 17.717 22. 107 = <2 
stead of logarithms. V17 
23; 10" = 57 24. 15.5 = 10% 
1. log0.01 = — 2. log 1000 = 3 
3. log 20 = 1.301 4. log A =B WiIn Exercises 25-34, evaluate without a calculator, or say if 
1 the expression is undefined. 
5. log 5000 = 3.699 6. log — = -3 
103 
1 
7. log(aB) = 32? + 2y? 8. log (¢) = 25. log 0.001 26. log Th 
Win Exercises 9-16 ite th i ing logarithms i 27. log V 1000 28. 1 : 
n Exercises 9-16, rewrite the equation using logarithms in- . log . bg ——— 
stead of exponents. aN 
= log(—1) 
9. 10° = 100,000 10. 10-4 = 0.0001 ee a1) ay 
11. 102:3°! = 200 12. 10" =n 31. 10°81 32. log10-°* 
13. 100739! = 39,994 14. 10~° = 0.832 33. log 10” 34, 19108 100 
15. 10%? =97 16. 10% =nR 


35. A trillion is one million million. What is the logarithm 


WSolve the equations in Exercises 17-24. of a trillion? 


36. As of June 1, 2008, the US national debt? was 


Be TD O00 ee se $9,391,288,825,656.43, or about $9.391 trillion. What 
7 _ 23 is the logarithm of this figure, correct to three deci- 
BAO" (le 20. 10° = 37 mals? Hint: log 9.391 = 0.9727. 
PROBLEMS 
37. (a) Calculate log 2, log 20, log 200 and log 2000 and 44. Complete the following table. Based on your answers, 
describe the pattern. which table entry is closest to log 8? 


(b) Using the pattern in part (a) make a guess about 
the values of log 20,000 and log 0.2. 

(c) Justify the guess you made in part (b) using the 
properties of logarithms. 


0.901 0.905 


WiIn Problems 38-43, without using a calculator, find two con- 
secutive integers, one lying above and the other lying below 
the logarithm of the number. 


38. 205 39, 8991 46. Complete the following table. Use your answer to esti- 
mate log 0.5. 


40. 1.22-10* 41. 0.99- 10° % ann 
42. 0.6 43. 0.012 i ee es 


?The US Bureau of the Public Debt posts the value of the debt to the nearest penny on the website 
www.treasurydirect.gov/govt/govt.htm. 


Ae 
Solve the equations in Problems 47-52, first approximately, 62. log (AvB) + log (A ) 


as in Example 1, by filling in the given table, and then to 63. log(A(A + B)) — log(A + B) 
four decimal places by using logarithms. 


WIIf possible, use logarithm properties to rewrite the expres- 


47. . ° * . 
Table 11.3 Solve 10° = 500 sions in Problems 64-69 in terms of u,v, w given that 
% 28 | 29 u = logz,v = logy, w = log z. 
10* | [| | | Your answers should not involve logs. 
48. x 
Table 11.4 Solve 10” = 3200 64. log xy 65. log — 
Zz 
z 3.7 toe VF 
wf tT 66. oga*y'V3 pe 
ze 
49. 2 
Table 11.5 Solve 10” = 0.03 1 ‘ ; 
68. (log = 69. log (x + y”) 
z L3 
cl ae a ie 
MiIn Problems 70-75, find possible formulas for the functions 
50. 


Table 11.6 Solve 2° = 20 using logs or exponentials. 


. 70. 7] 71. y 
| 1 \ 
51. Gs 
Table 11.7 Solve 5” = 13 j i x 
x 3 3.2 - 1 
i 


52. 


=) 


Table 11.8 Solve 0.57 = 0.1 72. y BB. OY 


al 
“i el a 


l 2 38 
Are the expressions in Problems 53-55 equivalent for posi- Z =i 
tive a and b? If so, explain why. If not, give values for a and 
b that lead to different values for the two expressions. 


74. y VES y 
53. log(10b) and 1 + log b x 
54. log(10°*°) and log(a + b) = 
55. 10°°8°+) anda +b 
. e2-. % 0.1 
MiIn Problems 56-63, rewrite the expression in terms of log A i 
and log B, or state that this is not possible. 
56. log(AB?) 57. log(2A/B) 76. Suppose 
log A = 2+ log B. 
58. log(A + B/A) 59. log(1/(AB)) 


How many times as large as B is A? 
60. log(A + B) 61. log(AB? + B) 


11.2 SOLVING EXPONENTIAL EQUATIONS USING LOGARITHMS 


Example 1 


Solution 


Example 2 


Solution 


In the last section, we saw that t = log 4000 is the solution to the equation 10’ = 4000. But how do 
we solve an equation like 3° = 4000? 


Estimate the solution to 3° = 4000. 
We have: 


3° = 2187 —> 7is too small 

3° = 6561 —+ 8is too big 
3°° = 3787.995 —> 7.5 is too small 
37° — 4227.869 —+ 7.6 is too big. 


Thus, the exponent of 3 that gives 4000 is between 7.5 and 7.6. 


It turns out that we can use logarithms to solve the equation in Example 1, even though the base 
is 3. This is because we can use the rule 10'°Y = N to convert the equation to one with base 10. 


By writing 3 as a power of 10, find the exact solution to 3° = 4000. 
Using the fact that 3 = 10!°8?, we have 


3° = 4000 _ original equation 
(10'°S3)£ = 4000 because 3 = 10'°83. 


Now we rewrite (10!°8°)* as 10°!°8 using the exponent laws. This gives 
10°18 3 = 4000. 
We now use the definition to write: 
tlog 3 = log 4000 the variable t is no longer in the exponent 


_ log 4000 


= 7.5496 — dividing both sides by log 3. 
log 3 


The solution, t = log 4000/ log3 = 7.5496, agrees with our earlier result. 


Taking the Logarithm of Both Sides of an Equation 


The logarithm provides us with an important new operation for solving equations. Like the operation 
of multiplying by a nonzero constant, the operation of taking a logarithm does not change whether 
or not two quantities are equal, and so it is a valid operation to be performed on both sides of an 
equation (as long is it is defined). 


Example 3 


Solution 


Example 4 


Solution 


Example5 


Solution 


Solve 3° = 4000 by taking the logarithm of both sides and using the properties of logarithms. 


We have 
3° = 4000 
log(3") = log 4000 taking the logarithm of both sides 
tlog 3 = log 4000 using log(b') = t - logb 
= doe Oe = 7.5496. dividing by log 3 
log 3 


This is the same answer that we got in Example 2. 


In Example | on page 310, the value of an investment t years after 2004 is given by V = 4000- pee 
Solve the equation 
4000 - 2'/1? = 7000. 


What does the solution tell you about the investment? 


We have 
4000 - 2‘/1? = 7000 
7000 
G/l2 = = il 
4000 ue 
log (2 1) = log 1.75 
oO log 2'= log 1-75 using the property log(b*) = t - log b 
i 12 log 1.75 
~ log 2 
= 9.688. 


This tells us that the investment’s value will reach $7000 after about 9.7 years, or midway into 2013. 


In the solution to the last example, we first divide through by 4000 and then take the logarithm 
of both sides. However, we can also solve equations like this by taking the logarithm right away: 


Solve 5 - 7” = 20 by 


(a) Dividing through by 5 first (b) Taking the logarithm first. 
(a) We have 
Hof = 20 
ao dividing through by 5 
log(7”) = log4 taking the logarithm of both sides 
x log 7 = log4 using log(b') = t - log b 
log 4 eee 
x = —~ = 0.712. dividing by log 7 


log 7 


(b) Taking the logarithm first, we have 


Ho” = 20 
log(5 - 7”) = log 20 taking the logarithm of both sides 
log 5 + log(7”) = log 20 using log(ab) = log a + log b 
log(7*) = log 20 — log 5 subtracting log 5 from both sides 
x log 7 = log 20 — log 5 using log(b’) = t -logb 
= ee ee = 0.712. dividing by log7 
log 7 


Although the expressions we get for the answers look different, they have the same value, 0.712. 
We can also see that the expressions have the same value using logarithm properties: 


20 
log 20 — log 5 = log (2) =log4 using loga — logb = log (). 


Notice that the solution to Example 5 is positive. In the next example, the solution is negative. 


Example 6 Solve the equation 300 - 7” = 45. 


Solution We have: 

300- 7° = 45 

45 
C == =0.15 

300 

log(7”) = log 0.15 take the logarithm of both sides 

x log 7 = log 0.15 using log b' = t - log b 
log 0.15 
= = —0.975. 
log 7 


In Example 5, we have 
(Smaller number) - 7” = Larger number. 
This means that 7” must be greater than 1, so x > 0. In contrast, in Example 6 we have 
(Larger number) - 7” = Smaller number. 


This means that 7” must be less than 1, so x < 0. See Figures 11.2 and 11.3 for a comparison. 


35 300 
20 
psa ~ 45 
x | x 


—2 —0.975 


Figure 11.2: The graphical solution to Example 5 _ Figure 11.3: The graphical solution to Example 6 


Example 7 


Solution 


In Examples 5 and 6, we use logarithms to solve an equation that contains a variable in the 
exponent on only one side of the equation. In Example 7, we solve an equation that has a variable 
in the exponent on both sides. 


Katie invests $1200 at 5.1% in a retirement fund, and at the same time John invests $2500 at 4.4%. 
When do their investments have the same value? If they retire at the same time, whose investment 
is worth more at retirement? 


The solution to the equation 1200(1.051)” = 2500(1.044)* tells us how many years it takes after 
the initial investment for the two investments to reach the same value. We take logarithms of both 
sides of the equation to convert it to a linear equation in log x. 


1200(1.051)” = 2500(1.044)” 
log 1200 + x log 1.051 = log 2500 + a log 1.044 
x(log 1.051 — log 1.044) = log 2500 — log 1200 
log 2500 — log 1200 


ee eal ea ene ae 
* ~ Jog 1.051 — log 1.044 


Thus, we see that the two investments have equal value after about 110 years. Since John’s invest- 
ment starts at a greater value, and since they will no doubt retire before 110 years have passed, 
John’s investment will be worth more when they retire. 


Equations Containing Logarithms 


Example 8 


Solution 


Example 9 


Solution 


Just as we can use the operation of taking logarithms to solve equations involving exponentials, we 
can use the operation of raising to a power to solve equations involving logarithms. 


Solve the equation log N = 1.9294. 
Using the definition of the logarithm, we know that 

log N = 1.9294 meansthat N = 101-929, 
Using a calculator, N = 101-9794 — 84.996. 


In Example 8, we use the definition of the logarithm directly. In the next example we take the 
same approach, but we need to do some algebraic simplification as well. 


Solve 4 log(2x — 6) = 8. 
We have 


Alog(2a — 6) = 8 
log(2a — 6) = 2 divide both sides by 4 
2a —6 = 10" by the definition 
2x —6=100 because 10? = 100 
2x = 106 add 6 to both sides 
x= 53 divide both sides by 2. 


Example 10 


Solution 


Example 11 


Solution 


Sometimes we transform the equation before using the rules of logarithms. 


Solve log(a + 198) — 2 = log for «. 


We start by putting all the logarithms on one side: 


log(a + 198) — log x = 2 


198 
log (cnet) = using log (¢) = loga — logb 


ae 
il 
ica) = 100 _ using the definition 


it 
x+198= 1002 multiplying both sides by x 
198 = 992 gathering terms 


=P), 


Substituting 2 = 2 into the original equation gives log(2 + 198) — log(2) = 2, which is valid, 
because 200 
log(2 + 198) — log 2 = log 200 — log 2 = log =n = log 100 = 2. 


Since the logarithm is not defined for all real numbers, we must be careful to make sure our 
solutions are valid. 


Solve log x + log(a — 3) = 1 for a. 


Using the properties of logarithms, we have 


log a + log(x — 3) =1 
log(x(a —3)) =1 — using log(ab) = log a + log b 
x(a —3) = 10 using the definition 
x? —3a%—10=0 subtracting 10 from both sides 
(e—5)(x@+2)=0 factoring. 
So, solving for x gives x = 5 ora = —2. 


Although x = 5 and x = —2 satisfy the quadratic equation x? — 32 — 10 = 0, we must check 
both values of x to see if they satisfy our original equation. 

For x = 5, we have log(5) + log(2) = 1, which is a valid statement because log(5) + log(2) = 
log(10) = 1 by the properties of logarithms. For 2 = —2, we have log(—2) + log(—5) = 1. 
Note that this is not valid, since log is not defined for negative input values. Thus, x = 5 is the 
only solution. The extraneous solution, c = —2, is introduced when we combine the two logarithm 
expressions into one. 


Exercises and Problems for Section 11.2 


EXERCISES 
WSolve the exponential equations in Exercises 1-5 without 30. 2(10% + 3) = 4 — 5(1 — 10”) 
using logarithms, then use logarithms to confirm your an- 
swer. i 31. 130 - 1.031" = 220 - 1.022” 
1. 2 =4" 2. = =3" 
81 32. 700 - 0.923” = 300 - 0.891” 
a. 1024 = 2° 4,.5° = 25° F : 
33. 820(1.031)" = 1140(1.029) 
5. 64? = 4” 


ed : 34. 84.2(0.982)¥ = 97(0.891)” 
Solve the equations in Exercises 6-15. 


35. 1320(1.045)7 = 1700(1.067)? 


6. 2° =19 7. 1.0717 = 3.25 
y a x 
8. 177 =12 9. (5) =? 36. 0.315(0.782)” = 0.877(0.916) 
t as 
10. 80” = 100 11. 0.088" = 0.54 37. 500(1.032)" = 750 
12. (1.041)" = 520 13. 2? = 90 38. 2300(1.0417)* = 8400 
14. (1.033)? = 600 15. (0.988)" = 55 


39. 2215(0.944)' = 800 


WiSolve the equations in Exercises 16-39. 
WiSolve the equations in Exercises 40-47. 


16. 3-10° = 99 17. 5-10” — 35 =0 
= . t it => 
18. 2.6 = 50-10 19. 10°+5=0 M0: oe = 1 ee 
20. 10'—-5.4=7.2—10° 21. 100(1.041)' = 520 2 
22. 5-2? = 90 23. 40(1.033)7 = 600 42. logx =5 43. logx = 1.172 
- t 
24. 100(0.988)" = 55 25. 8- (2) = 20 44. 3logx =6 45. 7—2logz = 10 
bd : — 
26. 500 - 1.31" = 3200 27. 700 - 0.882" = 80 46; Diese — 1) = 5 ai eee = 3) 
9 2/17 
28, 50s 2°) = 320 29. 120 (5) =15 
PROBLEMS 
MiIn Problems 48-55, assume a and 6 are positive constants. 57. The population of a city t years after 1990 is given 
Imagine solving for x (but do not actually do so). Will your by f(t) = 1800(1.055)*. Solve the equation f(t) = 
answer involve logarithms? Explain how you can tell. 2500. What does your answer tell you about the city? 
43 7 7 5 58. The dollar value of two investments after t years 
as eB BP oat is given by f(t) = 5000(1.062)' and g(t) = 
50. 2° — 10a —0 51. oti _ 3-9 9500(1.041)'. Solve the equation f(t) = g(t). What 
does your solution tell you about the investments? 
52. Q=0b* 53. a=logax 


59. The number of working lightbulbs in a large office 
54. 3(logx) +a =a? +logz building after t months is given by g(t) = 4000(0.8)*. 
Solve the equation g(t) = 1000. What does your an- 


—ka _ 
aay ke =Q swer tell you about the lightbulbs? 
56. A travel mug of 90°C coffee is left on the roof of a 60. The number of acres of wetland infested by an invasive 
parked car on a 0°C winter day. The temperature of the plant species after t years is given by u(t) = 12- 2/3, 


coffee after t minutes is given by H = 90(0.5)'/1°, Solve the equation u(t) = 50. What does your answer 


When will the coffee be only lukewarm (30°C)? tell you about the wetland? 


61. The amount of natural gas in thousands of cubic feet u(t) = 1200(1.019)’ and v(t) = 1550(1.038)". 


per day delivered by a well after t months is given by Solve the equation u(t) = v(t). What does the solu- 
v(t) = 80- 2-*/5, Solve the equation v(t) = 5. What tion tell you about the towns? 
does your answer tell you about the well? 

62. The amount of contamination remaining in two differ- 64. What properties are required of a and bif log(a/b) = r 
ent wells t days after a chemical spill, in parts per bil- has a solution for 


lion (ppb), is given by r(t) = 320(0.94)* and s(t) = 


540(0.91)*. Solve the equation r(¢) = s(t). What does a) ee 2 
the solution tell you about the wells? ih) P< 0 
(c) r= 0? 


63. The size of two towns t years after 2000 is given by 


11.3 APPLICATIONS OF LOGARITHMS TO MODELING 


Example 1 


Solution 


Example 2 


Solution 


In the previous section we saw how to solve exponential equations using logarithms. Exponential 
equations often arise when we ask questions about situations that are modeled by exponential func- 
tions. 


The balance of a bank account begins at $32,000 and earns 3.5% interest per year. When does it 
reach $70,000? 


The balance in year ¢ is given by 32,000(1.035)* dollars. We solve: 


32,000(1.035)* = 70,000 


70,000 
35 
32,000 
log 1.035! = log (3) taking the logarithm of both sides 
70 : 4 
t - log 1.035 = log 30 using log(b’) = t - logb 
ps GU ax 
log 1.035 


The balance reaches $70,000 in 22.754 years. 


Between the years 1991 and 2001, the population of Naples, Italy decreased, on average, by 0.605% 
per year.* In 2001, the population was 1,004,500. If the population continues to shrink by 0.605% 
per year: 


(a) What will the population be in 2010? 
(b) When will the population reach half its 2001 level? 


The population t years after 2001 is given by 1,004,500(0.99395)’. 
(a) The year 2010 corresponds to t = 9. We have 


Population in year 9 = 1,004,500(0.99395)° = 951,110. 


3http://www.citypopulation.de/Italien.html, accessed May 30, 2003. 


Example 3 


Solution 


(b) Half the 2001 level is 1,004,500/2 = 502,250. Solving, we have: 


1,004,500(0.99395)* = 502,250 


502,250 1 
i ’ —s 
te 1,004,500 2 
1 
log 0.99395" = log (5) taking the logarithm of both sides 
1 ; 
t log 0.99395 = log (5) using log b' = tlog b 
,— Jos /2) _ 114.223, 
log 0.99395 


so Naples’ population will halve in about 114 years, in 2115. 


The models in Examples 1| and 2 lead to equations of the form 
f(a) =N, where f is an exponential function. 
The next example gives rise to an equation of the form 


f(x) = g(2), where f and g are exponential functions. 


The population of City A begins at 25,000 people and grows at 2.5% per year. City B begins with 
a larger population of 200,000 people but grows at the slower rate of 1.2% per year. Assuming that 
these growth rates hold constant, will the population of City A ever be as large as the population of 
City B? If so, when? 


In year t, the population (in 1000s) of City A is 25(1.025)’ and the population of City B is 
200(1.012)*. To find out when the population of City A grows to be as large as in City B, we 
solve the equation 


25(1.025)' = 200(1.012)*. 
SSS 


population of A population of B 


25(11025) = 20011012)" 


(1.012)¢ 5) 

1.025)" _ ee 

2) a Po te (5) 

13025) 
log | —— }] =log8 taking the logarithm of both sides 

1.012 

1.02 
tlog (3) = log8 using log b' = tlogb 

Ere 


log (1.025/1.012) 


The cities’ populations will be the same in about 163 years. We can verify our solution by finding 
the populations of Cities A and B in year t = 162.914: 


Population of City A = 25(1.025)'©°'4 = 1,396.393 thousand 
Population of City B = 200(1.012)'®-°'* = 1,396.394 thousand. 


The answers are not exactly equal because we rounded the value of t. 


Doubling Times and Half-Lives 


We can use logarithms to calculate doubling times and half-lives. 


Example 4 The size of a population of frogs is given by 185(1.135)* where ¢ is in years. 


(a) What is the initial size of the population? 
(b) How long does it take the population to double in size? 
(c) How long does this population take to quadruple in size? To increase by a factor of 8? 


Solution (a) The initial size is 185(1.135)° = 185 frogs. 
(b) In order to double, the population must reach 370 frogs. We solve the following equation for t: 


185(1.135)° = 370 
(gee! 2 
log (1.135") = log 2 
t- log 1.135 = log 2 
log 2 


<a Al 4 . 
hee ee 


(c) We have seen that the population increases by 100% during the first 5.474 years. But since the 
population is growing at a constant percent rate, it increases by 100% every 5.474 years, not 
just the first 5.474 years. Thus it doubles its initial size in the first 5.474 years, quadruples its 
initial size in two 5.474-year periods, or 10.948 years, and increases by a factor of 8 in three 
5.474-year periods, or 16.422 years. We can also find the time periods directly with logarithms. 


We can verify the results of the last example as follows: 


185(1.135)°474 = 370 twice the initial size 
185(1.135)'°-°48 — 740 4 times the initial size 
185(1.135)'°-4?2 — 1480 8 times the initial size. 


Example 5 Polonium-218 decays at a rate of 16.578% per day. What is the half-life if you start with: 
(a) 100 grams? (b) agrams? 
Solution Decaying at a rate of 16.578% per day means that there is 83.422% remaining after each day. 


In part (a), we start with 100 g of polonium-218 and need to find how long it takes for there to 
be 50 g, which means we must solve the equation 


100(0.83422)* = 50. 


In part (b), we start with a grams and need to find how long it takes for there to be a/2 grams, 


which means we must solve the equation 
a(0.83422)¢ = =: 


We solve these equations side-by-side to highlight the equivalent steps: 


100(0.83422) = 50 a(0.83422)* = - 
50 (4) 
QS 83420! = +2 
0.83 = 0.83 = 
pe 2 i 
0.83422! = 5 0.83422! = = 
1 1 
t log 0.83422 = log 5 t log 0.83422 = log 5 
log 4 log 4 
See ee yh 
log 0.83422 log 0.83422 


so polonium-218 has a half-life of about 3.824 days. Notice that from the third step on, the calcula- 
tions are exactly the same, so we arrive at the same answer. The point of using a letter like a instead 
of a number like 100 is to show that the half-life does not depend on how much polonium-218 we 
start with. 


For another way to think about Example 5, notice that since any exponential function is of the 
form 
(Initial value) - (Growth factor)’, 


when we reach half the initial value, we know that the (Growth factor)’ component must equal 1/2: 


1 
(Initial value) (Growth factor)’ = 5 - Initial value. 
a 


nie 


This means that in order to find the half-life, we must solve an equation of the form 


1 
(Growth factor)’ = 5 


This is why the third step of both equations in Example 5 is 


1 
0.83422" = —. 
2 
Exercises and Problems for Section 11.3 
EXERCISES 
Min Exercises 1-4, find the doubling time (for increasing 5. A 10 kg radioactive metal loses 5% of its mass every 
quantities) or half-life (for decreasing quantities). 14 days. How many days will it take until the metal 
weighs | kg? 
1. Q = 200-1.21° 2. Q = 450- 0.81" 6. An investment begins with $500 and earns 10.1% per 


7 ‘ year. When will it be worth $1200? 
3. Q@=55-5 4. Q =80-0.22 


7. An abandoned building’s value is 250(0.95)’ thousand 


dollars. When will Etienne be able to buy the building 
with his savings account, which has $180,000 at year 
t = 0 and is growing by 12% per year? 


. City A, with population 60,000, is growing at a rate of 


3% per year, while city B, with population 100,000, is 
losing its population at a rate of 4% per year. After how 
many years are their populations equal? 


. In 2003 the number of sport utility vehicles sold in 


China was predicted to grow by 30% a year for the next 
5 years.* What is the doubling time? 


PROBLEMS 


10. 


11. 


12. 


13. 


A substance decays at 4% per hour. Suppose we start 
with 100 grams of the substance. What is the half-life? 


A population grows at a rate of 11% per day. Find its 
doubling time. How long does it take for the population 
to quadruple? 

Cesium-137, which is found in spent nuclear fuel, de- 


cays at 2.27% per year. What is its half-life? 


An investment initially worth $1900 grows at an annual 
rate of 6.1%. In how many years will the investment be 
worth $5000? 


W You deposit $10,000 into a bank account. In Problems 14— 
17, use the annual interest rate given to find the number of 
years before the account holds 


(a) 


14. 


18. 


19. 


20. 


21. 


$15,000 (b) $20,000 


2% 15. 3.5% 16. 7% 17. 14% 


A population of prairie dogs grows exponentially. The 
colony begins with 35 prairie dogs; three years later 
there are 200 prairie dogs. 


(a) Give a formula for the population as a function of 
time. 

(b) Use logarithms to find, to the nearest year, when 
the population reaches 1000 prairie dogs. 


The population in millions of a bacteria culture after t 
hours is given by y = 20- 3°. 


(a) What is the initial population? 

(b) What is the population after 2 hours? 

(c) How long does it take for the population to reach 
1000 million bacteria? 

(d) What is the doubling time of the population? 


The population in millions of bacteria after t hours is 
given by y = 30- 4°. 


(a) What is the initial population? 

(b) What is the population after 2 hours? 

(c) How long does it take for the population to reach 
1000 million bacteria? 

(d) What is the doubling time of the population? 


A balloon is inflated in such a way that each minute its 
volume doubles in size. After 10 minutes, the volume 
of the balloon is 512 cm®. 


(a) What is the volume of the balloon initially? 


22. 


23. 


24. 


(b) When is the volume of the balloon 256 cm’, half 
of what it is at 10 minutes? 
(c) When is the volume of the balloon 100 cm?? 


The population of Nevada, the fastest growing state, in- 
creased by 12.2% between April 2000 and July 2003.° 


(a) What was the yearly percent growth rate? 
(b) What is the doubling time? 


The population of Florida is 17 million and growing at 
1.96% per year.° 


(a) What is the doubling time? 

(b) If the population continues to grow at the same 
rate, in how many years will the population reach 
100 million? 


When the minimum wage was enacted in 1938, it was 
$0.25 per hour.’ 


(a) If the minimum wage increased at the average rate 
of inflation, 4.3% per year, how much would it be 
in 2004? 

(b) The minimum wage in 2004 was $5.15. Has the 
minimum wage been increasing faster or slower 
than inflation? 

(c) If the minimum wage grows at 4.3% per year from 
1938, when does it reach $10 per hour? 


25. JIodine-131, used in medicine, has a half-life of 8 days. 


(a) If 5 mg are stored for a week, how much is left? 
(b) How many days does it take before only 1 mg re- 
mains? 


4“They’re Huge, Heavy, and Loveable”, Business Week, p. 58 (December 29, 2003). 
Shttp://quickfacts.census.gov/qfd/states, accessed October 18, 2004. 
®http://quickfacts.census.gov/qfd/states, accessed October 18, 2004. 


7www.dol.gov, accessed October 18, 2004. 


26. Three cities have the populations and annual growth (a) True or false: The first inch of the pipe removes 
rates in the table. 50% of the pollutants and the second inch removes 
the remaining 50%. 

(b) What length of pipe is needed to remove all but 
10% of the pollutants? 


(a) Without any calculation, how can you tell which 
pairs of cities will have the same population at 
some time in the future? 
(b) Find the time(s) at which each pair of cities has the 28 


: . A radioactive substance decays at a constant percent- 
same population. 


age rate per year. 
City (a) Find the half-life if it decays at a rate of 
(i) 10% per year. (ii) 19% per year. 


Population (millions) 
Growth rate (%/yr) (b) Compare your answers in parts (i) and (ii). Why is 


one exactly half the other? 


27. Water is passed through a pipe containing porous ma- 29. What is the doubling time of the population of a bacte- 
terial to filter out pollutants. Each inch of pipe removes ria culture whose growth is modeled by y = ab’, with 
50% of the pollutant entering. t in hours? 


11.4 NATURAL LOGARITHMS AND LOGARITHMS TO OTHER BASES 


The exponential function V = 12e~°:!* from Example 2 on page 332 tells us the voltage across a 
resistor at time ¢. We can find the voltage for a few values of ¢ using a calculator: 
Att=0: 12e-91) =12e® =12 12 volts initially 
Att=5: 12e~9-1(5) = 12e-©5 = 7.278 7.278 volts after 5 seconds 
Att=10: 12e-910% = 12e-! = 4.415 4.415 volts after 10 seconds 


Att=15: 12e-9 105) = 12e-15 = 2.678 2.678 volts after 15 seconds 
Notice that the voltage drops rapidly from its initial level of 12V. Suppose we need to know when 
the voltage reaches a certain value, for instance, 3V. This must happen sometime between t = 10 


seconds (when it reaches 4.415V) and t = 15 seconds (when it reaches 2.678V). In Example 1, we 
use logarithms to find the exact value of t. 


Example 1 Using logarithms, solve the equation 12e~°* = 3. 


Solution We have 
126-9" = 3 
e 0 = 0.25 divide both sides by 12 
log tex) = log 0.25 take the logarithm 
—0.1t loge = log 0.25 use a logarithm property 
log 0.25 a 
—0.1¢ = —— divide by log e 
mE 4 0.25 
aa ee se Ge 
loge 


so the voltage should drop to 3V after about 13.863 seconds. This is what we expected—we pre- 
dicted the voltage should drop to 3V sometime between 10 and 15 seconds. To confirm our answer, 


we see that 
12e—0-1(13.863) = 12¢e71-3863 = 3 


Solving Equations Using e as a Logarithm Base 


Example 2 


Solution 


When we solve an equation like 10” = 0.25, we seek a power 10 that is equal to 0.25: 
10 = 025. 


The function log x is defined to give us the exponent we need: Here, log 0.25 = —0.602 because 
10~9-692 — 0.25. Likewise, when we solve an equation like e” = 0.25, we seek a power of the 
number e that is equal to 0.25: 


e’ = 0.25. 


We define a new function, log, x or “log base e of x,” to give us the power of the number e that is 
equal to x. This function is often written In x, for natural logarithm. 


If x is a positive number, we define the natural logarithm of x, written In x or log, x, so that 
In x is the exponent to which we raise e to get x. 


In other words, 
if ay = lho a then =a 


and 


if G=s then a = lina. 


Solve 12e~°'!' = 3 using the natural logarithm function. 


Since 12e~°'* = 3, we have e~°"* = 0.25. So we need to find the power of e that is equal to 0.25. 


By definition of the natural logarithm function, the exponent we need is In 0.25, so 


—0.1¢ = In 0.25 by definition of In function 
t= -—101n0.25 multiply by —10 
= 13.863 using a calculator. 


Nearly all scientific and graphing calculators have an {In} button to find the natural log. The answer 
agrees with our solution in Example 1, where we solved the same equation to obtain 


log 0.25 
loge 


E> ko) = 13.863. 


Properties of Natural Logarithms 


The natural logarithm function In x has similar properties to the common log function log x: 


Properties of the Natural Logarithm 
e The operation of raising e to a power and the In operation undo each other: 


In(e’) = N for all NV 
eo aN for N > 0 


e For a and b both positive and any value of t, 


In(ab) =Ina+Inb 
a 
In (¢) =Ina—Inb 


In(b') =t-Inb 


e Since e® = 1, 
In1l =0. 


Using Natural Logarithms to Find Continuous Growth Rates 


In Example | on page 331, we saw how to determine the growth factor b and the percent growth rate 
r of an exponential function like V = 5000e°-!4”*. Using the natural logarithm, we can determine 
the continuous growth rate if we know the growth factor. 


Example 3 The value of an investment in year ¢ is given by V = 1000(1.082)’. Give the initial value, the annual 
growth factor, the percent growth rate, and the continuous growth rate. 


Solution The initial value is a = $1000, the growth factor is b = 1.082, and the percent growth rate is 
r =b—1= 0.082 = 8.2%. To find the continuous growth rate k, we write the function in the form 

kt. 

Ger 


1000e** = 1000(1.082) — two different ways to write the same function 


e* — 1,082¢ divide by 1000 
(e*)' See rewrite left-hand side using exponent laws 
e* = 1.082 compare bases 
k = In 1.082 definition of In 
= 0.0788. 


This means the continuous growth rate is 7.88%, and that an alternative form of this function is 
V = 1000e°-°"88!, We can check our answer by writing 


V = 1000.2 
= 1000 oe. 
= 1000(1.082)', 


as required. 


In general, 


Converting an Exponential Function to and from Base e 
e To convert a function of the form Q = ae" to a function of the form Q = ab, use the 
fact that b = e*. 


kt use the 


e To convert a function of the form Q = ab! to a function of the form Q = ae 
fact that k = Inb. 


When Should We Use In x instead of log x? 


In Example 1, we solved e~°''” = 0.25 using the log function, and in Example 2 we solved the 


same equation using the In function: 


0 log 0.25 
loge 
= 13.863 = 13.863. 


Using Inz: a = —101n0.25 


Using logz: x = —1 


Even though we get the right numerical answer in both cases, our solution to Example | involves an 
extra factor of 1/ log e. This is because we used log base 10 to solve an equation involving base e. 


Example 4 Find when the investment from Example 3 will be worth $5000 using the: 


(a) log function (b) In function. 
Solution We have: 
(a) 1000(1.082)’ = 5000 (b) 1000(1.082)' = 5000 
n0S2) 5 G25 dividing both sides by 1000 
log (1.082") = log5 In (1.082°) = ling applying (a) log, (b) In 
tlog 1.082 = log5 tln 1.082 = In5 
_ _ logd a In5 
~ log 1.082 ~ In 1.082 
= 20 AML, = 204i, 


In Example 4, we obtain the same numerical answer using either log or In. In summary, 


In all cases, you can get the right numerical answer using either In or log. However: 
e If an equation involves base 10, using log might be easier than In. 


e If an equation involves base e, using In might be easier than log. 
Otherwise, there is often no strong reason to prefer one approach to the other.® 


8This changes in calculus, where it is often easier to use the In function than the log function regardless of the base. 


Logarithms to Other Bases 


In addition to base 10 and base e, other bases are sometimes used for logarithms. Perhaps the most 
frequent of these is log, x, the logarithm with base 2. For instance, since computers represent data 
internally using the base 2 number system, computer scientists often use logarithms to base 2. 

To see how these different bases work, suppose we want to solve the equation b” = x where b 
and x are positive numbers. Taking the logarithm of both sides gives 


log b” = log« 
y-logb = logax 
_ loga 
a log b- 


This means y is the exponent of b that yields x, and we say that y is the “log base b” of x, written 
y = log, x. As you can check for yourself, a similar derivation works using In x instead of log x. 
By analogy with common and natural logarithms, we have: 


If x and b are positive numbers, 
log, x is the exponent to which we raise b to get x. 


In other words, 
if y = log, x then (= 98 


and 


if Oe = 96 then y = log, x. 


e We can find log, x using either common or natural logarithms: 


ia = Ina 
oo inh 


e The log, x function has properties similar to the log x and In x function. 


Though we can always use the formula log, « = log a/ log b, sometimes we do not need it. 


Example 5 Evaluate the following expressions. 
(a) log, 16 (b) logs 81 (c) logyo9 1,000,000 (d) log, 20 


Solution (a) By definition, log, 16 is the exponent of 2 that gives 16. We know that 2+ = 16, so log, 16 = 4. 
(b) By definition, log, 81 is the exponent of 3 that gives 81. We know that 34 = 81, so logs 81 = 4. 
(c) By definition, log; 99 1,000,000 is the exponent of 100 that gives 1,000,000. We know that 
100? = 1,000,000, so log; 9 1,000,000 = 3. 
(d) By definition, log, 20 is the exponent of 5 that gives 20. We know that 5' = 5 and 5? = 25, so 
this exponent must be between 1 and 2. Using either of our formulas for log,, we have 


log 20 _ 1.3010 


log. 20 = = 
nee loz5 0.6990 


= 1.8614 using common logarithms 


Example 6 


Solution 


In20 _ 2.996 


log, 20 = Tana na0g = 1.8614 using natural logarithms. 


Note that we get the same answer using either log or In. To check our answer, we see that 


blogs 20 __ 51.8614 = 20, 
as required. 
Using logarithms to other bases allows us to write expressions in a more compact form. 


Write the following expressions in the form log, x and state the values of b and x. Verify your 
answers using a calculator. 


Ins log 50 In 0.2 
(a) In3 ©) log5 (©) In4 
(a) We have 
In8 


ee eae SOU — our 


= 1.893. using a calculator 


To verify our answer, we need to show that 1.893 is the exponent of 3 that gives 8: 


31-893 — 8. as required 


(b) We have 


log 50 


Ee =log,50 sob=5,% =50 


= 2.431. using a calculator 


To verify our answer, we need to show that 2.431 is the exponent of 5 that gives 50: 


52-431 _ 50. as required 
(c) We have 


In 0.2 


cree =log,0.2 sob=4,x=0.2 


=-—1.161. using a calculator 
To verify our answer, we need to show that —1.161 is the exponent of 4 that gives 0.2: 


4-1-161 9.2. as required 


An Application of log. to Music 


Example 7 


Solution 


In music, the pitch of a note depends on its frequency. For instance, the A above middle C on a 
piano has, by international agreement, a frequency of 440 Hz, and is known as concert pitch.? If 
the frequency is doubled, the resulting note is an octave higher, so the A above concert pitch has 
frequency 880 Hz, and the A below has frequency 220 Hz. So, for a note with frequency /1, 


Frequency of a note | octave higher = 2 f; 
Frequency of a note 2 octaves higher = 2? f; 
Frequency of a note 3 octaves higher = 2° f; 


Frequency of a note n octaves higher = 2” f;. 


So if f; and fo are the frequencies of two notes (with f; > f2) the number of octaves between them 
is the exponent n such that f2 = 2” f;. Rewriting this as 


ee 
a 


we take logarithms to base 2 and get 


n = Number of octaves = logy (+) 
2 


Humans can hear a pitch as high as 20,000 Hz. How many octaves above concert pitch is this? 


We have 


Highest ible pitch 
Number of octaves = log, ee 


Concert pitch 
sy 


440 


= log, 45.455 
_ log 45.455 


log 2 
= 5.506, 


= log, 


using formula for log. x 


so the highest audible pitch is between 5 and 6 octaves above concert pitch. 


There are twelve piano keys in an octave: A, At, B, C, Ct, D, Dt, BE, F, Ft, G, Git. Another 
unit of measurement in pitch is the cent. The interval between two adjacent keys on a piano is 
defined to be 100 cents, so each octave measures 1200 cents.!° Thus the number of cents between 
two notes with frequencies f; and f2 is 


Number of cents = 1200 log, (+) ‘ 


fa 


*http://en.wikipedia.org/wiki/Middle_C, accessed June 14, 2007. 
10http://en.wikipedia.org/wiki/Cent_%28music%29, accessed June 14, 2007. 


Example 8 


Solution 


Example 9 


Solution 


How many piano keys above concert pitch is the 20,000 Hz note in Example 7? 


We know from Example 7 that this note is 5.506 octave above concert pitch. Multiplying by 1200 
gives 
Number of cents = 1200 x Number of octaves = 1200 - 5.506 = 6607.2, 


so the highest audible pitch is 6607.2 cents above concert pitch. There are 100 cents per piano key, 
so this amounts to just over 


6607.2 cents 


OO cents DenEEy ~& 66 keys higher than concert pitch. 


We know every 12 keys is an octave, so if we start at the A above middle C' and count up 5-12 = 60 
keys, we come to another (barely audible) A key. There are 66 — 60 = 6 keys to go—Af, B, C, 
Ct, D, bringing us to Dj, the 66" key above concert pitch. At 6600 cents, this D} key is 7.2 cents 
lower (that is, very slightly flatter) than a pitch of 6607.2 cents or 20,000 Hz.!! 


Find the frequency of middle C. 


Counting down keys from concert pitch (A) to middle C, we have Gt, G, Ft, F, E, Dt, D, Ct, 
C. This means middle C' is nine keys or 9 - 100 cents below middle A. Letting fc be the pitch of 
middle C, we see that 


itch 
Number of cents = 1200 logy ee 


440 i 
900 = 1200 log, ) 


fe 
vow, (480) _ 900 
82 \ 5 ) ~ 1200 


= O75, 


We know that logy 7 = y means x = 2", so here, 


440 = 90.75 

Io 49 

jo 90.75 
= 261.626 Hz. 


Thus, middle C has a pitch of 261.626 Hz.!” 


‘I Modern pianos have 88 keys, with 39 of them above concert pitch, so this would add 27 keys, making the piano about 
1/3 wider. 

!2 Another pitch standard known as scientific pitch tunes middle C' to the nearby, slightly flatter 256 Hz. Since 256 Hz is a 
power of 2, and since every octave above (or below) is twice (or half) the pitch, this means every C' note is a power of 2. But 
this convention has not caught on. See http://en.wikipedia.org/wiki/Pitch_(music) for more details (accessed June 18, 2007). 


Exercises and Problems for Section 11.4 
EXERCISES 


Wi Solve the equations in Exercises 1-6 using natural logs. 


1. 8e7° ! = 3 2. 200e°315* = 750 


3. 0.03e° 01! = 0.12 4. 7000e'/4> = 1200 


5. 23e'/°° — 1700 6. 90 — be 9-77" — 49 


WSolve the equations in Exercises 7-10 using 
(a) the log function (b) the In function. 


Verify that you obtain the same numerical value either way. 


7. 250e°?31* — 750 8. 40-10°/> = 360 


9. 3000(0.926)' = 600 10. 700-2°/° = 42175 


MiIn Exercises 11-16, give the starting value a, the growth fac- 
tor b, the percent growth rate r, and the continuous growth 
rate k of the exponential function. 


ll. Q = 210e~°?1* 12. Q = 395(1.382)* 


13. Q = 350(1.318)* 14. Q = 2000 -27#/75 


15. Q = 27.2(1.399)' 16. Q = 0.071(1.308)' 


PROBLEMS 


17. If $2500 is invested at 8.2% annual interest, com- 
pounded annually, when is it worth $12,000? 


18. If $1200 is invested at 7.5% annual interest, com- 
pounded continuously, when is it worth $15,000? 


WEvaluate the expressions in Exercises 19-30 without us- 
ing a calculator. Verify your answers. Example. We have 
log, 32 = 5 because 2° = 32. 


19. log, 64 20. log, 64 21. log, 0.25 
22. logs 9 23. logy 3 24. logy 9 
25. log., 400 26. logyy 1 27. logy, 0.05 


28. logygg 10 29 logyg9 10,000 30. logy, 1000 


Mi Write the expressions in Exercises 31-33 in the form log, x 
and state the values of b and x. Verify your answers using a 
calculator as in Example 6. 


log 12 In 20 


; 33, log 0.75 
log 2 In7 


log 5 


31. 


MLanguages diverge over time, and as part of this process, 
old words are replaced with new ones.'* Using methods of 
glottochronology, linguists have estimated that the number 
of words on a standardized list of 100 words that remain 
unchanged after ¢ millennia is given by 

f(t) =100e°”, L=0.14. 


Refer to this formula to answer Problems 34-36. What do 
your answers tell you about word replacement? 


34. Evaluate f(3). 35. Solve f(t) = 10. 


36. Find the average rate of change of f(t) between t = 3 
andt = 5. 


WWikipedia is an online, collaboratively edited encyclope- 
dia. The number of articles N (in 1000s) for the English- 
language site can be approximated by the exponential func- 
tion’ 

N = f(t) =90e'/", 7 = 499.7 days, 

where ¢ is the number of days since October 1, 2002. An- 

swer Problems 37-39. What do your answers tell you about 

Wikipedia? 


37. Evaluate f (200). 38. Solve N = 250. 


39. Find the average rate of change of f between t = 500 
and t = 600. 


'Shttp://en.wikipedia.org/wiki/Glottochronology, accessed May 6, 2007. 
'4http://en.wikipedia.org/wiki/Wikipedia:Modelling_ Wikipedia%27s_growth, accessed May 8, 2007. Prior to 2002 the 
growth was more complicated, and more recently the growth has slowed somewhat. 


Mi Problems 40-43 concern the Krumbein phi (#) scale of par- 
ticle size, which geologists use to classify soil and rocks, 
defined by the formula® 


@ = —log, D, 


where D is the diameter of the particle in mm. 


40. 


41. 


42. 


43. 


Some particles of clay have diameter 0.0035 mm. What 
do they measure on the ¢ scale? 


A cobblestone has diameter 3 inches. Given that 1 inch 
is 25.4 mm, what does it measure on the ¢ scale? 


Geologists define a boulder as a rock measuring —8 or 
less on the phi scale. What does this imply about the 
diameter of a boulder? 


On the @ scale, two particles measure ¢1 = 3 and 
2 = —1, respectively. Which particle is larger in di- 
ameter? How many times larger? 


Mi Write the expressions in Problems 44—49 in the form log, x 
for the given value of b. State the value of x, and verify your 
answer using a calculator. 


44. 


46. 


48. 


50. 


log 5 = 100 as, 81% 4-10 
2 2 

log 90 47. log 90 . $55 

4log 5 4log5 

=} b=5 49, a b=5 

log, 5 log; 5 


In 1936, researchers at the Wright-Patterson Air Force 
Base found that each new aircraft took less time to pro- 
duce than the one before, owing to what is now known 


as the learning curve effect. Specifically, researchers 
found that!® 


f(n) = ton!°22 k 
where f(n) = Time required to produce n*” unit 


to = Time required to produce the first unit. 


The value of & will vary from industry to industry, but 
for a particular industry it is often a constant. 


(a) Suppose for a particular industry, the first unit 
takes 10,000 hours of labor to produce, so no = 
10,000, and that k = 0.8. The learning-curve ef- 
fect states that the additional hours of labor goes 
down by a fixed percentage each time production 
doubles. Show that this is the case by completing 
the table. By what percent does the required time 
drop when production is doubled? 


Table 11.9 


(b) What kind of function (exponential, power, loga- 
rithmic, other) is f(7)? Discuss. 

(c) Suppose a different industry has a lower value of 
to, say, to = 7000, but a higher value of b, say, 
b = 0.9. Explain what this tells you about the dif- 
ference in the learning-curve effect between these 
two industries. 

(d) What would it mean for & > 1 in terms of produc- 
tion time? Explain why this is unlikely to be the 
case. 


REVIEW EXERCISES AND PROBLEMS FOR CHAPTER 11 


EXERCISES 


Win Exercises 1-16, evaluate without a calculator, or say if 


the expression is undefined. 


1. 
3s 


log 100 2. log(1/100) 
log 1 4. log0 
log(—1) 6. log V10 
log V/10 8. log = 


10 


9. 


11. 


13. 


15. 


log 10?-°° 10. log 10~°°84 
log 10°”*" 12. 10'°8 1° 

19!es(—19) 14. 19!°8(1/100) 
1gles(5-9) 16. 1Qles(a—b) 


'Shttp://en.wikipedia.org/wiki/Krumbein_scale, page last accessed June 24, 2007. 
'Chttp://en.wikipedia.org/wiki/Experience_curve_effects, page last accessed June 23, 2007. 


Min Exercises 17-22, rewrite the equation using exponents 
instead of logarithms. 


V7, 


19. 


21. 


log 10 = 1 18. log 0.001 = —3 


log 54.1 = 1.733 20. log 0.328 = —0.484 


logw=r 22. log 384 =n 


Miln Exercises 23-28, rewrite the equation using logarithms 
instead of exponents. 


23. 


25. 


20 


29. 


30. 


10° = 1,000,000 24. 10° =1 


10-' =0.1 26. 101-9? = 89.536 


1079-753 — 0.558 28. 10° = b 


(a) Rewrite the statement 10? = 100 using logs. 
(b) Rewrite the statement 10? = 100 using the square 
root operation. 


(a) Rewrite the statement 10? = 1000 using logs. 
(b) Rewrite the statement 10° = 1000 using the cube 
root operation. 


Wi Simplify the expressions in Exercises 31-37. 


31. 


33. 


35. 


37, 


ing ig" 


log (1000%") 


32. log V 10" 


34, (0.1)7 est”) 


1 
log == rr 


V 10 
log V 10007 


Solve the equations in Exercises 38-75. 


38. 
40. 


42. 


44. 


46. 
48. 


50. 


5° = 20 39. 7” = 100 
(/2)” = 30 41. 8(1.5)' = 60.75 
127(16)° = 26 43. 40(15)* = 6000 
1 t 
3(64)' = 12 45. 16 (5) =4 
100 - 4° = 254 47. (0.03)'/3 = 0.0027 
155/3' = 15 49. 5-6" =2 
(0.9)"* = 3/2 51. 15°"? = 75 


52. 


54. 


56. 


58. 


60. 


62. 
64. 
66. 


68. 


70. 


72. 
as 
74. 
1d. 


g?t-5 — 1024 53, 4(3¢-7#+19) — 4. 39 

2(17)' —5 = 25 55. +(5)' + 86.75 =3° 

80 — (1.02)* = 20 57. 4(0.6)* = 10(0.6)** 

AB‘ =C,A40 59. 10” = 1,000,000,000 
: % 1 

10” = 0.00000001 61. 10” = Tis 

10” = 100° 63. 8-107 -5=4 

104+2(1-107)=8 65. 10° =3-107-3 


10°V5 = 2 67. 12 — 4(1.117)* = 10 

50-2" = 1500 69. 30(1—0.5°) = 25 
9\? t 

800 (=) = 1000 TL r+bh=z 

vtwh' =L 


250(0.8)’ = 800(1.1)' 
40(1.118)* = 90(1.007)* 
0.0315(0.988)' = 0.0422(0.976)' 


Solve the equations in Exercises 76-85. 


76. 


78. 


80. 


82. 


84. 


log x = 2log V2 77. 2logx = log9 

log(a —1) =3 79. log(a”) = 6 

logx = —5 81. logx = : 

log a = 4.41 83. 2logx =5 

15 — 38logx = 10 85. 2logx+1=5-—logaz 


WA population grows at the constant percent growth rate 
given in Exercises 86-88. Find the doubling time. 


86. 


5% 87. 10% 88. 25% 


WiIn Exercises 89-94, rewrite the equations using exponents 
instead of natural logarithms. 


89. 
91. 


93. 


Inl=0 90. Ina = —2 
nl0=y 92. In(2p”) = 3 
4=Iln7r 94. 2¢+1=1n0.5 


WiIn Exercises 95-100, rewrite the equation using the natural 
logarithm instead of exponents. 


95. & =1 96. e° = 148.413 
97. e 4 = 0.018 98. e? = 12 

0.2 x? 
99, 1.221=e 100. 7=e 


MiIn Exercises 101-108, evaluate without a calculator, or say 
if the expression is undefined. 


101. In(Ine) 102. 3lne” 

1 : 
103. n= 104, e'™° —Ine” 

e 
105. Inve — Vine idg, 2 

Inl 
107. Ine + In(—e) 108. =In : 
‘ Ves 


Win Exercises 109-114, simplify the expressions if possible. 


109. 3Inz-?+Inz® 110. e4™* 
t/2 
ui. me 112. dine 
t 3 
Alnag —Inz? 
113. In(x +e) ciel 
Ina 
PROBLEMS 


WiIn Exercises 115-118, evaluate without a calculator. 


115. log, 16 116. log, 27 


117. log, = 118. log, 7/49 


MiIn Exercises 119-122, rewrite the expression using (a) base 
10 logarithms and (b) natural logarithms. Use a calculator 
to verify that you obtain the same numerical value in either 
case. 


119. log, 100 120. log; 3 


121. log, 5 122. log, 9, 10 


MiIn Exercises 123-126, evaluate the expression to the nearest 
thousandth. 


123. log,9 124. log, 6 


125. log, 3 126. log, 0.75 


W Without calculating them, explain why the two numbers in 
Problems 127-130 are equal. 


127. log(1/2) and —log2 = 128. log(0.2) and —log5 


129. 107 1°85 and V5 
130. log 303 and 2 + log 3.03 


131. Complete the following table. Based on your answers, 
which table entry is closest to log 15? 


132. What does the table tell you about log 45? 


x 1.68 | 1.70 
10" 47.9 | 50.1 


MiIn Problems 133-138, assume z and b are positive. Which 


of statements (I)-(VI) is equivalent to the given statement? 


IL «2«=b Il. logb=a 
Il. logr=b IV. c= a log b 
Vv. 2=06/10 VL 2 =p'/10 
133. 10° =a 134, 2° =b 
135. «3 —b? =0 136. b® = 10°” 


pi/10 


137. 10° = 138. 10°/1° = 10 


WIf possible, use logarithm properties to rewrite the expres- 
sions in Problems 139-144 in terms of u,v, w given that 


u = logz,v = logy, w = log z. 


Your answers may involve constants such as log 2 but non- 
constant logs and exponents are not allowed. 


139. log xy 140. log 4 
x 
141. log (2rz°/y) 142. 


143. log (log (3")) 
144, (log =) (log (2y)) (log (2°)) 


Simplify the expressions in Problems 145-148. 


145. 10!°8@2+)) 146. 10° V2? +1 
147. 1008+) 148. 10'°8 *+1e8(1/2) 


WSolve the equations in Problems 149-155. 


149. 50-3°/4 = 175. 

150. 0.35 -27'** = 0.05 

151. 3log(#/2) =6 

152. 107+ = 17 

153. 25 = 2- 1027+ 

154, 3—107-°5 = 107-°* 

155, 2(10°°*1 4+ 2) = 3(1+ 10°") 


WSolve the equations in Problems 156-161. 
156. log(2x) -1=3 157. 2logx-—1=5 
158. 2log(a — 1) =6 159. 5 log (22 —-1)4+2=5 


160. 2(log(x —1)-1) =4 161. log(logx) =1 


162. 


163. 


164. 


165. 


166. 


167. 


168. 


An investment initially worth $1200 grows by 11.2% 
per year. When will the investment be worth $5000? 


In 2005, the population of Turkey was about 70 million 
and growing at 1.09% per year, and the population of 
the European Union (EU) was about 457 million and 
growing at 0.15% per year.'’ If current growth rates 
continue, when will Turkey’s population equal that of 
the EU? 


A predatory species of fish is introduced into a lake. 
The number of these fish after t years is given by 
Na 20-2”, 


(a) What is the initial size of the fish population? 

(b) How long does it take the population to double in 
size? To triple in size? 

(c) The population will stop growing when there are 
200 fish. When will this occur? 


Percy Weasley’s first job with the Ministry of Interna- 
tional Magical Cooperation was to write a report try- 
ing to standardize the thickness of cauldrons, because 
“leakages have been increasing at a rate of almost three 
percent a year.”'® Tf this continues, when will there be 
twice as many leakages as there are now? 


The population of a town decreases from an initial level 
of 800 by 6.2% each year. How long until the town is 
half its original size? 10% of its original size? 


The number of regular radio listeners who have not 
heard a new song begins at 600 and drops by half every 
two weeks. How long will it be until there are only 50 
people who have not heard the new song? 


One investment begins with $5000 and earns 6.2% per 
year. A second investment begins with less money, 
$2000, but it earns 9.2% per year. Will the second in- 
vestment ever be worth as much as the first? If so, 
when? 


'Thttp://www.cia.gov/cia/publications/factbook, accessed October 14, 2005. 
'8].K. Rowling, Harry Potter and the Goblet of Fire (Scholastic Press, 2000). 
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12.1. POLYNOMIAL FUNCTIONS 


Have you ever wondered how your calculator works? The electronic circuits inside a calculator can 
perform only the basic operations of arithmetic. But what about the square-root button, or the e” 
button? How can a calculator evaluate expressions like Tore 

The answer is that some calculators use special built-in formulas that return excellent approxi- 
mations for \/z or e”. These formulas require only simple arithmetic, so they can be written using 
only the low-level instructions understood by computer chips. So what can we do using only the 


simple arithmetic operations of addition and multiplication? 


Example 1 


Solution 


The expression 
0.042a* + 0.16727 + 0.527 +4241 


can be used to approximate the values of e”. 


(a) Show that this expression gives a good estimate for the value of e®-° and e~°'®. 


(b) What operations are used in evaluating these two estimates? 


(a) We have 
0.042(0.5)* + 0.167(0.5)? + 0.5(0.5)? + (0.5) + 1 = 1.6485, 


whereas 
e°> = 1.6487, 


so the expression 0.042x4 + 0.167x3 + 0.5”? + x + 1 gives an excellent approximation of e” 
at x = 0.5. Likewise, 


0042(=016) 0167 0:6)? 0.5 (= 0.6) (0:6) = P= 0.54904) 


whereas 
e 9% — 0.5488. 


Once again, the approximation is good. 

Although the expression 0.042z+ + 0.167x + 0.52? + 2 + 1 looks more complicated than e”, 
it is simpler in one important way. You can calculate the values of the expression using only 
multiplication and addition. For instance, at 7 = 0.5, the first two terms are 


(b 


wm 


0.042x* = 0.042(0.5)4 = (0.042) (0.5)(0.5)(0.5)(0.5) = 0.002625 
Ou67a° — 0.1167 (0.5)? —(0.167)(0.5)(0.5)(0.5) — 0.020875. 


The other terms are calculated in a similar way, then added together. The same comments apply 
at x = —0.6. 


Approximation Formulas Used by Calculators 


The techniques used by a calculator to approximate the value of expressions like e” are more com- 
plicated than the one we have shown here. However, the basic principle is the same: the calculator 
uses only basic operations. 


How Good Is Our Approximation Formula? 


Although our formula for approximating e” works reasonably well for values of x = 0.5 and 
x = —0.6, it works less well for other values. Figure 12.1 shows graphs of y = e” and the expression 


-3 -2 -1 0O 1 2 3 
Figure 12.1: The graphs are close near « = 0.5 and « = —0.6 but draw farther apart as we zoom out 


we used to approximate it. Notice that the two graphs are quite close in the general vicinity of 
x = 0.5 and x = —0.6. However, for other values of x, the two graphs draw farther apart. This 
means that we cannot rely on our formula for all values of x. 


What Is a Polynomial? 


Example 2 


Solution 


The expression in Example 1 is formed by adding together the terms 0.0422*, 0.1672x°, 0.527, x, 
and 1. They are all of the form ka” (even 1, which is equal to ka” with k = 1 and n = 0). 


A monomial in x is an expression of the form ka”, where k is a constant (nonzero) and n is 


a whole number (positive or zero). 


Which of the following are monomials in x? 
D 


(a) -= (b) 2Vx8 «) v2 


@) Bor (e) «2? —2x (f) s 


(a) This is a monomial with k = —1/9 and n = 2. 

(b) This is not a monomial because 2/23 = 273/ 2 and 3 /2 is not a whole number. 

(c) This is a monomial with k = J/2 and n = 0. 

(d) A monomial cannot have expressions like 7”, where the variable appears in the exponent. 
(e) This is not a monomial because it is not of the form kx”. 

(f) This is not a monomial because « appears in the denominator. If we write this as 


"o>, 


we see that k = 7 and n = —3, and n is a negative integer. 


The expression in Example 1, which is the sum of five monomials, is an example of a polyno- 
mial. In general, 


A polynomial in x is an expression that is equivalent to a sum of monomials in x. 


For example, the polynomial 2x? + 32 is a sum of two monomials in x, and the polynomial 
1+. +7 is a sum of three monomials in z. 


Example 3 


Solution 


Which of the following are polynomials in 7? 


(a) OB = (b) 5 (c) 5 — 2523 
(d) 9-2°44-3°+152 (e) (x —2)(x—4) (f) — 


(a) This is a polynomial. Writing it as 
x? + 32% — a = 2? + 3x7 — ae 
3 3 


we see that it is the sum of three monomials, namely, x, 304 and —x Ve 
(b) This is a polynomial because it can be written as 52°. 
(c) This is not a polynomial because it has a term in \/a = «!/?, and 1/2 is not a whole number. 
(d) While a polynomial can have whole number powers of x (like x? or x3), it cannot have expres- 
sions like 2”, where the variable appears in the exponent. 
(e) This is a polynomial because it is equivalent to a sum of monomials: 


(a — 2)(a@ —4) =a? —4¢ -22 + 8 = 2? —6r +8. 


(f) This is not a polynomial because «x appears in the denominator. If we write this as 


x 
327+ — = 
x 7 


we see that one of the operations is raising x to a negative power. 


Polynomial Functions 


Example 4 


Solution 


Example 5 


Solution 


Just as a linear function is one defined by a linear expression, and a quadratic function is one defined 
by a quadratic expression, a polynomial function is a function of the form 


y = p(x) = Polynomial in x. 
A box is 4 ft longer than it is wide and twice as high as it is wide. Express the volume of the box as 


a polynomial function of the width. 


Let w be the width of the box in feet, and let V be its volume in cubic feet. Then its length is w + 4, 
and its height is 2w, so 


V = w(w + 4)(2w) = 2w?(w + 4) = 2w? + 8w?. 


A deposit of $800 is made into a bank account with an annual interest rate of r. Express B, the 
balance after 4 years, as a polynomial function of r. 


Each year the balance is multiplied by 1 + r, so at the end of four years we have 
B=800(1+ 1). 


This is probably the most convenient form for the expression describing this function. However, 


Example 6 


Solution 


by expanding and collecting like terms, we could express it as a sum of terms involving powers up 
to r*, namely, 
B = 800 + 3200r + 4800r? + 3200r? + 800r*. 


We do this in Problem 27 on page 378. 


Which of the following describe polynomial functions? 


(a) The surface area of a cylinder of radius R and fixed height h is f(R) = 27Rh + 27 R?. 

(b) The balance on a deposit P after t years in a bank account with an annual interest rate of r is 
Bit) =P(1+r). 

(c) The effective potential energy of a sun-planet system is a function of the distance r between the 
planet and the sun given by g(r) = —3r-' + r-?. 


(a) This is a polynomial function because it is expressed as a sum of a constant times R plus another 
constant times R?. 

(b) Although this function looks similar to the one in Example 5, the situation is different because 
here r is a constant, not the independent variable. This is not a polynomial function because the 
independent variable occurs in the exponent. 

(c) This is not a polynomial because r appears to a negative power. 


Exercises and Problems for Section 12.1 


EXERCISES 
Which of the expressions in Exercises 1-6 are equivalent to 13. (4 — 2p*)p + 3p — (p+ 2)’, inp 
monomials in x? 14. (x — 1)(x — 2)(x — 3)(a — 4) +. 29, inx 
3 1\? 12 
ae i (H(i 
Mare a=], 3. —a- 2” ar =) ae 
1\? 147 
= « 16. —)} -—(a--},i 
4. 2-2 5. 34+17 6. 5 (a+-) (a =) sina 
jg, POO) aa 
Which of the expressions in Exercises 7-12 are polynomials 6 
in x? If an expression is not a polynomial in x, what rules it 18. P (1 fe “) ' a 
out? 12 
2x3 : ‘5 4 Min Exercises 19-25, p(z) = 4z° — z. Find the given values 
7 = - 8. 2(x—1)—2°(1—-2") and simplify if possible. 


10. V2z —2?4+2° 


12. 1427 + 723 


MiIn Exercises 13-18, is the expression a polynomial in the 
given variable? 


19. p(0) 20. p(v5) 
22. p(4*) 23. p(t+ 1) 
25. The values of z such that p(z) = 0 


21. p(—1) 
24. p(3a) 


26. If p(x) = x* — 2a? + 1, find 


(a) p(0) (b) (2) (©) p(t’). 
(d) The values of x such that p(x) = 0 


PROBLEMS 


27. Expand the polynomial in Example 5. 


Problems 28-31 refer to the functions f(x) and g(a), where 
the function 
1 


—«r- 


2 


2, 9.3 


g(x) =14 = 


is used to approximate the values of 


28. Evaluate f and g at x = 0. What does this tell you 
about the graphs of these two functions? 


29. Evaluate f(a) and g(a) at x = 0.1, 0.2, 0.3 and record 
your answers to three decimal places in a table. Does 


12.2 WORKING WITH POLYNOMIALS 


your table support the claim that g(2:) is a good approx- 
imation to f(x) for these values of x? 


30. Show that f(x) is undefined at zx = 1 and x = 2, but 
that g(x) is defined at these values. Explain why the 
algebraic operations used to define f may lead to un- 
defined values, whereas the operations used to define g 
will not. 


31. Given that 


1 1 1 
fQ/2) = == = = p= V2, 
1=s: a: 


use g(2) to find a rational number (a fraction) that ap- 
proximately equals /2. 


Example 1 


Solution 


Polynomials are classified by the highest power of x in them. Linear expressions b + ma are poly- 
nomials whose highest power, 1, occurs in the term x! = 2, and quadratic expressions ax? + br + ¢ 
are polynomials whose highest power, 2, occurs in 2”. We sometimes call these linear polynomi- 
als and quadratic polynomials respectively. Cubic polynomials are next in line, and can be written 
aax* + bx? + ca + d. Then come quartic polynomials, with a term in x*, and quintic polynomials, 


with a term in 2°. 


The Degree of a Polynomial 


The highest power of the variable occurring in the polynomial is called the degree of the polynomial. 
Thus, a linear polynomial has degree 1 and is a first-degree polynomial, a quadratic polynomial has 
degree 2 and is a second-degree polynomial, and so on. 


Give the degree of 


(a) 405-23 4+ 322? +a¢41 
(c) (l—2x)(1+27)? 


(b) 9-23 — a? 4 3(r3 — 1) 
Geel 


(a) The polynomial 4x° — x? + 3x7 + x + 1 is of degree 5 because the term with the highest power 
is 4°. 
(b) Expanding and collecting like terms, we have 


9 — 2° — 47? + 3(2° — 1) =9 — 2° — 2? + 32° —3 = 2? — 2? +6, 


so this is a polynomial of degree 3. 
(c) Expanding and collecting like terms, we have 
@ =e) 27)? =O —2)\(1 +227 + z*) 
= boy? 


=p ae — 2 


ye pe 


so this is a polynomial of degree 5. 
(d) Because —1 can be written as (—1)z°, it is a polynomial of degree 0. 


Example 2 Every year on his birthday Elliot’s parents invest money for him at an annual interest rate of r, 
starting with $500 on his 15*" birthday, $600 on his 16", and going up by $100 each year after that. 


(a) If r = 4%, what is his investment worth on his 21** birthday? 

(b) If = 1+ 7, then z is the annual growth factor. Write a polynomial in x for the value of his 
investment on his 21%* birthday. 

(c) Find the degree of the polynomial and interpret it in terms of the investment. 


Solution (a) On his 21** birthday the investment is worth the sum of all of the birthday presents plus inter- 
est. The first gift of $500 has been earning interest for 6 years, and so is worth $500(1.04)® = 
$632.66. The second gift of $600 has been earning interest for 5 years, so it is worth $600(1.04)° = 
$729.99, and so on. Adding up all the gifts, we get 

Total value = 500(1.04)° + 600(1.04)° + 700(1.04)* + 800(1.04)% 
+900(1.04)? + 1000(1.04) + 1100 
= $6194.88. 


(b) Replacing 1.04 by x, we get 
Total value = 500° + 600z° + 700x* + 800x? + 9002? + 1000zx + 1100. 


(c) Since the term with the highest power is 500z°®, the degree is 6. This makes sense because the 
first present has been earning interest for 6 years, so it has been multiplied by x six times. 


The Standard Form of a Polynomial 


We get the standard form of a polynomial by expanding and collecting like terms. Since a polyno- 
mial can have a large number of coefficients, we number them using subscripts, like this: 


Degree of polynomial Standard form 
1 a,x + ag 
2 a2x? + a,x + ag 
3 azz? + agx? + a2 + a9 
4 agx* + azz? + agxu? + ayx + ao 
5 a5x° + agx* + aga? + agxu? + a,x + ag 


The coefficient of x* is a4, the coefficient of x° is a3, and so on. Notice that ao is the coefficient of 
x° = 1, and therefore ao is the constant term. 


Example 3 Identify the coefficients of (a) 2v°+3ax?+4r—-1 (b) 4a°—a3432?+2+1 (c) 22. 
Solution (a) The subscript of the coefficient should match up with the power of «, so 


Qn? + 3a? +42 —-1= agx° aL apg Jk aigap a ao. 


Thus, a3 D2, ag 3s ay ae and ag = —1. 


Example 4 


Solution 


(b) Writing this as 
Ag? — 9°? +397 +941 = 42° +0-2* + (—1)2? +327 +1-2' 41-29, 
we see that it has coefficients 
5 =4, m=0, Geil, g=3, m=1, a=. 


(c) Writing this as 
go=1-7° +0-75+0, 


we get a2 = 1, aj = 0, and ap = 0. 


Polynomials of Degree 7 


We sometimes use a letter, such as n, to represent the degree of a polynomial. So n is the highest 
power in the polynomial, and the coefficient of the corresponding term is written a. 


Consider the polynomial 
13217 — 9x16 + 4a + 3x? +7. 


(a) What is the degree, n? (b) Write out the terms a,x” and ay,_,x"~1. 


(c) What is the value of a,,_3? (d) What is the value of a1? 


(a) The degree is n = 17. 

(b) Since n = 17, then a, is the coefficient of x!", so a, = 13. Likewise, a,,_1 is the coefficient 
of 2?! = 16 so a,_1 = —9. Therefore, a2” = 1321" anda,_ a"! = —9216, 

(c) The degree is n = 17, so ad,_3 = G4 Is the coefficient of x'+, which means that a,,_3 = 4. 

(d) Since a, is the coefficient of x, and there is no x-term, a, = 0. 


In general, we have: 


The Standard Form of a Polynomial 


The standard form of a polynomial in x is 


pla) = age” + ania 1 +++ + ae + ag; 


where n is a non-negative integer and ao, a1,..., @y are constants. 
e The constants ao, @1,...,@p are the coefficients. 


e Ifa, # 0, then n is the degree of the polynomial, and a, is the leading coefficient. 


A polynomial with degree zero is equal to its constant term, and is called a constant polynomial. 
If that constant is zero, then we have the zero polynomial (whose degree is undefined). 


The Constant Term 
The constant term ag gives the value of a polynomial at x = 0: 


p(0) = an 0" + an—1 0" +--+ +41 -0+ a9 = ao. 


Example5 


Solution 


Example 6 


Solution 


Example 7 


Solution 


Give the constant term of (a) 4-2? — 2? (b) 2242? (c) (¢—1)(q—2)(¢q—3). 

(a) Writing this as —v? — x? + 4, we see that its constant term is ag = 4. 

(b) Since the only two terms in this polynomial involve positive powers of z, it has constant term 
ag = 0. 

(c) We could calculate the constant term of this polynomial by expanding it out. However, since we 
know that the constant term is the value of the polynomial when g = 0, we can say that 


ao = (0 — 1)(0 — 2)(0 — 3) = (—1)(—2)(—3) = —6. 


The constant term tells us the vertical intercept of the graph of p. 


Which of Figures 12.2 and 12.3 is the graph of p(x) = «+ — 4a? + 16a — 16? 


Since p(0) = —16, we choose the graph that appears to intercept the y-axis at around y = —16, 
Figure 12.3. 
y 
155 
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Figure 12.2: A quartic polynomial Figure 12.3: A quartic polynomial 


Find the constant term of the polynomial 800(1 + r)* in Example 5 on page 376, and interpret it in 
terms of interest rates. 


The polynomial gives the bank balance 4 years after an initial deposit of $800. Although we have 
not expanded this polynomial, we know that the constant term is the value when r = 0, so 


Constant term = 800(1 + 0)4 = 800. 


This is the value of the bank balance after 4 years if the interest rate is 0. It makes sense that this is 
the same as the initial deposit, since if the interest rate is 0 the balance does not grow or shrink. 


Example 8 


Solution 


Example 9 


Solution 


The Leading Term and Leading Coefficient 


We already know that all first-degree polynomials have graphs that are lines, and all second-degree 
polynomials have graphs that are parabolas. This suggests that polynomials of the same degree have 
certain features in common and that the term with the highest power plays an important role in the 
overall behavior of a polynomial function. In a polynomial a,2”" +an,_12" + +-+-+a,x+ao, with 
Gy # 0, the highest-power term a,x” is called the leading term of the polynomial. The coefficient, 
Gn, Of the leading term is called the leading coefficient of the polynomial. 


Give the degree and leading term of 
1) il 
Gi sos) 6 (b) A 
(a) The degree is 3, and the leading term is —3s°. 
(b) We could expand this out to find the leading term, but it is not necessary. The highest degree 
term comes from multiplying the leading terms from each factor, giving 


uru-(2u)  u? 


6 oa 


3 
Thus, the degree is 3 and the leading term is = 


AS we saw in Example 8(b), we can sometimes deduce information about a polynomial without 
having all the terms. 


If p(x) has degree 4 and constant term —2, and q(x) has degree 5 and constant term 7, what can we 
say about 


(a) The degree of p(x)q(a)? (b) The coefficient of x in p(a)q(a)? 
(c) The degree of p(x) + q(x)? (d) The constant term of 3p(a) — 2q(a)? 
(e) The degree of p(x)?, that is, (p(x))(p(x))? 


(a) When we multiply two polynomials together, the leading term in the product comes from multi- 
plying together the leading terms in each factor. The leading term in p(z) is a constant times x* 
and the leading term in g() is a constant times x°, so the leading term in p(x)q() is a constant 
times x* - x° = x°. Thus the degree of p(x)q(z) is 9. 

(b) We do not have enough information: to know the coefficient of x in p(x)q(a) we would need to 
know more about the coefficients in p(x) and q(x). 

(c) Since p(x) has terms only up to degree 4, the leading term in p(x) + q(a) is the term in x° 
coming from q(x), so the degree is 5. 

(d) The constant terms in p(x) and g(a) are the only terms contributing to the constant term in 
3p(a) — 2q(x), so that term is 3(—2) — 2-7 = —20. 

(e) When we multiply p(a) by itself, the highest-degree term comes from the highest degree of 
p(a), which is a constant times «:*, times itself, giving a constant times x°. Thus the degree of 
p(x)? is 8. 


Example10 — Consider the polynomial (ax? + 1)? — x®, where a is a constant. 


(a) What is the leading term? 
(b) For what values of a is the degree less than 6? 


Solution (a) One approach would be to place this polynomial in standard form. However, we can determine 
the leading term with fewer steps as follows: 


(ax? +1)? — 2° = (ax)? + lower-order terms — «°° 


= a*x®° — x® + lower-order terms 


= (a? — 1)ax® + lower-order terms. 


So the leading term is (a? — 1)2°®. 

(b) Notice that for most values of a, the degree of the polynomial is 6. However, the term (a? —1)«® 
disappears if a? — 1 = 0, that is, if a = +1. Therefore, for these values of a, the degree is less 
than 6. 


Summary 
e The standard form for a polynomial in z is 
Anz” +an—10" 1 +-+-+az+a9, an XO. 
e Here, n is called the degree of the polynomial and is the power of the highest-power term or 
leading term. 


e The coefficients are ag, 41, ..., dn—1, and ay. 


e The coefficient ap is also called the constant term. It determines the value of the expression at 
x= 0. 


e Special categories of polynomials include (in order of increasing degree) linear, quadratic, 
cubic, quartic, and quintic. 


Exercises and Problems for Section 12.2 


EXERCISES 
Min Exercises 1-4, write the polynomials in standard form. MiIn Exercises 11-13, find the degree. 
1. 32 — 2a? + 5a" + 42° 11. 2s° — 38° — 6s — 48 +1 
2, Ba? + 2a + 2a" — 5a* — 32" 12. 2s° — 5? +1—s5? +25? — 543s? 
4 3 
3.. «(2 —2) +2°(3—2) 4. iano 13. 357 + 2st +s—s*+2s? -1—s*+3s 


MiIn Exercises 14-19, give the leading term. 
MiIn Exercises 5-10, give the constant term, ao. 


14. 32° — 203 +4 15. 20" — 4r"1 +6 
5 Ap? = Oe AT 6. 12t — 2t7 +6 . . s 2 ie 
ie ee ae 16. 12 — 32° — 15a 17. 12x73 + 40° - 112 
7, 16-117 = Bt 8. 7° + 2t7 + 5t 
4 2 8 
9. (3t + 1)(2t — 1) 10. t(¢—1)(t —2) gee hae lee al) oe 


MiIn Exercises 20-24, give the leading coefficient. 


Mi Write the polynomials in Exercises 29-38 in standard form 


20, 5a® — 4e° + 3x4 — 277 + 2? +1 Ont” + Oyaie” +++» ae + ao. 
2 1,.3 
21. 1—6r° + 40r — 5° + 16r What are the values of the coefficients ao, a1, ..., @n? Give 
22. 100 — 6s + 15s? the degree of the polynomial. 
23. /7u + 12u — 4 + 6u? 
Vie ie 2ee 29. 22° + 2-2 30. 5-327 
24. 2? — 20? — Yor? +1 
31. 20-52 32. V7 
WList the nonzero coefficients of the polynomials in Exer- 
i a? /5 2 
cises 25-28. 33, : 34. 3—2(x —5) 
25. 3u* + 6u® — 3u7 + 8u+1 4 P ‘ 
F 35. 15a — 4x” + 12x — 52° + 9a — 6 
26. 22° — 32° +2" +41 
gts 36. (x—3)(2e—-1)\(a—-2) 37. (a +1)8 
27. — 
3 wo og gt of 
38. l+24+—-+—4+—4— 
28. max avo & ° 94? 190 
PROBLEMS 
39. Without expanding, what is the constant term of (b) Evaluate the polynomial in part (a) for x = 


40. 


41. 


Without expanding, what is the leading term of 
(2s + 5)(3s + 1)(s — 10)? 


What is the degree and leading coefficient of the poly- 
nomial r(x) = 4? 


Wi Problems 42-45 refer to Example 2 on page 379 about the 
value of annual gifts to Elliot growing at an annual growth 
factor of x = 1+ r, where r is the annual interest rate. 


42. 


43. 


44, 


Suppose that the first three gifts were $1000, $500, and 
$750. 


(a) If r = 5%, what is the total value of the invest- 
ments on his 17‘? birthday? On his 18" birthday? 

(b) Write polynomial expression in x for the value on 
his 17°" and 18" birthday. 


The value of his investments on his 20" birthday is 


800x° + 900x* + 300a7 + 500x + 1200. 


How much money was invested on each birthday? 
The total value of his investments on his 20" birthday 
is 

1000x° + 500x* + 7502° + 1200x + 650. 


(a) What were the gifts on his 18°", 19'® and 20°" 
birthdays? 


45. 


1.05, 1.06, 1.07. What do these values tell you 
about the investment? 


Graph the polynomial 


5002° +6002 +7002*+800x7?+900x?+1000x2+1100 


in part (c) of Example 2 and estimate the interest rate if 
Elliot has $6000 on his 21** birthday. 


MiIn Problems 46-48, what is the degree of the resulting poly- 
nomial? 


46. 
47. 
48. 


49. 


50. 


h(x) = f(x)g(@) = ana” + G40 Pee 


The product of a quadratic and a linear polynomial. 
The product of two linear polynomials. 


The sum of a degree 8 polynomial and a degree 4 poly- 
nomial. 


What is the value of 


5(a —1)(a — 2) 4 


when x = 3? 


What values of the constants A, B, and C, will make 


A(x 


1)(« —2) + B(x —1)(x—3) —C(2—2)(x—3) 


have the value 7 when x = 3? 


MEvaluate the expressions in Problems 51-54 given that 


f(z) =22° + 32-3, g(x) = 327 —2e —4, 


+ ao. 


53; 


55. 


.n 52. Qn-1 


ao 54. h(1) 


If the following product of two polynomials, 


(oF = 


2) (4¢° 


is written in standard form, what are the constant and 
leading terms? 


n Problems , state the given quantities if p(w) is a 

Win Probl 56-60 he gi quantities if i 
polynomial of degree 5 with constant term 3, and q(x) is a 
polynomial of degree 8 with constant term —2. 


56. 
57. 
58. 
59. 
60. 
61. 


62. 


The constant term of p(x)q(x). 
The degree of p(x) + q(x). 

The degree of p(x)q(x). 

The constant term of p(x) — 2q(x). 
The degree of p(x)*q(x)?. 


Given that (32° +a) (2x°+3) = 6x" +cr4+dx? +3, 
find possible values for the constants a, b, c, and d. 


Find the constants r,s, p, and q if multiplying out the 
polynomial (ra: + 2x* + 3)(2x? — sx” + p) gives 


6° — 11a" — 102° — 122° — 8x7 4 gx? — 152? — 12. 


MiIn Problems 63-67, give polynomials satisfying the given 
conditions if possible, or say why it is impossible to do so. 


12.3 SOLVING POLYNOMIAL EQUATIONS 


Example 1 


Solution 


63. 
64. 
65. 


66. 
67. 


Two polynomials of degree 5 whose sum has degree 4. 
Two polynomials of degree 5 whose sum has degree 8. 


Two polynomials of degree 5 whose product has de- 
gree 8. 


Two polynomials whose product has degree 9. 


A polynomial whose product with itself has degree 9. 


MiIn Problems 68-71, give the value of a that makes the state- 
ment true. 


68. 
69. 
70. 
71. 
72. 


733 
74. 


75. 


The degree of (¢ — 1)? + a(t + 1)? is less than 3. 
The constant term of (tf — 1)° — (t — a) is zero. 
The coefficient of t in t(a + (t + 1)'°) is zero. 
The constant term of (t + 2)?(t — a)? is 9. 


Suppose that two polynomials p(:) and q(x) have con- 
stant term 1, the coefficient of x in p(x) is a and the 
coefficient of x in g(a) is b. What is the coefficient of 
xin p(x)q(2)? 

Find the product of 5a? — 32+ 1 and 10a? — 3x? — 1. 


Find the leading term and constant term of 
(a) (cx—-1)? (b) (x-1)? (© («-1)* 


What is the coefficient of ”~' in (a+1)” forn = 2,3 
and 4? 


A polynomial equation is an equation in which the expressions on both sides are polynomials. As 
with quadratic equations, we can sometimes solve polynomial equations by factoring, using the 


zero-factor principle on page 279. 


Solve x? = x. 


We subtract x* from both sides and factor: 


z?(1—2z) =0. 


For the expression on the left to be zero, one of the factors x? or 1 — x must be zero, so 


g=0 OF 


aes 


Notice that we cannot solve this equation by dividing both sides by x”, because x? could be zero. 
Doing this would leave only the solution x = 1, missing the solution x = 0. 


Example2 = Solve w? — 2w —1 = (w+ 1)°. 


Solution Expanding the right-hand side, 
we —2w —-1=w*? +3w?+3w+1 
ee i oe subtract right side from both sides 
—3w? —5w —2=0 collect like terms (w? terms cancel) 
3w? + 5w +2=0 multiply both sides by —1 
(3w + 2)(w+ 1) =0, factor the left side, 
so the solutions are w = —2/3, w = —1. 


Example 3 Show that 2 and 3 are the only consecutive positive integers such that the cube of the first is 1 less 
than the square of the second. 


Solution If we have two consecutive numbers, say n and n + 1, such that the cube of the first, n°, is one less 
than the square of the second, (n + 1), then we have the polynomial equation 


n? =(n+1)? -1. 
Solving this equation gives 
ne =n? +2n+1-1 
n =n —22=0 
n(n + 1)(n — 2) =0. 


The solutions are n = 0, n = —1, and n = 2. The only positive integer solution is n = 2, so the 
only pair of consecutive positive integers with this property ism = 2,n+1=3. 


In the previous examples we converted the equation to the form p(x) = 0. For a polynomial 
p(a), the solutions to p(a) = 0 are called the zeros of the polynomial. 


Finding Zeros by Graphing 
It is not always easy to factor a polynomial of degree greater than 2. Graphing the polynomial to see 
where it is zero can help us find approximate zeros, or to guess an exact zero. 


Example 4 Solve 2x? + x? — 122 + 9 = 0 by graphing the polynomial p(x) = 22° + x? — 127 +9. 


Solution In Figure 12.4, the graph of p() crosses the x-axis at approximately « = —3, x = 1, and « = 3/2, 
so these are approximate solutions to p(a) = 0. To test whether they are exact solutions, we evaluate 


p(—3) = 2(—3)° + (—3)? — 12(-3) +9 =—54+9+36-+9=0 
p(1) = 2(1)? + (1)? — 12(1) +9 =2+1-12+9=0 


3 at ee e i) 
oe | ae Pagel gh eter | = 
»(5) (5) +(3) (5) +9 r 4 2184+9=0, 


so all three are exact solutions. In the next subsection we see why they are the only solutions. 


Le —31 
+-9 
+-15 


Figure 12.4: Graph of 
p(x) = 203 + 2? — 127 49 


The Relation Between Factors and Zeros 


We have seen how to find zeros from factors. For example, if p(a) = (a — 5)(x? + 2a + 4) then 
p(5) = 0(5? + 2-5 + 4) = 0. This works in general: 


Finding Zeros from Factors 


If 
p(a) = (a — k) - (Other factors), 


then 
p(k) = 0- (Another number) = 0, 


sox = kis a zero of p(x). 


Example 5 Find a polynomial that has degree 4 and has zeros att = —1,t = 0,t = landt = 2. 


Solution We can make the polynomial have the zeros we want by choosing the right factors. A factor of 
t — (—1) = t+ 1 will make it have a zero at t = —1, a factor of t — 0 = t will make it have a zero 
at t = 0, and factors t — 1 and t — 2 will make it have zeros at t = 1 and t = 2. Multiplying these 
factors we get the degree 4 polynomial 


p(t) = t(t+1)(t — 1)(¢ — 2). 


It turns out that not only do factors give zeros, but zeros give factors: 


Example 6 


Solution 


Finding Factors from Zeros 


If a polynomial has a zero at x = k, then it has a factor (a — k). 


We prove this fact on page 427. We can use it to factor polynomials if we already know their zeros. 


Factor the polynomial p(a) in Example 4. 


We know p() has zeros x = —3, 1, and 3/2, so it must have factors « — k, where k = —3, 1, or 
3/2, that is, 
“x—(-3)=2+3, x-1, and «-—3/2. 


Multiplying these together we get 


Cee =n (« 5) Ge 13) («-3) =a + 50? 6a t 2. 


2 2 


Multiplying all the coefficients on the right-hand side by 2 gives the coefficients of p(2), so 


nee ead) (« 3) Ge ores), 


How Many Zeros Can a Polynomial Have? 


Example 7 


Solution 


A polynomial cannot have more factors than its degree. For example, a fourth-degree polynomial 
cannot have more than four factors, because if it did then the highest power of « would be greater 
than four when we multiplied the factors out. Since each zero of a polynomial corresponds to a 
factor, the number of zeros cannot be more than the degree of the polynomial. It is possible, however, 
for the number of zeros to be less than the degree. 


Without solving, say how many solutions each equation could have. 
(a) at+2°— 327-27 +2=0 (b) 3(23 —2) =1+4 32° 
(c) (s?+5)(s—3)=0 


(a) Since the degree of the polynomial on the left is 4, the equation can have at most 4 solutions. 

(b) This looks as if it could simplify to an equation of the form p(x) = 0, where p(x) is a cubic 
polynomial, so there would be up to 3 solutions. However, the leading term on both sides is 3°, 
so when we simplify, the leading terms cancel, leaving only the linear term. Thus the equation 
can only have one solution. 

(c) The polynomial on the left is a cubic, so there could be up to 3 solutions. However, the quadratic 
factor, s? +5, cannot have any zeros because it is 5 plus a square, so it is always positive. Thus, 
there is only one solution, coming from the linear factor. 


Multiple Zeros 


Sometimes the factor of a polynomial is repeated, as in 


(a — 4)? = (2 -—4)(2 — 4) 
———. 


Occurs twice 
or (a +1)? = (@ +1)(e@+1)(x@4+1). 
a 
Occurs three times 


In this case we say the zero is a multiple zero. For instance, we say that x = 4 is a double zero of 
(2 — 4), and x = —1 is a triple zero of (x + 1)°. If a zero is not repeated, we call it a simple zero. 


Visualizing the Zeros of a Polynomial 
The polynomial p(x) = x* — x? — 62 factors as 
p(x) = «(a — 3)(@ + 2), 


and so has zeros at x = —2, x = 0, and x = 3. Since there are no repeated factors, these are all 
simple zeros. Figure 12.5 shows the graph of y = p(x) crossing the x-axis at these zeros. In general, 
the graph of a polynomial crosses the axis at a simple zero. 


Figure 12.5: Graph of y = x° — 2? — 6a 


What Does the Graph Look Like at Multiple Zeros? 


The graph of (x — 4)? in Figure 12.6 show typical behavior near double zeros. Here the graph 
touches, but does not cross, the horizontal axis at the double zero x = 4. This behavior is typical of 


the graph of (a — k)” for even n: the graph of the polynomial does not cross the a-axis at x = k, 
but “bounces” off the w-axis at 7 = k. 


(x —4)? 


4 


Figure 12.6: Double zero at 7 = 4 


Example 8 


The graph of (x + 1)? in Figure 12.7 show typical behavior near triple zeros. Here the graph 
crosses the horizontal axis at the triple zero x = —1 but is flattened there compared to a simple 
zero (see Figure 12.5). This behavior is typical of the graph of (x — k)” for odd n: the graph of the 
polynomial crosses the x-axis at x = k, but it looks flattened there. 


(x +1) 


Figure 12.7: Triple zero at 7 = —1 


In general: 


The Appearance of the Graph at a Multiple Zero 


Suppose that the polynomial p(x) has a multiple zero at « = k that occurs exactly n times, 
so 


p(a) = (« —k)” - (Other factors), n> 2. 


e If mis even, the graph of the polynomial does not cross the x-axis at x = k, but “bounces” 
off the x-axis at x = k. (See Figure 12.6.) 

e If is odd, the graph of the polynomial crosses the z-axis at x = k, but it looks flattened 
there. (See Figure 12.7.) 


Describe in words the zeros of the polynomials of degree 4 graphed in Figure 12.8. 


15+ (b) 15+ (c) 15+ 


—35+ —35+ —35+ 


Figure 12.8: Polynomials of degree 4 


Solution (a) The first graph has two z-intercepts, one at x = —2 and one at x = 2. The flattened appearance 

near x = 2 suggests that the polynomial has a multiple zero there. Since the graph crosses the 

x-axis at x = 2 (instead of bouncing off it), the corresponding factor must occur an odd number 
of times. Since the polynomial is of degree 4, we conclude there is a triple zero at x = 2 anda 

simple zero at x = —2. 

The second graph has four «-intercepts, corresponding to four simple zeros. We know none of 

the zeros are repeated because the polynomial is degree 4. 

(c) The third graph has three x-intercepts at x = 0, x = 3, and x = —2. The graph crosses the 
axis at x = 0 and x = 3, so they are simple zeros. The graph bounces at x = —2, so this is a 
double zero of the polynomial. It is not a higher-order zero (such as a quadruple zero) because 
the polynomial is only of degree 4. 


(b 


= 


A Connection between Polynomials and Decimal Notation 


We can think of an integer written in decimal notation as a polynomial expression involving a sum 
of powers of ten (as opposed to powers of a variable like x). 


Example 9 (a) Use the fact that 
3000 + 700 + 20 = 3720 


to find a solution to the equation 
3a° + 7x” + 2x = 3720. 
(b) What does your answer tell you about the factors of the polynomial 3° + 7x? + 2a — 3720? 
Solution (a) We can rewrite 3000 + 700 + 20 = 3720 as 
3-107 + 7-107 +2-10'+0- 10° = 3720. 


This means that the equation 
3a° + 7x” + 2x = 3720 


has a solution at x = 10. Consequently, the polynomial 


Ba? ob Tae tk Dap = BAO 


has a zero at x = 10. 
(b) According to the box on page 388, we know (a — 10) must be a factor. In fact, 


3a° -- 7x7 + 2a — 3720 = (x — 10)(3a" + 37a + 372). 


How did we find the factor 3x? + 372 + 372 on the right-hand side? We used polynomial 
long division, which is analogous to ordinary long division of integers. We review polynomial long 
division in Section 13.3. 


Exercises and Problems for Section 12.3 
EXERCISES 


WiFind the zeros of the polynomials in Exercises 1-6. 


1. 
EH 


5. 


(a—3)(@—4)(x@+2) 2. x(a +5)(x —7)? 


x—x—-6 4. x* — 4x? + 42? 


e+ 6. 2-1 


Wi Give all the solutions of the equations in Exercises 7-18. 


7. (« -1) (x4 


2) (a —3) =0 


8. (x +3) (1-27) =0 


(u +3)? = (w+3)? 

(u +3)? = —(u+3)? 

(u +3)? = —(u+3)? 

(s +10)? — 6(s +10) -16 =0 


Find possible formulas for the polynomials described in Ex- 
ercises 19-24. 


19. 
20. 


The degree is n = 2 and the zeros are x = 2, —3. 


The degree is 5 and the zeros are x = —4, —1,0,3, 9. 


21. The degree isn = 3 and there is one zero at x = 5 and 
9, 2° + 32? +22 =0 one double zero at x = —13. 
10. 2° — 2n* + 2a — 2° = 0 22. The degree is n = 3 and the only zeros are x = 2, —3. 
I ees Hosen 0 23. The degree is mn = 5 and there is one zero at x = —6. 
12. «+ +27-2=0 ; ; ; 
5 7 24. The degree is n = 6 and there is one simple zero at 
13. s(s° + 1) = 8(28° — 3) x = —1, one double zero at x = 3, and one multiple 
14. (+ 3)°+ 4(¢+ 3)? =0 zero ata = 5. 
PROBLEMS 
25. The profit from selling q items of a certain product is (b) Find a polynomial with zeros « = —1 and a = 
P(q) = 36q — 0.0001q° dollars. Find the values of q 5/2 and leading coefficient 4. 
such that P(q) = 0. Which of these values make sense 
in the context of the problem? Interpret the values that [In Problems 30-37, without solving the equation, decide 
make sense. how many solutions it has. 
26. American Airlines limits the size of carry-on baggage 
to 45 linear inches (length + width + height), with a 30. (% — 1)(a- 2) =0 
weight of no more than 40 pounds.! 31. (x? + 1)(e — 2) =0 
(a) If the length and width of a piece of luggage both 3 
measure x inches, express the maximum height of 32. (a* + 2x)(x — 3) =0 
the luggage in terms of x. 33, (x? — 4)(a +5) =0 
(b) Express the volume of the piece of luggage in 
part (a) in terms of zx. 34. (x — 2)x = 3(a — 2) 
(c) Find the zeros of your equation from part (b). ‘ 
What does this tell you about the dimensions of 35. (2—2#°)(#— 4)(5— x) =0 
the piece of luggage? 36. (2+2?)(x —4)(5 — 2) =0 
27. Find a polynomial of degree 4 that has zeros at x = 4 2) 
—2,x% = —1,x = 2, and x = 3 and whose graph SF Ne aa) Shee: pat 
contains the point (0, 6). 38. Find the solutions of 
28. Find two different polynomials of degree 3 with zeros 
1, 2, and 3. (a? —a?)(«+1)=0, aaconstant. 
29. (a) Find two different polynomials with zeros x = —1 
and a = 5/2. 


! www.aa.com, accessed October 16, 2007. 


39. For 


what 


value(s) of 


the constant 


a 


does 


(a? _ a”) (a + 1) = 0 have exactly two solutions? 


MiIn Problems 40-48, for what values of a does the equation 
have a solution in 7? 


40. 2? -a=0 41. 227 +a=0 
42. ax? -5=0 43. 

44. a? +ax? =0 45. 

46. ce? +a=0 47. c+ +5a=0 
48. a— 2° =0 

49. Find approximate solutions to 


3a? — Qn? —6r +4=0 


by graphing the polynomial. 


(az? + 1)(a —a) =0 
(a2? +a)(2? —a) =0 


52. 


50. 


51. 


Consider the polynomial x«° — 3a* + 4a? — 22 +1. 


(a) What is the value of the polynomial when x = 4? 
(b) If a is the answer you found in part (a), show that 
x — 4isa factor of x — 324 4 4x? — 24 +4+1-a. 


Use the identity (x—1)(2*+2?+2?+2+1)=2°-1 
to show that 8° — 1 is divisible by 7. 


Consider the polynomial p(x) = (a — k)", where k is 
a constant and n is a positive integer. 


(a) If nis even explain why the graph of p(«) is never 
below the x-axis. 

(b) If n is odd explain why the graph of p(x) is below 
the x-axis for x < k, and above it for x > k. 


12.4 LONG-RUN BEHAVIOR OF POLYNOMIAL FUNCTIONS 


Example 1 


Solution 


The graph of a polynomial function 


y = p(2) 


can have numerous z-intercepts and bumps. However, if we zoom out and consider the appearance 
of the graph from a distance and ignore fine details, the picture becomes much simpler. 


Describe how the features of the graph of f(x) = x3 + 2? change when zooming out. 


In Figure 12.9, we see that the graph of f has two «-intercepts and two bumps. In Figure 12.10, we 
zoom out to show the same function on a larger viewing window. Here, the bumps are no longer 
apparent, nor is the fact that there are two x-intercepts. 


Figure 12.9: On this scale, we see 
that the graph of y = x? + x? 


has two bumps and two 


x-intercepts 


y 
150 + 


Bump no 
longer visible 


=1a0) <p 


Figure 12.10: On this scale, some 
features of the graph of 
y = x + 2” are no longer 
apparent 


The Importance of the Leading Term 


Example 2 


Solution 


When we zoom out from a graph, as in Example 1, we turn our attention to values of the polynomial 
for large (positive or negative) values of x. Although every term in a polynomial contributes to its 
value, we see in Example 2 that for large enough values of x, the leading term’s contribution can be 
more important than the contributions of all the other terms combined. 


Show that, provided the value of x is large enough, the value of the term 47° in the polynomial 
p(x) = 4x° — x3 + 3x? + x + 1 is far larger than the value of the other terms combined. 


To see this, we let x = 100. Then 
An? = 4(100)° = 40,000,000,000. 
On the other hand, the value of the other terms combined is 


—a? + 327 +2+1 = —(100)? + 3(100)? + 100 +1 
= —1,000,000 + 30,000 + 100 + 1 = —969,899. 


Therefore, at x = 100, the combined value is 


p(100) = 40,000,000,000 + —969,899 
a ——— 
largest contribution relatively small correction 


= 39,999,030,101. 


Thinking in terms of money, the value of 4x° by itself is $40 billion, whereas if we include the 
other terms the combined value is $39.999 billion. Comparing these two values, the difference is 
negligible, even though (by itself) $969,899 is a lot of money. 
Hence, for large values of x, 
p(x) = 42° + —2° + 327 +241 
—— ee 


relatively small correction 


In general, if the value of x is large enough, we can give a reasonable approximation for a 
polynomial’s value by ignoring or neglecting the lower-degree terms. Consequently, when viewed 
on a large enough scale, the graph of the polynomial function 


Y = Ant” + ane" +++ +410 + ag 
strongly resembles the graph of the power function 
Y= AnX”, 


and we say that the Jong-run behavior of the polynomial is given by its leading term. 


The Long-Run Behavior of a Polynomial 


In a polynomial a,x” + an—i2"~! +--+ + a,x + ao, with a, 0, the leading term a,x” 
determines the polynomial’s long-run behavior. 


Example 3 


Solution 


Find a window in which the graph of y = x* + x? resembles the graph of its leading term y = «°°. 
Figure 12.11 gives the graphs of y = x? + x? and y = x°. On this scale, y = 2° + x? does not look 
like a power. On the larger scale in Figure 12.12, the graph of y = 2° + x? resembles the graph of 
y = x°. On this larger scale, the “bumps” in the graph of y = x? + x? are too small to be seen. On 
an even larger scale, as in Figure 12.13, the graph of y = x? + 2? is nearly indistinguishable from 
the graph of y = x°. 


y y 
10+ 8 6f(@), , 
x 
Bump no 
longer visible 
= a im AB 
2 —5 5 
fle)! !-1+ —150 + —1000 + 
Figure 12.11: On this scale, Figure 12.12: On this scale, Figure 12.13: On this scale, 
y = x? + x? does not look like a y = x° + 2” resembles the power y = x? + 2? is nearly 
power function function y = x? indistinguishable from y = x? 
Since the long-run behavior of a polynomial is given by its leading term, polynomials with the 
same leading term have similar graphs on a large scale. However, they can look quite different on a 
small scale. 
Example 4 Compare the graphs of the polynomial functions 
f(x) =a* — 42° + 162-16, g(x) =2* — 40° — 42? +162, A(z) = 2* + 0° — 8x? — 122. 
Solution 


Since each of these polynomials has x* as its leading term, all their graphs resemble the graph 
of x* on a large scale. See Figure 12.14. On a smaller scale, the polynomials look different. See 
Figure 12.15. Two of the graphs go through the origin while the third does not. The graphs also 
differ from one another in the number of bumps each one has and in the number of times each one 
crosses the x-axis. 


4000 h(x) 4000 x! 
f(z) 
g(x) 
x St; 
23 8 ~8 8 


Figure 12.14: Ona large scale, the three polynomials resemble the power y = «* 


—35+ —35+ —35+ 


Figure 12.15: On a smaller scale, the three polynomials look quite different from each other 


Interpreting the Leading Term in Mathematical Models 


Example5 


Solution 


When using a polynomial for a mathematical model, the leading term can give us important insights 
about the real-world situation being described. 


The box described in Example 4 on page 376 has width w, length w + 4, height 2w, and volume 
V = w(w + 4)(2w) = 2w? + 8w?. 
Find the leading term of this polynomial and give a practical interpretation of it. 


The leading term is 2w?. This represents the approximate volume of the box when w is large. To 
see this, suppose the box is relatively small, having width w = 2 ft. Then 


Volume = 2-6-4 = 48 ft? 


Leading term = 2-2? = 16 ft®. 


Here, the leading term does not give a good approximation to the volume. But now imagine an 
enormous box—a giant warehouse, say—having width w = 1000 ft. Then 


Volume = 1000 - 1004 - 2000 = 2,008,000,000 ft? 


Leading term = 2-1000° = 2,000,000,000 ft?. 


We see that the true volume, 2.008 billion ft?, is only slightly larger than the approximation of 2 
billion ft? provided by the leading term. Unlike the small box, whose width is just a fraction of its 
length (2 ft versus 6 ft), the width of the large box is almost the same as its length (1000 ft versus 
1004 ft). This means 


Volume = Width x Length x Height 
Sy Fe 


aD w+4 2w 
~~ Width x Width x Height because width and height are close 
a ena eee 


WwW Ww 2Qw 
=w-w-2w 
= 2w’, 


so Volume ~ Leading term. 


Finding a Possible Formula for a Polynomial Function from Its Graph 


Example 6 


Solution 


Often, we can determine a possible expression for a polynomial function from its graph by looking 
at its large-scale appearance, by finding zeros, and by using specific points on the graph. 


Find a possible formula for the polynomial f(x) graphed in Figure 12.16. 


Figure 12.16: Find a formula for this polynomial 


Based on its large-scale shape, which is similar in appearance to y = —2x, the degree of f(z) is 
odd and is larger than 1. Note that, judging from the shape alone, we cannot be sure the degree is 3; 
a fifth-degree polynomial might have the same general long-run appearance. But we do know the 
degree is not 1 (otherwise the graph would be a straight line). 

The graph has x-intercepts at x = —1 and x = 3. We see that x = 3 is a multiple zero of 
even power, because the graph bounces off the x-axis here instead of crossing it. (See page 390.) 
Therefore, a possible formula is 


f(a) =k(a@+1)\(2- Be k a non-zero constant. 


which has degree 3 and agrees with our previous observation. 
To find k, we note that the y-intercept of the graph tells us f(0) = —3, so 


70) =O + 1)\0=3)7—=3, 


which gives 
1 
9k = —3 p=, 
so 3 


Thus, f(2) = —4(a + 1)(a — 3)? is a possible formula for this polynomial function. 


The Constant k 
If we had not accounted for the constant k in Example 6, we would have obtained the formula 
y = (x@+1)(z - 3)”. 
Although this function has the right zeros (at c = —1 and a double zero at x = 3), it has the wrong 
long-run behavior: On large scales, its graph more closely resembles y = x°, not y = —2°. 


Although other choices of & lead to graphs similar to Figure 12.16, only one value of &; yields 
the correct y-intercept. For instance, the function 


y = —0.5(x + 1)(x — 3)? 


has the right zeros and in the long run resembles y = —0.5x°. But its y-intercept is y = —4.5, not 
y= —3. 


Example 7 Consider the polynomial 
gia) =3e° —26° +427 — 11, 


(a) What does the leading term tell us about the graph? 
(b) What does the constant term tell us about the graph? 
(c) What do the answers to (a) and (b) tell us about the number of solutions to g(x) = 0? 


Solution (a) The leading term is 3x°, so ona large scale, the graph of y = 32° — 22° + 4x? — 1 looks like 
y = 3x°. (See Figure 12.17.) This means that this function takes on large positive values as x 
grows large (either positive or negative). 

(b) The constant term is —1. This tells us that the graph crosses the y-axis at y = —1, which is 
below the z-axis. 

(c) The equation 3x° — 2a° + 4x? — 1 = 0 must have at least two solutions. We know this because 
the graph of y = 32° — 227° + 4x? — 1 is smooth and unbroken, so it must cross the z-axis 
at least twice to get from its y-intercept of y = —1 to the positive values it attains as x grows 
larger in both the positive and negative directions. 


50-- 


; 
-15 _ig | 


Figure 12.17: Graph must cross x-axis at least twice since 32° — 22° + 4a? — 1 looks like 32° for large x, and 
30° — 2x° + 4a” — 1 = —1 when x = 0 


Note that a sixth-degree polynomial can have as many as six real zeros, or none at all. For 
instance, the sixth-degree polynomial x® + 1 has no zeros, because its value is always greater than 
or equal to 1. 


Exercises and Problems for Section 12.4 


EXERCISES 
Find possible formulas for the polynomials shown in Prob- 2. ay 
lems 1-6. 
i I 34 


> 
e 


de 
e 


PROBLEMS 


11. The polynomial p(2) can be written in two forms: 
I. p(w) = 2x° — 3x? — 11a +6 
Il. p(x) = (a — 3)(a + 2)(2a — 1) 


Which form most readily shows 


(a) The zeros of p(x)? What are they? 

(b) The vertical intercept? What is it? 

(c) The sign of p(x) as x gets large, either positive or 
negative? What are the signs? 

(d) The number of times p(x) changes sign as x in- 
creases from large negative to large positive x? 
How many times is this? 


12. A polynomial p() can be written in two forms: 


I. p(x) = (x? + 4)(4— 2?) 
Il. p(x) = 16 — a4 


Which form most readily shows 


(a) The number of zeros of p(x)? Find them. 

(b) The vertical intercept? What is it? 

(c) The sign of p(x) as x gets large, either positive or 
negative. What are the signs? 


13. Graph y = 2(a@ — 3)?(a +1). Label all axis intercepts. 
14. A cubic polynomial, p(a), has p(1) = —4 and p(2) = 
7. What can you say about the zeros of p(a)? 


15. Explain why p(x) = x° + 32° + 2 must have at least 
one zero. 


16. Find two different formulas for a polynomial p(a) of 
degree 3 with p(0) = 6 and p(—2) = 0, and graph 
them. 


WiFind possible formulas for the polynomial functions de- 
scribed in Exercises 7-10. 


7. The graph crosses the x-axis at x = —2 and # = 3 and 


its long-run behavior is like y = «?. 


8. The graph crosses the x-axis at x = —2 and x = 3 and 
its long-run behavior is like y = —2z”. 
9. The graph bounces off the x-axis at x = —2, crosses 
the x-axis at x = 3, and has long-run behavior like 
y=. 
10. The graph bounces off the x-axis at x = —2, crosses 
the x-axis at x = 3, and has long-run behavior like 

5 

y=au. 


17. By calculating p(0) and p(1) show that 
p(x) = —2" + 32" —1 
has at least three zeros. 


WM Answer Problems 18-19 based on Figure 12.18, which 
shows the same polynomial in 4 different viewing windows. 


(i) y (ii) y 
[Is : Sh 
(iii) ¥y (iv) y 
——, 
Figure 12.18 


18. Rank the windows in order from smallest to largest. 


19. One of the following equations describes the polyno- 
mial shown in Figure 12.18. Which is it? 


(a) y= —(x + 1)?(@ —1)(a + 10) 
(b) y= (a+ 1)?(# — 1)(a + 10) 
(c) y= (a +1)(a — 1)(a + 10) 
(d) y = —(a — 1)?(a + 1)(x — 10) 


REVIEW EXERCISES AND PROBLEMS FOR CHAPTER 12 


EXERCISES 


MiIn Exercises 1-5, give the degree. 


—o + Qn? +1 

. a(x —1)(a4 +3) 

. (2 +1) —2° 

. (a? — 1)(x? — 2)(a? — x) 

. p(x?), where p(x) = a4 — a3 +3241. 


Ak wn 


MiIn Exercises 6-10, give the constant term. 


6. (x — 1)(a — 2)(x — 3) (x — 4)(@ — 5) 
7. (x —a)?(2+1/a)?,a £0 
8. (2 — 1)? —(#+1)° 
9, (« —1)® — («+ 1)® 
10. (2 — 20)3(x* + 3x? — 2x + 10) 


MiIn Exercises 11-16, is the expression a polynomial in x? If 
so, give the degree and the leading coefficient. (Assume a is 
a positive integer.) 

12. 5- V2a? +2 

14. a 


1—a(a@+1) 
3 


ll. 82° — 2° + 11a? +50 
13. aw7'+2 


15. e° +a*",a4l 16. 


Give the degree, leading term, leading coefficient, and con- 
stant term of the polynomials in Exercises 17-20. 


17. —32? +245 18. a(x +1)? 
19. (223 — 3x”)? 


20. (2a° — 3a”)? — (a? +1)? 


MiIn Exercises 21-23, for the given polynomials p(x), find: 
(a) pO) (b) pl) © pl-1) @) p(-t) 


21. p(x) =a? 4+a%4+e41 
22. p(x) = 2° + 22° — a2 
23. p(x) = a4 +32?41 
MiIn Exercises 24—27, write polynomials in standard form in 


x based on the coefficients given assuming all other coeffi- 
cients equal zero. 


24. az 3,40 = 5 
25: ag = 17, a5 = 4, a2 =9 
26. a20 = 33, aia = 20, azz 


2,a2 =4,a1 


As a7 14 


2s ay = 2 


WiGive all the solutions of the equations in Exercises 28-32. 
28. @+3)0=2)=0 
29, (x +37) (1-2?) =0 
30. ¢® —2?+2-1=0 
31. ot = 227-1 
32. 4x? — 32 = 2? 


Find possible formulas for the polynomials shown in Exer- 
cises 33-36. 


33. 


y 
| x 
3 
34. 
| x 
3 
35. i 
5 = 
a 
—2 ae 3 
(—2, —48) iE 
—50 ale. 
36. 


PROBLEMS 


Win Problems 37-39, let p(a) be a polynomial in x with de- 
gree m not equal to zero and leading coefficient a. For each 
polynomial given, find the degree and leading coefficient. 


37. 5p(a) 


38. xp(x) 39. p(x) +5 


MiIn Problems 40-41, the polynomial p(x) has leading coeffi- 
cient a and degree m, and the polynomial q(x) has leading 
coefficient b and degree n. Suppose that m > n. 


40. What is the leading coefficient and degree of p(x)q(x)? 


41. What is the leading coefficient and degree of p(2) 


q(x)? 


WH Without solving them, decide how many solutions there are 
to the equations in Problems 42-47. 


42. 
44. 
46. 


48. 


49. 


50. 


51. 


52. 


(a) 


x? —10? =0 43. «3 —7*=0 
ol =O 45. x? —10°*°7 =0 
x? —log3 =0 47. log(0.2) — x” =0 


If the cubic x? + ax? + br + c has zeros at x = il 
x = 2, and x = 3, what are the values, of a, b, and c? 
(a) Show that (I1+a+a?)(1—a+a?) = 142?+a7. 
(b) Use part (a) to show that neither 1 + x” + x? nor 
1—a +27 have zeros. 

If the roots of x* + 2x? — x — 2 = O are —1, 1, and 2, 
what are the roots of («—3)?+2(a—3)?—(a—3)—2 = 
0? [Hint: Consider what values of x — 3 satisfy the sec- 
ond equation. ] 


If ais a constant, rewrite the equation x? — ax? +a?x4— 
a? = 0 ina form that clearly shows its solutions. What 
are the solutions? 


Find viewing windows on which the graph of f(a) 
x? + x” resembles the plots in (a)—(d). 


7 
Ay 


(b) 


(d) 


53. 


54. 


55. 


56. 


57. 


Find a cubic polynomial with all of the following prop- 
erties: 


(i) The graph crosses the x-axis at —7, —2, and 3. 
(ii) From left to right, the graph rises, falls, and rises. 
(iii) The graph crosses the y-axis at —3. 


Without using a calculator or computer, sketch p(x) = 
x? (x + 2)3(x — 1). 


Someone tells you that «° + «? + 1 has no zeros. How 
do you know the person is right? 


Someone tells you that —2° + x? + 1 has at least two 
zeros. How do you know the person is right? 


Someone tells you that 2° + a” + 1 has at least one 
zero. How do you know the person is right? 


Mi Match each description in Problems 58-59 to the polyno- 
mial function below whose graph it best describes: 


(a) 
(b) 
(c) 
(d) 


58. 


59: 


60. 


61. 


62. 


63. 


y = (x? — 62 + 8)(a” — 5a + 4)(4a — 3 — 2”) 

y = (x? — 5a +6)(2” — 7a + 12)(x” — 6a + 8) 

y = (x? — 3x + 2)(2? — 7a + 12)(a? +1) 

y = (x* + 2x? + 1)(x? — 3a 4 2) 

This graph crosses the x-axis the most times (not 


counting bounces). 


In the long run, this graph most resembles the power 
function y = —2°. 


The polynomial f(a) has three zeros, and the polyno- 
mial g(a) has four zeros. What can you say about the 
zeros of the polynomial 


h(x) = f(x) + f(x)g(@)? 


State intervals of « on which the graph of 


lies below the x-axis. 


Give intervals of x on which the graph of the following 
equation lies above the x-axis: 


y = —2(a2— 3° (a+ 5)(a + 8) 


Consider the polynomial g(t) = (t? +5)(t—a), where 
ais aconstant. For which value(s) of t is g(t) positive? 


64. If a is a nonzero constant, for what values of x is 


x? — ax? + a?x — a® positive? 


65. Does the polynomial function y = ax* + 22° — 9x? + 
3x — 18, witha > 0, have any zeros? If so, at least 
how many, and how do you know? If not, why not? 


66. Using a calculator or computer, sketch the graph of 
y = (x — a)? + 3a(x — a)? + 3a7(@ — a) +-0° 


fora = 0, a = 1, and a = 2. What do you observe? 
Use algebra to confirm your observation. 


Mi Pascal’s triangle is an arrangement of integers that begins 


with n entries in each row formed by adding the two entries 
above it. For instance, the boldface 3 above is formed by 
adding the preceding entries 1 and 2, and the boldface 4 is 
formed by adding the preceding entries 3 and 1. Given this 
information, answer Problems 67-70. 


67. Find the next 3 rows of Pascal’s triangle. 


68. Write the following polynomials in standard form: 


@iiy, @Hiy, wit, Gal. 


What do you notice? 


69. Without multiplying it out, write (z + 1)’ in standard 
form. [Hint: Make an educated guess based on your an- 
swers to Problems 67 and 68.] 


70. Consider the following pattern: 

O_4 

1 = +3 

? — (2x) + 2(2x)3 +3 

3 — (2x)? + 3(2x)?3 + 3(2a)3? + 3°. 


22 +3 
244+3 
244+3 


( 
( 
( 
(27 +3 


Me Ne Ne 


Based on this pattern, write (22 +3)* in standard form. 


Min Problems 71-76, find the given term or coefficient for 
n = 2,3 and 4, and describe the pattern. 


71. The coefficient of x in (a + 2)” 
72. The coefficient of 2”~* in (Qa + 1)” 


73. The leading term of (3a — 2)” 
74. The coefficient of 2”~* in (a — 1)” 
75. The coefficient of x in (1 — x)” 


76. The constant term of (2 + a)” 


Win Problems 77-79, Gloria has a credit card balance and de- 
cides to pay it off by making monthly payments. For exam- 
ple, suppose her balance is bo) = $2000 in month ¢ = 0 and 
she makes no more purchases using the card. Each month 
thereafter, she is charged 1% interest on the debt, and then 
she makes a $25 payment. To find her balance in month 
t = 1, we multiply $2000 by 1.01 (because the balance 
goes up by 1%) and then subtract the $25 payment. This 
gives b; = 2000.00(1.01) — 25 = 1995.00. Likewise, her 
balance in months t = 2,3 is given by 


bo = 1995.00(1.01) — 25 = $1989.95 
bs = 1989.95(1.01) — 25 = $1984.85. 


Let x = 1+ r where r = 1% is the monthly interest rate. 


77. (a) What do ba and bs represent in terms of Gloria’s 
credit card balance? Evaluate b4 and bs. 
(b) We can write an expression for 6; in terms of 
oe 1:01; 


by = 2000 (1.01) —25 = 2000x — 25. 
S~ 


x 


Notice that b2 = 061(1.01) — 25, that bg = 
b2(1.01) — 25, and so on. Given this, write sim- 
plified polynomial expressions for be, b3, ba, and 
bs in terms of x. 

(c) Evaluate your expression for bs; for r = 1.5%, that 
is, for x = 1.015. What does you answer tell you 
about interest rates and credit card debt? 


78. (a) Gloria’s first two monthly payments (in months 
t = 1 and 2) are $25 and $60, respectively. With 
x = 1.01, show that b2, her balance in month 
t = 2, is given by the polynomial 


2000x? — 25x — 60. 


(b) Her next three monthly payments (in months t = 
3, 4, and 5) are $45, $80, and $25, respectively. 
Write a simplified polynomial expression for bs. 


?Though named for Blaise Pascal, who described it in 1655, it was known to medieval Chinese and Islamic scholars and 
may have been known as early as 450 BC. See http://en.wikipedia.org/wiki/Pascal%27s_triangle. 


79. In some months, Gloria makes expenditures on her 82. The graph of h is a parabola with vertex (—2,5) and 
credit card, rather than payments. If c = 1.01, after y-intercept —1. 
six months her balance is given by the polynomial 


3000x° — 120x° —902* +5027 + 10027 — 200x — 250. 


83. The graph of w is given in Figure 12.20. 


Describe in words her credit card debt, giving her initial 
balance and each of her monthly payments or expendi- 
tures. 


WiFind formulas for the functions described in Problems 80- 
83. Some problems have more than one possible answer. 


80. The graph of h is a parabola with vertex (h, k) = (3, 4) 
and with y-intercept 12. 


81. The graph of w is given in Figure 12.19. 


Figure 12.20 
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13.1. RATIONAL FUNCTIONS 


Example 1 


Solution 


If we add, subtract, or multiply two polynomials, the result is always a polynomial. However, when 
we divide one polynomial by another, the result is not necessarily a polynomial, just as when we 
divide one integer by another, the result is not necessarily an integer. 


Which of the following is a polynomial? 
4 4 
ae = Il ge ak Il 
@ 5 - 
ae se IL aot 


(a) We have (because x* — 1 is a difference of squares) 


This is a quadratic polynomial. 
(b) In this case, since «* + 1 cannot be factored, the denominator cannot be divided into the numer- 
ator. Thus, the expression cannot be simplified and written as a polynomial. 


Rational Expressions 


Example 2 


Solution 


We define a rational expression to be any expression equivalent to the ratio of two polynomials 
(except where the expressions are undefined). 


Write each expression as the ratio of two polynomials. 


1 242 aps 
(a) 5+6 Oy eae (c) : (d) 5a°—22°+7 
L in) 2 = 


(a) We put each term over a common denominator and add: 


1 1 622 1462? 
Pegs Oe maa roy oy eat 
x 


x x x 


(b) We put each term over a common denominator and add: 
x2+2 ae a24+2 2%(¢—-3) 274+2422-6 27+2¢-4 
£—3 %4=3 i £3 a) ee 
(c) Since both the numerator and denominator involve algebraic fractions with denominator x, we 
first multiply them by x to simplify them: 


ee et et eee el 
a-t a(e@—4) 22-1) (@+1)(e@-1) 2-1 
(d) We have 
o 9) 2 
oe 


Here, the denominator is 1 (a constant polynomial). Any polynomial is a rational expression, 
because we can think of it as a ratio with denominator equal to the constant polynomial 1. 


Rational Functions 


Example 3 


Solution 


Just as we define polynomial functions using polynomial expressions, we define rational functions 
using rational expressions: 


A rational function is a function that can be put in the form 


where a(a) and b(a) are polynomials, and b() is not the zero polynomial. 


Let f(t) = 50 + 0.1¢ represent the population, in millions, of a country in year t, and let g(t) = 
200 + 0.05¢ + 0.03¢? represent the gross domestic product (GDP), in billions of dollars.! The per 
capita GDP, h(t), is the GDP divided by the population. 


(a) Show that h(t) is a rational function. 
(b) Evaluate h(0) and h(20). What does this tell us about the country’s economy? 


(a) We have 
g(t) 200 + 0.05¢ + 0.03¢? 
teed () = Fa) 50 + 0.1t 


A rational expression 


Since h(t) can be defined using a rational expression in t, then h(t) is a rational function of t. 
(b) We have 


200 + 0.05(0) + 0.03 (0? 200 bill 
(0) = a) = ASE Es ( = ees te = $4,000 per person 
f(0) 50 + 0.1(0) (202) 50 million people 
9(20) 200 + 0.05(20) + 0.03 (20? $213 billion 
h Y = COC OC a - SF oa 4 y 
2D f (20) 50 + 0.1(20) 52 million people BO Peancrson 


We see that after 20 years, the GDP, when divided by the population, rises from $4,000 per 
person to $4,096 per person. This suggests that on average, the people living in the country 
have become slightly more prosperous over time.” 


The Graph of a Rational Function 


gg 
x? — 

features that graphs of polynomials do not have. It levels off to the horizontal line y = 1 as the 
value of x gets large (either in a positive or negative direction). This line is called a horizontal 
asymptote. Furthermore, on either side of the two vertical lines, x = —1 and x = 2, the y-values 
get very large (either in a positive or negative direction). These lines are called vertical asymptotes. 


—6 
Figure 13.1 shows the graph of the rational function f(#) = 5° This graph has many 


'The GDP of a country is a measure of the overall strength of its economy. 
2 At least, if there has been no inflation or the measure of GDP is in constant year 0 dollars. 


(0, 3) 


x=-l c= 2 


2 _ — 
Figure 13.1: Graph of f(a) = oa 


ug? —x2—2 


Using the Factored Form of a Rational Function 


Example 4 


Solution 


Example5 


Solution 


Just as with polynomials, many aspects of the behavior of rational functions are determined by the 
factors of the numerator and denominator. 


Finding the Zeros of a Rational Function: Factoring the Numerator 


In Figure 13.1, the two x-intercepts, at « = —2 and x = 3, correspond to the zeros of f. For 
polynomials, x-intercepts can be found by factoring. For rational functions, they can be found by 
factoring the numerator. 


a = 


Find the zeros of f(x) = 
2 — 


—6 
5 algebraically. 


A fraction is zero provided its numerator is zero. Putting the numerator a(x) = x° — x — 6 in 
factored form (a% — 3)(a# + 2), we see that it has zeros at x = 3, —2. 


Finding the Domain of a Rational Function: Factoring the Denominator 


The dashed vertical lines in Figure 13.1 tell us that the graph has vertical asymptotes at x = —1 and 
x = 2. The function f is undefined at these values, so they are not in its domain. Since fractions are 
undefined only when the denominator is zero, we look for such values by factoring the denominator. 


2 
2-6 
Show that the domain of f(x) = - 5 is all values of x except 2 = —1 and x = 2. 
pape 
The numerator, a(x) = x? — x — 6, and denominator, b(a) = 2? — 2 — 2, are defined everywhere. 
However, their ratio is undefined if b(x) = 0. Putting b(a a — «x — 2 into factored form 


(a — 2)(a + 1), we see that its zeros are 2 and —1, so f(x) i tan when x = 2 and x = —1. 


Example 6 


Solution 


What Causes Vertical Asymptotes? 


The graph in Figure 13.1 is very steep near the vertical asymptotes. The rapid rise (or fall) of the 
graph of a rational function near a vertical asymptote is because the denominator becomes small but 
the numerator does not. Table 13.1 shows this for the asymptote at x = 2. As x gets close to 2, two 
things happen: The value of the numerator gets close to —4, and the value of the denominator gets 
close to 0. Thus, the value of y grows larger and larger (either positive or negative), since we are 
dividing a number nearly equal to —4 by a number nearly equal to 0. 


x*—2—6 
Table 13.1 Values of f(x) = oeao 
a 
14.793 
134.779 
1334.778 
undefined 
—1331.889 
—131.890 
—11.903 


Holes in the Graph of a Rational Function 


Sometimes the numerator and denominator of a rational function are both zero at the same time. In 
this case the zero in the denominator need not cause the graph to have a vertical asymptote. 


Cancel the common factor in the expression for 


x? —5a+6 
Ce 


f(z) = 


Is the resulting expression equivalent to the original expression? What does the answer say about 
the graph of f? 


We have 
z*—5x2+6 (x —2)(x—3) 
AT = G _ D(a zs 2 common factor of 7 — 2 
tra} — 3 
= = G z 3) cancel 
= - zs ; provided x # 2. 


The expression (x? — 5a +6) /(x? — 4) has the same value as the expression (x — 3)/(a+ 2), except 
at x = 2. This is because the latter expression is defined at x = 2, whereas the former is not. This 
means f and g have different domains: 


x? —5¢4+6 


i(@) = — =e domain is all values except 7 = +2 
Ge) = == a domain is all val t 2 
zr) = omain is all values except x = —2. 
a oa 2 B 


Thus, these functions are not exactly the same, even though their graphs are almost identical. See 
Figures 13.2 and 13.3. Notice that graph of f in Figure 13.2 does not have a vertical asymptote at 
x = 2, even though the denominator is zero there. Rather it has a hole, where f is undefined. 


Example 7 


Solution 


+ 10 +10 
f(x) 
i & 
—10 10 
+10 
Figure 13.2: Graph of Figure 13.3: Graph of 
f(x) = (x? — 5a + 6)/(x” — 4) g(x) = (a — 3)/(a + 2) 


Cancel common factors in each of the following rational expressions. Is the resulting expression 
equivalent to the original one? 


x? —2Qe+1 2x? + der zt —1 
acess 5) ee eee Seek ey 
arr DS oa56 OE.) 
(a) We have 
2_ 2 il —1)(¢-1 
Ae aie) =xz-—1 provideds £1. 
z—1 a@ = Il 
The resulting expression is not equivalent to x — 1, because the original expression is undefined 
eliae = Il. 
(b) We have 


2n7+4¢ War?+20) a7 +20 


Qe+6 Axet+3) 2437 


Canceling the 2 is valid no matter what the value of x, so the two expressions are equivalent. 
(c) We have 
ct —1 (a? —1)(a?+1) 2? -1 
(22 +1)(2-—3) (274+1)(@-3) 2-37 
Since x? + 1 is positive for all values of x, cancelation does not involve possible division by 0, 
so the two expressions are equivalent. 


Not All Rational Functions Have Vertical Asymptotes 


It is tempting to assume that the graph of any rational function has a vertical asymptote. However, 
this is not always the case. For instance, the graph of 


in Figure 13.4 has no vertical asymptote. Because the denominator is everywhere positive, the func- 
tion’s value never “blows up” as it would if we were dividing by zero. 


Figure 13.4: 


Exercises and Problems for Section 13.1 


EXERCISES 


Graph of f(x) = 


z2+1 


MPut each expression in Exercises 1-4 into the form MiIn Exercises 16-18, find the vertical asymptotes. 
a(x) /b(x) for polynomials a(a) and b(x). 


3 
TL; 2 
eee 
a - 4. 
1+ a4 


Wiln Exercises 5-8, find the zeros. 


5a +3 

$y f(z) = peace 6. 
5a? — dx — 1 

1. F@) = —y35 
—5a? +1 

8. f(x) = eae 


Wiln Exercises 9-15, find the domain. 


3c" 10 
. zr) = on 45 le 
11. f(x) : 12 
. rv) = ° 
a—-V2 
e+e 
13; = 14. 
a ae 
x? —4r +3 
15. g(x) = a 


144 
bes 
2 
x — 37247 
10x” +4 
(®) = 779 
xv? —8a+1 
f(z) = ad 
fle) lla 
- ~ g3 497 
i@=*= 
es 


24% —2 
16. f(x) = ea 
r—6 
a= r2 — 3r—A4 
v+a—6 
EY sea 10 


HDivide common factors from the numerator and denomina- 
tor in the rational expressions in Exercises 19-22. Are the 
resulting expressions equivalent to the original expressions? 


19 x? —6r +5 20 av? + 6x7 + 9x 
: x—5 * 2 + 10a + 16 
2 4 
21. _ 2a t+4 2, — 
(3a? + 5)(x? + 2) x3 — x? 


MiIn Exercises 23-25, the graphs of the two given functions 
are identical, except for a hole. What are the coordinates of 
the hole? 


7 —12 
23. f(x) =a+4and g(x) = ne 
xv? — 2? — Qu 


24. h(x) = 2” — 2x and k(x) = 
(x) =a x and k(2) Pat 


10t? + 5t* 
25; = t° t) = —————_— 
r(t) = 5¢° and s(t) i73 


PROBLEMS 


26. A rental car is driven d miles per day. The cost c is 


, — 2500 + 8d 


7 cents per mile. 


(a) Find the cost per mile for a 100 mile per day trip. 

(b) How many miles must be driven per day to bring 
the cost down to 13 cents or less per mile? 

(c) Rewrite the formula for c to make it clear that c de- 
creases as d increases. What is the limiting value 
of c as d gets very large? 


27. The cost of printing n posters is 10 + 0.02n dollars. 


(a) Write a formula for the average cost, a, per poster 
for printing n posters. 

(b) How many posters must be printed to make the av- 
erage cost 4¢ per poster? 

(c) Rewrite the formula for the average cost to show 
why it is impossible to print posters for less than 
2¢ per poster. 


28. When doctors test a patient for a virus, such as HIV, the 
results are not always accurate. For a particular test, the 
proportion, P, of the people who test positive and who 
really have the disease is given by 


0.92 


Pa 
0.14 0.82’ 


where z is the fraction of the whole population that has 
the disease. 


(a) If 1% of the population has the disease, what is P? 

(b) What value of x leads to P = 0.9? 

(c) If doctors do not want to use the test unless at least 
99% of the people who test positive really have the 
disease, for what values of x should it be used? 


29. Let R(z) = Sandy Which of the following 
forms is equal to R(z), and which is equal to —R(z)? 
z—22 z—22 
jae ee eee b= 
YW Gie-) “  e-man 
22 —2z 22—2z 
o Goge=) “ Mm=oo=o 
Win Problems 30-33, solve for x. 
3% — 5 62 — 3 
a8 SS a8 31. = aa 
2a* + 5a —1 ba? — 2x + 23 


MiIn Problems 34-37, imagine solving the equation by mul- 
tiplying by the denominator to convert it to a polynomial 
equation. What is the degree of the polynomial equation? 


2 


2% —5 22+2 

34, ToT =7 35. oeae 
2 2 

oe eed eR? =, 
222 +3 2 rw+2 2x42 


Min Problems 38-40, write an expression for the function 
whose graph is identical to the graph of y = «? except for 
a hole at the given x-value. What are the coordinates of the 
hole? 


38. c =3 39. c= —-3 40. cx=0 


13.2 LONG-RUN BEHAVIOR OF RATIONAL FUNCTIONS 


When we write a rational function as the ratio of two polynomials in factored form, we can see its 
zeros and its vertical asymptotes or holes. What form is useful for seeing the long-run behavior? 


The Quotient Form of a Rational Expression 


A rational number can be thought of as the numerator divided by the denominator. For example, 
since 4 goes into 13 three times with a remainder of 1, we have 


4 4 


13. 3-441 


_34 1 
| 4 4 


The form on the right is useful for estimating the size of the number. Similarly, the rational function 


x? —5a+7 
x—2 


can be thought of as dividing x — 2 into x? + 5a + 7. Since 
x? —5e+7=27 —5a+64+1= (¢ —3)(2 —2) +1, 
we see that the number of times x — 2 goes into x — 5x + 7 is x — 3 with a remainder of 1, so 


a?—5a+7 («—3)(x-—2)+1 1 
g-2 x—2 ai aE eS 


The form on the right is the analog for rational functions of the mixed-fraction form for rational 
numbers. Just as the remainder has to be less than the divisor when we divide integers, the remainder 
in polynomial division has to either have degree less than the degree of the divisor or be the zero 
polynomial. 


Quotient Form of a Rational Expression 


The quotient form of a rational expression is 


ol) , Where 


r( 
b(2) 


e The polynomial g is the quotient. 
e The polynomial r is called the remainder, and must have smaller degree than q or be the 
zero polynomial. The term r(x) /b(a) in the quotient form is called the remainder term. 
We have a(x) = q(x)b(x) + r(x), so we can think of this as saying that the number of times 
b(a) goes into a(x) is g(a), with remainder r(). 


For example, we saw above that 


r(x) a(x) 
-——s 


1 *—5a+7 

x — 3-+—— is the quotient form of a. 
q(x) ae oe 
b(a) b(a) 


with g(a) = x — 3 andr(a) = 1. Here the degree of r(x) = 1 is 0, and the degree of b(x) = x — 2 
is 1, so the remainder has degree less than the divisor, as required. 


Quotient Form and Long-Run Behavior 


First we look at what happens when the quotient q(2’) is a constant. 


Example 1 For the rational function in quotient form 


3 


Ore 


(a) Graph f and describe its long-run behavior. 
(b) Explain the long-run behavior using the quotient form. 


Solution (a) See Figure 13.5. We see that, in the long run, the rational function behaves like the constant 
function y = 5. We see that y = 5 is a horizontal asymptote. 
(b) The function is in quotient form with g(a) = 5. As a gets larger and larger, f(a) gets closer and 
closer to g(a) because the remainder term gets smaller and smaller. For example, in evaluating 
f (100), we get 


3 3 
f(100) =5+ oo4n4 o+ 104 ~ 5.029. 
4 3 
5.75 — 
OFS a+A4 erie 

5 _ y = 5: Horizontal 
| asymptote 
4. | i i | i XZ 

5 10 15 20 25 


Figure 13.5: For large positive values of x, the graph looks like the 
horizontal line y = 5 


In general, the quotient form of a rational function tells us its long-run behavior. This is because, 
for large values of «, the value of g(a) is much larger than the value of r(a) /b(x). For example, in 


evaluating 
x? —5a+7 sofia 1 
c-2 r—2 
at x = 1000, we get 
x? —5a2+7 1 1 
m9 (1000 3)+ Tho9 D2 997 + 98 997.00 
largest re 
contribution sma. 


correction 


Notice how close the function’s value at zc = 1000 is to the value of the quotient: 997.001 versus 
997. In general: 


Example 2 


Solution 


For a rational function expressed in quotient form 


r(x) 
q(x) + B(z)’ 


the long-run behavior of f is the same as the long-run behavior of the polynomial function q. 
If g(x) = k, a constant, then the graph has a horizontal asymptote at y = k. 


Putting a Function into Quotient Form When the Quotient is Constant: Horizontal Asymptotes 


To see if a rational function has constant quotient, we try to write the numerator as a constant times 
the denominator plus a remainder. For example, to write the rational function 


— 5a +23 


2 a+4 


in quotient form, we want to write the numerator as 
numerator denominator 


oti ee" 
5a + 23 = constant (a + 4) + remainder. 


Comparing coefficients of x on both sides tells us that the constant must be 5, so 


numerator denominator 


=_— os 
5a +23 = 5 (a +4) + remainder, 


and then comparing both sides tells us that remainder = 3. Now we can write: 


5r+23  5(a +4) +3 


xr+A4 r+A4 
5(a + 4) 


= —— + — _ - split numerator 


za+4 at+4 


quotient form. 


In general, if the numerator and denominator have the same degree, the ratio of the leading 
terms gives us the constant quotient when the rational function is in quotient form. 


7 30x23 — 9x? +1 


= ions aay OY Pane en 


Find the long-run behavior and horizontal asymptote of f (a) 


quotient form. 


Notice that the leading term of the numerator is 3 times the leading term of the denominator. We 
write 


denominator 
oS 
302° — 92° +1 3(102? —327—1)+4 ’ Re are Teeta 
ee write numerator as imes denominator 
10x23 — 322 —1 10”? — 3x22 — 1 


plus remainder 


3(10ax° — 3x2? — 1) 4 


= =f o0 = + Nese a split numerator 
4 
= ak ae quotient form. 


Thus, the quotient is g(a) = 3 and the remainder is r(x) = 4. In the long run f(a) behaves like the 
constant function g(x) = 3. Figure 13.6 shows the graph of f approaching the graph of y = 3. 


— 


Figure 13.6: Graph of 
30x? — 9x? +1 
1°) pea 


A special case of horizontal asymptotes occurs when the numerator has degree less than the 


denominator. 
: é : : : ove sp A 
Example 3 Find the long-run behavior and horizontal asymptote of the rational function y = = 
Ae? sae = 
Solution In this case the function is already in quotient form with quotient zero: 
_ seer 3x +1 
— gtt+a—-2 “a? +e-2° 
g@ SS 
r(x)/b(x) 


The long-run behavior is given by g(a) = 0, so the horizontal asymptote is y = 0, or the x-axis. 


Slant Asymptotes and Other Types of Long-Run Behavior 


What if the quotient polynomial g(x) is not a constant? One possibility is that g(a) is a linear 
function. In this case, we say the graph has a slant asymptote, as illustrated by Example 4. 


1 
Example 4 Graph f(x) = « — = il and describe its long-run behavior. 
x 


Solution The function is in quotient form with quotient g(a) = 2, so for large values of x it is close to the 
graph of the linear function y = x. See Figure 13.7. 


D) 3 g} 2 
Example 5 The rational function f(x) = a has quotient form 
ft 
2x? + 3x7 aes Dai 
aie a +10 


Graph f and interpret its long-run behavior in terms of the quotient form. 


Solution The quotient is g(a) = 2a + 3, so the long-run behavior of f is the same as the line y = 2x + 3. 
The graph of y = 2x + 3 is aa slant asymptote for f. See Figure 13.8. 


2a ae 


Figure 13.8: Graph of f(x) = == Son ie 


In Section 13.3 we describe a general method for putting functions in quotient form. 


Example 6 


Solution 


Long-Run Behavior and the Ratio of the Leading Terms 


In Example 2, the quotient of 
_ 3023 — 9x? +1 

M@) = 13 3aF 1 
is q(x) = 3, the ratio of the leading terms in the numerator and denominator, 30x? and 10z°. Taking 
the ratio of leading terms works in general to give the long-run behavior of a rational function, since 
the ratio of leading terms is the leading term of the quotient. 


Gee te ag? ak fl 


Ss Sore 


and describe its long-run behavior. 


Considering the ratio of leading terms, we see that the long-run behavior of this function is 


_ 6rt+a2+1 Gat 


ee ae 
2 —5a + 2x? Qn? 2 


This means that on large scales, its graph resembles the parabola y = 3a”. See Figure 13.9. 


<= far 
—20 -10 10 20 
4 3 
Figure 13.9: In the long run, the graph of y = ies ia looks like the 
—5a + 2x? 


graph of the parabola y = 3x” 


Graphing Rational Functions 


Example 7 


Solution 


Putting together everything we have learned in the last two sections, we can get a comprehensive 
picture of the graph of a rational function. 


Graph the following rational functions, showing all the important features. 


aa) 25 


£ 
(a) eran (b) Uaioe 


(a) See Figure 13.10. 
e The numerator is zero at 7 = —3, so the graph crosses the x-axis here. 
e The denominator is zero at x = —2, so the graph has a vertical asymptote here. 
e Atr=0,y = (0+3)(0 +2) = 1.5, so the y-intercept is y = 1.5. 
e The long-run behavior is given by the ratio of leading terms, y = 7/a = 1, so the graph 


has a horizontal asymptote at y = 1. 


Vertical asymptote ——» 
Zero (x = —3) 


Horizontal asymptote 


Figure 13.10: A graph of the rational function y = — 
Ge 


showing its asymptotes and zero 


(b) See Figure 13.11. 

e Since the numerator of this function is never zero, this rational function has no zeros, which 
means that the graph never crosses the x-axis. 

e The graph has vertical asymptotes at x = —2 and x = 3 because this is where the denomi- 
nator is zero. 

e Atz =0, y = 25/(0+ 2)(0 — 3)” = 25/18, so the y-intercept is y = 25/18. 

e The long-run behavior of this rational function is given by the ratio of the leading term 
in the numerator to the leading term in the denominator. The numerator is 25, and if we 
multiply out the denominator, we see that its leading term is x°. Thus, the long-run behavior 
is given by y = 25/x3, which has a horizontal asymptote at y = 0. 


intercept = # 
y pt= 18 


| x 


5 5 | 
<— Vertical : 
——___________—__ asympiotes Horizontal 
asymptote 
=e aL aty = 0 
x= -—2 r=3 


25 Hae 
7» Showing intercept and asymptotes 


Figure 13.11: A graph of the rational function y = (e@+2)(@—3) 
z = 


Example 8 Find a possible formula for the rational function shown in Figure 13.12. 


z=-l r=1 


\ oo 
si) 


2 
Figure 13.12: A rational function 


Solution The graph has vertical asymptotes at x = —1 andz = 1. Atz = 0, we have y = 2, and at y = 0, we 
(z- 

(2 +1)(x - 1) 

as the x-values get larger and larger, the y-values get closer and closer to 0. Looking at the equation 


have x = 2. The graph of y = satisfies each of these requirements. In the long run, 


: : ° £ 1 
of the function, we see that the ratio of the leading terms, y = — = — does get closer and closer 
x 16 


to the horizontal line y = 0 as x gets very large. 


Example 9 Find a possible formula for the rational function shown in Figure 13.13. 


Figure 13.13: A rational function 


Solution The graph has a vertical asymptote at « = —1, and a zero at x = 2, so we try 
meu! 
US aa 
This has the right zero and vertical asymptote, but when x = 0 it has the value y = —2, whereas 


the graph has a vertical intercept at y = —4. We multiply by 2 to get 


(Ge = 2 
y= 2-2) 
gear Il 
This has horizontal asymptote at y = 2 and y-intercept at y = —4, as required. 


We now summarize what we have learned about the graphs of rational functions: 


a(x) 


b(2) 
zeros, then: 
e The long-run behavior is given by the ratio of the leading terms of a(a) and b(). 


For a rational function given by y = where a and b are polynomials with different 


e The zeros are the same as the zeros of the numerator, a(x). 


e A vertical asymptote or hole occurs at each of the zeros of the denominator, b(). 


e A hole occurs at an x-value where both a(a) and b(x) are zero. 


Can a Graph Cross an Asymptote? 


The graph of a rational function never crosses a vertical asymptote. However, the graphs of some ra- 
tional functions cross their horizontal asymptotes. The difference is that a vertical asymptote occurs 
where the function is undefined, so there can be no y-value there, whereas a horizontal asymptote 
explains what happens to the y-values as the z-values get larger and larger (in either a positive or 
negative direction). There is no reason why the function cannot take on this y-value at a finite 2- 
x? +22 —3 
72 
the graph does not cross the vertical asymptote, the y-axis. See Figure 13.14. 


value. For example, the graph of y = crosses the line y = 1, its horizontal asymptote; 


Figure 13.14: A rational function can cross its horizontal asymptote 


Exercises and Problems for Section 13.2 


EXERCISES 
WiIn Exercises 1-3, find the horizontal asymptotes of the func- 4, : 5. aoe 
tions given. e+2 oe 
cr—A4 gtat+5 x? +527 +6a+7 
1. g = —— ar aa a o— 25. 
x2 + 16 z*#+1 x? + 32 
<0 22 Seed g, 10x? = 307 +1 9, 805 = 307 +20 +3 
1000 + 32 * 1023 — 322 —1 * 825 — 392 4+ 27 42 
, pa bth = 3t* +t — 500 . 4 ‘ 
-T= 325 00rD 12 10. iat + 3243 i. 16x° — 62° + 4x + 7 
8x5 — 342 + Qa + 2 8a> — 342 + Qa 4 2 


Min Exercises 4-12, use the method of Example 2 on 
page 415 to find the quotient g(x) and the remainder r(x) 


8a° + 2a* — 307 +20 +2 
so that a(a) = q(x)b(x) + r(a). ee ee eee 


8x5 — 3a2 +27 +2 


Match the following rational functions to the statements in 
Exercises 13-16. A statement may match none, one, or sev- 
eral of the given functions. You are not required to draw any 
graphs to answer these questions. 


al xz—1l 
(a) o> Bay (b) <a. 5 
x—2 x—2)\(x4—-—3 
(c) Y= @—3)\@F)) (dd) y= aT 


13. This function has no zeros (x-intercepts). 


14. The graph of this function has a vertical asymptote at 
= 1. 


15. This function has long-run behavior that y approaches 
0 as x gets larger and larger (either positive or nega- 
tive). Its graph has a horizontal asymptote at y = 0. 


16. The graph of this function has no vertical asymptotes. 


PROBLEMS 
21. The rational function r(x) can be written in two forms: 


(a — 1)(a — 2) 
I. r(x) = —— 
3... 2 
Il. =1l1--+— 
r(x) " + = 
Which form most readily shows 


(a) The zeros of r(a)? What are they? 
(b) The value of r(x) as r gets large, either positive or 
negative? What is it? 


22. The rational function g(x) can be written in two forms: 


ie g(e)=1+ Sot 
_ (@— 2)(a + 4) 
I. q(x) = (@—1)\(e+41) 


(a) Show that the two forms are equivalent. 
(b) Which form most readily shows 


(i) The zeros of g(x)? What are they? 
(ii) The vertical asymptotes? What are they? 
(iii) The horizontal asymptote? What is it? 


23. Find the horizontal asymptotes of 


and 


What do you observe? Use algebra to explain your ob- 
servation. [Hint: Note that 6a + 1 = (4a + 4) + (2a 
3).] 


Match the following rational functions to the statements in 


Exercises 17-20. A statement may match none, one, or sev- 
eral of the given functions. You are not required to draw any 
graphs to answer these questions. 


gl xed 
i o> (b) ued 

_ _1+2 
(c) o> al (d) Y= ong 


17. This function has no zeros (x-intercepts). 


18. This function has the long-run behavior that y ap- 
proaches 1 as x gets larger and larger (positive or neg- 
ative). Its graph has a horizontal asymptote at y = 1. 


19. The graph of this function has a vertical asymptote at 
z=-l. 


20. The graph of this function contains the point (0, 1/2). 


and let q(x) 


_ a+3 — 3x41 
24. Let p(a) = a Teak 


(a) Find the horizontal and vertical asymptotes of 
p(x) and q(x). 

(b) Let f(x) = p(x) + q(x). Write f(a) as a single 
rational expression. 

(c) Find the horizontal and vertical asymptotes of 
f(x). Describe the relationship between the 
asymptotes of p(a) and q(x) and the asymptotes 
of f(x). 

25. Explain why cay are no vertical asymptotes for the 


hofy=——. 
graph of y= 


Find possible formulas for the functions in Problems 26-31. 


26. y 27. y 
(0, 0.5) 
Ho 
a= 
Ho 
3 2 

=2..=1 

( ) mie 
28. y 29. y 


£=-l £=2 


For the rational functions in Problems 32-35, find all zeros 
and vertical asymptotes and describe the long-run behavior, 
then graph the function. 


r+3 z+3 

323 y= 33. y= 
errs: ¥ (a + 5)? 
x—A ge? —4 


13.3 PUTTING A RATIONAL FUNCTION IN QUOTIENT FORM 


In Example 2 on page 415, we saw that we could rewrite the rational function 


30x? — 9x? +1 4 
(= pa tage ® f@)=3+ pa -aRTT 


by rewriting the numerator as a constant times the denominator plus a remainder. What if this is not 
possible? In this section we develop an algorithm for dividing one polynomial into another, similar 
to long division in arithmetic. 
The Division Algorithm 
In Example 9 on page 391, we saw that 
3x° + Ta” + 2a — 3720 = (a — 10)(Another polynomial), 


because the left-hand side is zero at x = 10. To find the other polynomial, we must divide x — 10 
into 3x° + 7x? + 2x — 3720. We start by looking at the leading term 3x°. Since 3x? = 3x? - x, we 
can write 


32° +7x? + 2x — 3720 = (x — 10) (32? ys 
Notice we have left space on the right for the lower-degree terms in the second factor on the right. 
We set this up in more traditional format as 


3a? : 
x 10) 323 +72? + 2x — 3720 


To find the next term after 3x7, we see what is left to divide after we subtract 3x?(2 — 10) = 


3x? — 30x: 
3a? : 
— 10) 3a3 +72? + 2x — 3720 
— 3a° + 30x? 
3722 +4+2r 


Now we can find the next term in the quotient by comparing the divisor, x — 10, with the new 
dividend 37x? + 2x — 3720. The new leading term is 372? = 372-2, so the next term is 372, giving 


3a? +372 
Le 10) 3a3 +72? + 2x — 3720 
— 3a° + 30x? 


3727 + Qa 


Example 1 


Solution 


Continuing in this way, we get the completed calculation 


3a? +372 +372. 


x 10) 323 +72? + 2a — 3720 
— 3° + 30x? 
37a? + Qa 
— 37x? + 3702 
372x — 3720 
— 3722 + 3720 
0 


Notice that the remainder is zero, as we expected. 
Polynomial Division with a Remainder 


In general, we have to allow for the possibility that the remainder might not be zero. 


Divide x? + x + 1 into 32* — 2? + 2? + Qa +1. 


We write 
3c4 — a? 42742241 = (2? +241) (32? ) ; 


leaving space for the remainder as well as the quotient. Or, in traditional format 


a+at+1) 304 —2? +27+2r41 
We subtract 32? (x? + 2 +1) = 324 + 303 + 327: 
See 
a+ae+1) 324 —2? +274+2¢4+1 
— 32+ — 323 — 32? 
— Ax? — 2x? + Qa 
Again, we find the next term in the quotient by comparing the divisor, x? + 2 + 1, with the new 
dividend —4x° — 2x? + 2z. The ratio of the leading terms is now —4x°/x? = —4z, so the next 
term is —4@, giving 
3a? — 4x 
a+at+1) 324 —23 +274+2r4+1 
— 32+ — 3x3 — 32 
— Ag? — 2x? + 2a 
Continuing in this way, we get the completed calculation 
3x7 — 4x + 2 
a +ae+1) 324 —2? +27+4+2¢4+1 
— 32+ — 323 — 32? 


= Ale? = Qa” te Day 
Ag? + Ag? + Ag 
Que? + 6a 4+1 
= We =p = 9 


4r—1 


This means that 4x” — 1 is the remainder, so 


8° — op tae? +e + 1 = (2? +2 +1)(82" —4¢ +2) +40 —1. 


The Division Algorithm and Quotient Form 


We can use the division algorithm to write rational functions in quotient form. 


Example 2 Write in quotient form and state the quotient: 


3 3 2 3 
ae = Dae <p Il ae? ae SMe Call 
eS Ves bn 2S See ee, 
(a) ra) San OS = oaag) 
Solution (a) Dividing the denominator into the numerator gives 
pee Se hy Ey) 
= 2) ap —2¢+1 
— 23 +22? 
22 — De 
= 277 Ag 
22+ 1 
—2¢4+4 
4) 


Thus, we can write 


(a® — 22 +1) = (a — 2)(x? + 22 + 2) +5. 


3_ 9 1 5 
ce ry eee divide by b(x) = x — 2 
a2 ip = 2) 


so q(x) = 27 +22 +2. 
(b) Dividing the denominator into the numerator gives 


22 +3 
ag? ok 1) Qn? + 3x2 
— 2x3 — 224 
3x2 — Qa 
= we 33) 
—2xr-—3 
Thus, we can write 
Qn? + 3a? = (2a + 3)(a? + 1) + (—22 — 3) 
2x? + 32? nas 7 
g2+1 Se eae divide by b(x) = x +1 


so q(x) = 2a + 3. 


(c) Dividing the denominator into the numerator gives 


L 

a+1) 2° =1 
=7° — 7 
= 


Thus, we can write 


tole (a)(a? +1) + (—2 —1) 


ag? — Il —xr—-1 
=2f+ 


a = oil 
Ene aay divide by b(a) = 2° +1 


2x3 + 6x? — 26x — 30 
Example 3 Determine the equation of the slant asymptote of the rational function f(x) = seat 


r2+2x7—-8 
Solution Dividing x? + 2x — 8 into 2x? + 6x? — 26x — 30 gives 
2 Tt 
a” + 2x — 8) 27> 6a — 262 — 30 
= 23 — Ay? 16z 
207 = Wr — 30 
= 2772 —Ar 16 
— 147-14 
We see that : 
22° + 62° — 26x — 30 —14x% — 14 
= ——____——__ = 2 2+ ————_.. 
F(a) x +22 —8 2 2s 
Thus, the quotient is g(a) = 2x+-2, and for large values of x the graph is close to the slant asymptote 
= Dhig 4 


The Remainder Theorem 


A particularly simple division is when we divide the polynomial x — a, for a constant a, into some 
other polynomial p(a). In that case the remainder is a constant, since it must have degree less than 
the degree of x — a. Thus, 

p(x) = (a — a)q(x) + constant. 


What is the constant? If we put x = a in the equation above, we get 
p(a) = 0-q(a) + constant = constant. 


This tells us that the constant is p(a). We have shown: 


The Remainder Theorem 


For any polynomial p(a:) and any constant a, we have 


p(t) = (@ — a)q(x) + pa), 


where q(x) is the quotient of p() /(a—a). In particular, if p(a) = 0 then p(a) = (w—a)q(x), 
so x — ais a factor of p(x). 


On page 387 we saw that if « — a is a factor of p(a), then p(a) = 0. Now we have proved the 
converse, that if p(a) = 0 then x — ais a factor of p(x). 


Example 4 (a) Is x — 4a factor of the polynomial p(x) = 5a? — 13x? — 30x + 8? 
(b) Is + 3a factor of the polynomial p(x) = 2x? + 10x? + 11x — 6? 


Solution We could answer both these questions by using the division algorithm to see if the remainder is 
zero. However, the Remainder Theorem gives us a short cut. 
(a) We have p(4) = 5(4)° — 13(4)? — 30(4) + 8 = 5(64) — 13(16) — 120 + 8 = 0, so by the 
Remainder Theorem x — 4 is a factor of p(x). 
(b) We have p(3) = 2(—3)? + 10(—3)? + 11(—3) — 6 = 2(—27) + 10(9) - 33-6 = —3, sox—3 
cannot be a factor of p(x) = 2x3 + 10x? + 11x — 6. 


Exercises and Problems for Section 13.3 


EXERCISES 
MiIn Exercises 1-10, use the division algorithm to find the | MilPut the rational expressions in Exercises 11-15 into quo- 
quotient g(x) and the remainder r(x) so that a(x) = tient form, identify any horizontal or slant asymptotes, and 
q(x)b(x) + r(a). sketch the graph. 
1, du = 28x + 16 5, 302 = 2x” — Ba +5 pe Deere pp, Ot +307 +17a+8 
‘ z—4 : a+l1 " ¢-2 . 2x2 +245 
2x” — 3a +11 2x” — 3a +11 6x? + 3x7 + 17% +8 4x° + 22 +9 
3. —————_ 4, ——_.———_ 13, ———_—____——___. 14, —._—__ 
L+7 x2+7 L+2 2e3 +a+3 
4 4 3 2 
5. x 2 6. x 2 15. 22° + 5a° + 4x +4 
a-—1 x2 —1 2a? + 5a4+4 
7, Gur +bat3 g, 20%" = 33a +6 
—3 aa = 
ae =< Wiln Exercises 16-19, use the Remainder Theorem to decide 
9. 10. whether the first polynomial is a factor of the second. If so, 
6x? — 11x? + 18a —7 15a? + 40? — 192% +9 


what is the other factor? 
32-1 5a — 2 


16. « — 4, 3a° — 11a? — 10% + 24 
17. «+2, 50° + 9x? — 8a — 10 
18. « — 3, 302° — 132? + 102 +9 
19. +3, 20° +2? —13¢ +6 


PROBLEMS 


20. Given that 


p(t) 
x? —52+6 =a 
find 
p(x) 
2-3" 
21. Given that 
oe) =a 470+ 10, 
r—A4 
find 
p(x) 
x2 +a —20° 


22. Given that 


4 
1 
as x? —a? +2 with remainder r = 1, 
z+1 


find 
vi+a42 
a+l1 - 


Refer to the Remainder Theorem (page 427) to answer Prob- 
lems 23-26. 


23. Given that 


ae+2r4+3 _ 


5 x’ +2¢+6 with remainder r, 
7 


find r. 


24. Given that 


p(x) = 2° +5 with remainder 2. 
x—3 
find p(z). 
25. Given that 
p(x) 
xa—A4 


has remainder r = 7, find p(4). 


26. Given that 
x? +3045 
r—a 
has remainder r = 15, find a. 


MiUse the Remainder Theorem (page 427) to find the value 
of the constant r making the equations in Problems 27-30 
identities. 

27. 2? +1=(e£-1)(x+1)4+r 
Qn +3 = (2 —4)(a? +40 +18) +7 


Qa? + 4x? 5a+4)+r 


5 2 


where p(x) = 2° — «* + 22° — 2? —a2 —2. 
30. 
7 3 
eo = 2e sb r 
ay ee cr 


where q(x) = 2°+22°+4a4+8x? +4149? +282+56. 


REVIEW EXERCISES AND PROBLEMS FOR CHAPTER 13 


EXERCISES 


MiIn Exercises 1-3, simplify the rational expressions. Assume 
a is a nonzero constant. 


xv? — 2x2 —15 


6-2-2? : 2ax 


2 
ax* + 4x 
i —_— 


3a? — 2ax — a? 


z£—- a 


Miln Exercises 4—5, find the zeros. 


xv? + 4x? + 3x 


4. f(x) = | 


x +a? 4122 


= 5a? — 2 


Win Exercises 6-10, find the domain. 


37 +4 ac+7 
é aoe = 
I) = Fa teed a 
£j(o=-— £eje 
a and Te ee aS 
2-2? 
10. f(x) = 


11. 


Give the zeros, holes, vertical asymptotes, long-run be- 
havior, and the y-intercept of 


to the original expressions? 


4 2 
za“ -—1 x + 9a + 20 
2 12. ——— 13. —————_ 
Pee ea e498 wtax—6 
x? —x2—6 
; ; 1142? l-«x 
You are not required to graph this function. 14. ———— 15. —————_ 
11x + x3 ae+a-—2 
WCancel any common factors in the rational expressions in 16 Ag? — a? 
Exercises 12-16. Are the resulting expressions equivalent * Dar — a2’  HONECTO:COMS TARE 
PROBLEMS 
17. At a fund raiser, Greg buys a raffle ticket. If he is the 20. (a) Show that the rational function 


18. 


19. 


only one to buy a raffle ticket, he is sure to win the 
prize. If only one other person buys a ticket, his chance 
of winning is 1/2. In general, if x tickets are sold, 
Greg’s chance of winning is given by w = 1/z. 


(a) Find the horizontal asymptote of w = 1/z. 
(b) What is the practical interpretation of the horizon- 
tal asymptote? 


Figure 13.15 gives the graph of the rational function 
_ k(w—p)(w—4) 
(x —r)(x—s) © 


Based on the graph, find values of k, p, q, r, s given that 
p<qandr<-s. 


15 
Copp essaag g=? 
+ 5 10 
r= 2 y=3 
Figure 13.15 


The rational function r(x) can be written in two forms: 


I. r(z)= = 
_ («—3)(@ +3) 
I. r(x) = @=—2)(e42) 


Which form most readily shows 


(a) The zeros of r(«)? What are they? 
(b) The vertical intercept? What is it? 
(c) The vertical asymptotes? What are they? 


r(x) = 


_ 3x+10 
47 +8 


can also be written in the form 


1 
r+2° 


4 


(b) Explain how you can determine the horizontal 
asymptote from the second form, and find the 


asymptote. 


Mi Match the following rational functions to the statements 
about their graphs in Problems 21-23. A statement may 
match none, one, or several of the given functions. You are 
not required to draw any graphs to answer these questions. 


2 

a —A4 
(a) "9 

a —A4 
(c) uc 5 


eet+4 
(b) v= 9 
a+4 
@ y= 5 


21. The graph has at least one x-intercept. 


22. The graph has at least one vertical asymptote. 


23. The graph lies entirely above the x-axis. 


Wi Put the rational expressions in Problems 24—26 into quotient 
form, identify any horizontal or slant asymptotes, and sketch 


the graph. 
2 
24. 3a° +52 +7 
3x? + 52 +6 


26. 


10x24 + 1423 — 8x77 + 102 +7 


523 + 7x? — 47 +5 


27. Without a calculator, match the functions (a)—(f) with 


their graphs in (i)—(vi) by finding the zeros, asymptotes, 
and end behavior for each function. 


—1 xr—2 
Wo Gap ONE eae es) 
2 4 1 1 

() y= @) y=——+ 


Ne 


WiGraph the functions in Problems 28-29 without a calculator. 


Qn? — 102 + 12 


1 
28. y=24+— 
y Lae xz? — 16 


29. y = 


30. Express as a ratio of two polynomials: 


27 +1 x—1 


x—3 xa—A 
e+5 a7?4+2 — 
x-3 ax-4 


1 


= y=2 


31. Find a rational function whose domain is all x,2 4 
2,2 4-3. 


Min Problems 32-34, write an expression for the function 


whose graph is identical to the graph of y = 1/a except 
for a hole at the given x-value. What are the coordinates of 
the hole? 


33. x = 0.02 34. x = 0.002 
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14.1. USING SUBSCRIPTS AND SIGMA NOTATION 


Subscript Notation 


Example 1 


Solution 


Example 2 


A survey of 9 local gas stations finds the following list of gas prices in dollars per gallon: 
1.82, 1.84, 1.78, 1.85, 1.86, 1.87, 1.90, 1.88, 1.86. 


In working with a list like this it is often useful to use subscript notation, where we let g; stand for 
the first price in the list, gz for the second price, and so on up until gg for the last price. Thus, for 
example, we say g4 = 1.85 to indicate that the fourth price is $1.85, or gs = gg to indicate that the 
prices at the fifth and ninth gas stations surveyed are the same ($1.86). 


Write expressions using subscript notation for 


(a) The cost of 5 gallons of gas at the second gas station. 
(b) The average price of gas at all stations. 


(a) The cost of gas at the second station is gz dollars per gallon, so 
Cost of 5 gallons at second station = 5q2. 


(b) The average price is obtained by adding up all the prices and dividing by the number of stations: 


gi + g2+ 93 + 94+ 95 + Jo + 97 + 98 + G9 


Average cost = 9 


We often shorten an expression like this using three dots to indicate the missing terms: 


gi t+g2++++ +99 


Average cost = 9 


In the previous example there were 9 items in the list. Sometimes we use a letter to stand for 
the number of items. For example, we might ask a friend in another city to survey prices at their 
local gas stations. Assuming there are n stations surveyed, and using dots again to indicate missing 
values, we can list the prices as 


G15 G25+++59ns 


where 


gi = Price of gas at the i‘ gas station, for i = 1,2,...,n. 


Notice that in this case we have used a subscripted letter 7 to vary over the numbers from | to n. 


There are mn snowstorms in a town one winter. The first storm delivers d, inches of snow, the second 
delivers dy inches, and so on until the last storm, which delivers d,, inches. 

(a) Write an expression for the total amount of snow that fell all winter. 

(b) Write an expression for the total amount of snow that fell in the final three storms. 


Solution 


(a) We have: 


Amount in Amount in Amount in 
Total amount of snow = + eee 


first storm second storm last storm 
Nee eee —— 
dy dz dn 


= dit dy +--+ dh. 


(b) We have: 
Total amount of snow _ Amount in Amount in storm Amount in storm 
in final three storms final storm before that before that 
eee eee eS 
dn On=1 dn—2 


= Gn ala Great ar Ghp—D\e 


The word index is often used interchangeably with the term subscript. 


Sigma Notation 


Example 3 


Solution 


To represent sums, we often use a special symbol, the capital Greek letter 4: (pronounced “sigma’”). 
Using this notation, we write: 


nm 
S 5 aj = a1 +42 +43 +++ + ap. 
i=1 


The » tells us we are adding up some numbers. The a; tells us that the numbers we are adding are 
called a1, a2, and so on. The sum begins with a, and ends with a, because the subscript 7 starts at 
1 = 1 (at the bottom of the © sign) and ends at 7 = n (at the top of the & sign). Sometimes the a; 
are given by a list, as in Example 1, and sometimes they are given by a formula in 2, as in the next 
example. 


5 
Write out the sum De P. 
i=1 


We have 


Last value of 7 is 5 


i 


5 

So PHP 4+ P43? +4457. 
i=l 

1 


First value of 7 is 1 


We find the terms in the sum by sequentially giving 7 the values 1 through 5 in the expression 7”. 


Example 4 


Solution 


Example5 


Solution 


Using summation notation, we can write the solution to Example 1(b) as 


9 
: gitgeat-:::t+g9 1 if 
AN =e Ci sae = ie 
verage price 9 9 (gi + g2 +--+4+ 99) 5 Ss g 
There are n airlines. Airline 2 owns q; planes and carries p; passengers per plane, for? = 1,2,...,n. 


Using sigma notation, write an expression for the average number of passengers per plane at all n 
airlines. 


To find the average, we divide the total number of passengers by the total number of planes. Since 
airline z has q; planes, 


Total number of planes from all airlines = hie 
i=1 


Since airline 7 carries p; passengers on each of its q; planes, it carries p,q; passengers in total. Thus 


n 
Total number of passengers from all airlines = Se PiGi- 
i=1 
So - 
ae Pit 


ey Gi 


Average number of passengers per plane = 


Evaluate the following expressions based on Table 14.1, which gives the first 9 prime numbers. 


5 5 
(a) Sop: (b) opi ©) 3+> 0p 
fal ae 


5 
@ >>@8+pi) (eo) 2p: ) > 0 (-1)'p: 


1=1 1=2 aM 


(a) Here, we find the terms by assigning successive integers starting atz = 1 and going up toz = 5. 
Then we add the terms: 


5 
ie = 01 ar 2 0s PO a 10 
7h 

=2+3+5+7+11 = 28. 


(b) Here, we are adding p; terms starting at 2 = 4 and going up toi = 8: 


8 


we: = Pat Ps + Pe + P7 + Ps 
i=4 


=7+11+13+17+19 = 67. 


(c) Here, we are adding 3 to the sum of p; terms starting at 2 = 1 and going up toz = 5: 


5 from part (a), equals 28 
oo 
3+) pi =3+p1 + po+p3 + pa + Ds 
i—i 
= 3428 = 31. 


(d) Here, we are adding terms that look like 3 + p;, starting at? = 1 and going up toi = 5: 


5 
8 +2%) = (3 +1) + (8+p2) +--+ + (340s) 


=(3+2)+(3+3)+(8+4+5)+(8+7)+ (3411) 
=5+6+8+10+14=43. 


Another approach would be to write 


5 
> (84+ 7:) = (8+) + B+p2) +--+ (3 +s) 
ie from part (a), equals 28 
= (3+3+343+3) bit pa+bs+pat Pe regroup 
= 15 +28 = 43. 


Notice that this is different from the answer we got in (c), so 


a 5 
3+ Ss pi is not equivalent to SS (3+ p;). 
ae i=1 
(e) Here, we are adding terms that look like 2p;, starting at 2 = 2 and going up to7z = 4: 


4 


S > 2p; = 2p2 + 2ps + 2p, 
i=2 


=P 202 30) 


(f) We are adding terms which alternate between negative and positive values: 


4 
S0(-1)'pi = —pi + po — pa + Pa 
iI 

=-24+3-54+7=3. 


Example 6 Using sigma notation, write expressions standing for: 


(a) The square of the sum of the first 5 prime numbers. 
(b) The sum of the squares of the first 5 prime numbers. 


Do these expressions have the same value? 


Solution (a) We have: 


be seers atau = (The sum of the first 5 prime numbers)” 


of the first 5 prime numbers 


5 2 
(s2») 43 he 74) = 28? = 78d 
kal 


(b) We have: 


The sum of the squares 
a = pit pz +P3 +74 + Ds 
of the first 5 prime numbers 
5 
=SoppaP +3454 7 412 
k=1 
=4+9+4 25+ 49 + 121 = 208. 


n 2 n 
The values are not the same. In general, (>: ») ah [3 De 
k=1 k=1 


Exercises and Problems for Section 14.1 


EXERCISES 
MiIn Exercises 1-4, write an expression in sigma notation for : : 
each situation. 7. So (3k +1) 8. .> 5(j — 3) 
k=0 j=l 


1. The total expenditure for a week if the daily expendi- 


5 
tures are €1,€o,...,€6, €7. 9. S-(-1) 10. So(-pr ta 
n=1 


2. The sum of the cubes of the first 5 odd integers. 


3. The total rainfall for the month of September if the 
rainfall on the i*” day is rj. 


4. The total weekly caloric intake for a diet that starts with 


2000 calories on the first day and decreases by 10% @ 4 
each day, so that on the i‘ day it is 2000(0.9)’~*. 11. > 20 12. > 2 
i=l i=1 
Wi Write out the sums in Exercises 5-10. (You do not need to 4 4 
evaluate them.) 13. S- 9! 14. Ye +i) 
7 i=l i=l 
5 SO? 6. i247 ane 
ys DG+Y ae 
i=0O i=—-2 2 


PROBLEMS 


16. Ina survey of n gas stations, the price of gas at the i” 
gas station is p; dollars/gallon. Write an expression for 


(a) The cost of buying 12 gallons of gas at the i'® gas 
station. 

(b) The price of gas at the second to last gas station 
surveyed. 

(c) The average price at all n gas stations. 


Are the expressions in Problems 17-25 equivalent? 


5 
17. y a; andas +a4+a3+a2+ a1 
i=l 


5 
18. x a; and a; + a2 +a3 +a4+ a5 
i=0 


5 
19. » 5 and 30 
i=0 


20. 


21. 


5 


i=0 


i= 


6 
. $2 (8i — 2) and § “(3% — 5) 
5 - 5 
2+ 5 (3i— 2) and S > 3: 
0) i=0 


iM 
22. S10 and 10 
i=1 
8 8 
23. 5 °(3i + 2) and S “(2 + 3k) 
i=1 k=1 
9 
24. x 3a; and 3a; + 3a2 + 3a3 +--+: + 3ag + 3a9 
j=l 
20 
25. N° (-1)'bn and —bi + b2 + bg 


t= 1 


big + b20 
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15.1 SEQUENCES 


Example 1 


Any ordered list of numbers, such as the years of the Winter Olympics, 
1924, 1928, 1932, 1936, 1948, 1952, 1956,..., 1988, 1992, 1994, 1998, 2002, 2006 


is called a sequence, and the individual numbers are the terms of the sequence. This sequence tells 
us that the Winter Olympics started in 1924 and continues at four year intervals, except for 1940 and 
1944 during World War II and a shift in 1994.' A sequence can be a finite list, such as the sequence 
of past Winter Olympic years, or it can be an infinite list, such as the sequence of positive even 
integers 

2,4,6,8,.... 


(a) 0,1,4,9, 16, 25,...is the sequence of squares of non-negative integers. 

(b) 2,4, 8, 16, 32,...is the sequence of positive integer powers of 2. 

(c) 2,7,1,8,2,8,...is the sequence of digits in the decimal expansion of e, the base of the natural 
logarithm. 

(d) 0.06, 0.07, 0.11, 0.11, 0.14, 0.15 is the sequence of US wind energy production amounts, in 
trillions of Btu, for the first 6 years of the 21% century.” 


Notation for Sequences 


Example 2 


Solution 


We denote the terms of a sequence by 


Q1,42,43,...,4n,;--. 


so that a, is the first term, a9 is the second term, and so on. We use a,, to denote the n*" or general 


term of the sequence. If there is a pattern in the sequence, we may be able to find a formula for a. 


For the sequence 5, 10, 15, 20, 25,... 

(a) What is a3? ag? 

(b) If a; = 20 what is i? 

(c) Ifa; = 50 what is 7? 

(d) What is a possible general formula for the n*® term? 


(a) The third term is 15, so ag = 15. The sixth term requires that we continue the pattern of adding 
5 to the previous term, and we see that the sixth term is 30, so ag = 30. 

(b) The value 20 is the fourth term, so a4 = 20, which means 2 = 4. 

(c) The value 50 is not shown, but by continuing the pattern to the tenth term, we reach 50, so 
ai19 = 50, which means 7 = 10. 

(d) A possible general formula for the nb term is an, = 5n. The pattern is to add 5 to reach the 
next term. 


Oo) — ea 
QO) — Fo — 10 


' www.databaseolympics.com, accessed June 1, 2008. 


7 http://www.census.gov/compendia/statab/tables/08s0897.pdf, accessed June 1, 2008. 


a3 =5+5+5=3-5=15 


Qn = 5+5+---+5=7n-5=5n. 
_——— 


n times 


Example 3 Find the first three terms and the 20‘? term of each sequence. 


il 
(a) Gn =2n—5 (b) eas 


(Cc) & = (—1)"n? 


Solution (a) We see that the terms are 
th =A l= FS OS 22—HSShl, S23 —H=1, Gy —2-D—5 =]35, 
(b) Here, the terms are 
aa aacee cee 
(c) We see that 
ey = (—1)'1? = -1, eg = (—1)?2? = 4, c3 = (—1)73? = —9, coo = (—1)7°20? = 400. 
This sequence is called alternating because the terms alternate in sign. 


A sequence can be thought of as a function whose domain is the set of positive integers. Each 
term of the sequence is an output value for the function, so a, = f(n). 


Example4 _List the first 5 terms of the sequence a, = f(n), where f(x) = 3x? — 1. 
Solution In order to find a; and ag we evaluate f(1) and f(2): 


ci) 3)- — eandeea,, 2) i 


Similarly, ag = f(3) = 26, a4 = f(4) = 47, and as = f(5) = 74. 


Arithmetic Sequences 


The lease of a new car normally has a restriction on the number of miles you can drive each year. A 
restriction of 15,000 annual miles has end-of-year odometer restrictions that form a sequence, ap, 
whose terms are 


15,000, 30,000, 45,000, 60,000, 75,000, 


Each term of the sequence is obtained from the previous term by adding 15,000; that is, the dif- 
ference between successive terms is 15,000. A sequence in which the difference between pairs of 
successive terms is a fixed quantity is called an arithmetic sequence. 


Example5 


Solution 


Example 6 


Solution 


Example 7 


Solution 


Which of the following sequences are arithmetic? 
(@) Oo, 1,3, =7 (b) 2,4,8, 16, 32 
@) Aap Dspwyelar yw, ll sey (d) 10,5,0,5, 10 


(a) Each term is obtained from the previous term by subtracting 4. This sequence is arithmetic. 

(b) This sequence is not arithmetic because each term is twice the previous term. The differences 
are 2, 4, 8, 16. 

(c) This sequence is arithmetic because 3 is added to each term to obtain the next term. 

(d) This is not arithmetic. The difference between the second and first terms is —5, but the difference 
between the fifth and fourth terms is 5. 


We can write a formula for the general term of an arithmetic sequence. Look at the sequence 

2,6, 10,14, 18, ...in which the terms increase by 4, and observe that 

a, =2 

ag =6=241-4 

a3 = 10=2+42-4 

a4 = 14=243.-4. 
When we get to the n*® term, we have added (n — 1) copies of 4, so that a, = 2+ (n — 1)4. In 
general: 


For n > 1, the n*” term of an arithmetic sequence is 


An = a, + (n— 1)d, 


where a is the first term, and d is the difference between consecutive terms. 


For the arithmetic sequence 5,9, 13,..., find the 10°” term. 
Using the formula, a, = a, + (n — 1)d, where a, = 5d = 4 and n = 10, we have 


ayo = 5+ (10 —1)(4) =5 +36 = 41. 


A car dealer leases a slightly-used demo car with 5000 miles on the odometer and includes an annual 
mileage restriction of 15,000 miles per year. 


(a) Write a formula for odometer restriction at the end of the n*® year. 
(b) If the lease expires after six years what is the odometer restriction when the car is returned? 


(a) At the end of the first year the odometer restriction is the original 5000 miles plus the annual 
15,000 allowed miles, so a; = 5000 + 15,000 = 20,000. Each year the odometer reading 
increases by 15,000, so d = 15,000. Thus, a,, = 20,000 + (n — 1)15,000. 

(b) At the end of the sixth year the odometer restriction is the first year’s 20,000 mile restriction 
plus five more annual 15,000 restricted miles. 


ag = 20,000 + (6 — 1) - 15,000 = 95,000 miles. 


Example 8 


Solution 


Arithmetic Sequences and Linear Functions 


You may have noticed that the arithmetic sequence for the demo car’s odometer reading looks like 
a linear function. The formula for the n*® term, a, = 20,000 + (n — 1)15,000, can be simplified to 
dy, = 5000 + 15,000n. This is a linear function with slope m = 15,000 and initial value b = 5000. 
However, for a sequence we consider only positive integer inputs, whereas a linear function is 
defined for all values of n. We can think of an arithmetic sequence as a linear function whose 
domain has been restricted to the positive integers. Therefore the graph of an arithmetic sequence is 
a set of points that lie on a straight line. 


Plot the values of the sequence a,, = 5000 + 15,000n in Example 7, and the graph of the function 
of the function f(x) = 5000 + 15,000 on the same axes. 


See Figure 15.1. 


80000 
65000 
50000 
35000 
20000 

5000 


Figure 15.1 


Recursively Defined Sequences 


Example 9 


Solution 


A recursively defined sequence is one where each term is defined by an expression involving previ- 
ous terms. 


Find the first four terms of the sequence a, = a,_1 + 3, and the nt» term, when a, = 5. What sort 
of sequence is it? 
We know the first term a; = 5, and we use that to find the second term 

ag =a, +3=54+3=8. 


Now use az to find a3 
a3 = a2 +3=8+3=11. 


Finally, use a3 to find a4 
d4=a3+3=114+3=14. 


Since we add 3 each time to get the next term, the difference between terms is always 3, so this is 
an arithmetic sequence. We have ag = 5+3-1,a3 =5+3-2,a, =5+3- 3, and, in general, 


Om =5+3(n—1). 


Example10 Find the first four terms of the sequence a, = 3a,,_1, and the n*® term, when a; = 4. 
Solution We use the first term, a; = 4, to find the second term 
bin = Seq, = Bo 4 = 17), 


Now use az to find a3 

Op, = sin = So 1 = FO, 
Finally, use a3 to find a4 

On, = ti = 3430 = ls, 


Note that az = 3- 4, a3 = 3? - 4, and a4 = 3° - 4. In general, we have 


Op SHS ch aA SP, 


A well-known recursively defined sequence is the Fibonacci sequence F;,.> The sequence starts 
with fF; = Fy = 1 and each successive term is created by adding the previous two terms, so 
Fy, = Fy_-1 + Fn—2. Thus F3 = Fo + Fj 1+1 2, F4 F3 + Fo 24+1 3, Fs 
Fy + F3 =3+2=5, and so on. The first 10 terms of the sequence are 


1,1, 2,3, 5,8, 13, 21, 34, 55. 


The Fibonacci sequence satisfies many interesting algebraic identities. 


Example11 Confirm that the Fibonacci identity Fy, = F2,, — F2_, is true forn = 3 andn = 5. 
Solution For n = 3 we have 


_ 72 2 
LU ras I 


1 ier deg 
8=3?-1? 
8 =8. 


For n = 5 we have 


aes PB ie 
Lgl Fangs set) 


Fig = Fp -— F? 
5b = 8 = 3° 
Hs = i, 
Exercises and Problems for Section 15.1 
EXERCISES 
Wi Are the sequences in Exercises 1-4 arithmetic? 2. 4,-3,—-9,-14,... 
1. 3,8,13,18,... 3. 3,8,12,15,... 


4. 4,-3,—-10,—-17,... 
$http://en.wikipedia.org/wiki/Fibonacci, accessed July 20, 2008. 


MAre the sequences in Exercises 5-7 arithmetic? For those 
that are, give a formula for the n“” term. 


Ne ee ee ee a 
6. 8,12,16,20... 
: ee ee ee oe 


Win Exercises 8-11, find the 5°, 10'®, n*® term of the arith- 
metic sequences. 


8. 4,6,8,... 
9. 5,7.2,... 


PROBLEMS 


10. ay= 4.7, a3 = 3.3 
11. a3 = 2.7,a6 =9 


MiIn Exercises 12-15, write the first 5 terms of the sequence 


Gn = f(n). 
12. f(z) =2741 
13. f(t) =3t-1 


14. f(n) = leet 


15. f(a) =a? +a4+41 


16. For the sequence 2,5,8,11,14,... 


(a) What is a4? 

(b) If a; = 5, what is 2? 

(c) If an = Gn—1 +c, what is c? 

(d) What is a possible formula for a? 


17. You buy a car with 35,000 miles on it and each year 
you drive 7000 miles. 


(a) Write a formula for the mileage at the end of the 
mh year. 

(b) If the car becomes unusable after 140,000 miles, 
how many years does it last? 


WM Determine whether the graphs in Problems 18—21 represent 
an arithmetic sequence. If it is an arithmetic sequence, give 
the common difference, d, and find ag. 


18. 
nm 
19. 
nm 
20. an 
5 
e 
3 
e 
1. e 
nm 


21. an 


MiIn Problems 22-25, find the first four terms of the sequence 
and a formula for the general term. 


22. adn = Qn-1 +2301 =1 


23. Qn = Qn-1+45a1 = 2 
24. an = —Qn_13;01 = —1 
25. an = 2an_13;0€1 = 1 


26. The Fibonacci sequence starts with 1,1,2,3,5,..., 
and each term is the sum of the previous two terms, 
F, n = Fn-1+ F, n—2: 


(a) Find Fe, Fy, Fg and Fy. 
(b) Check the identity: Fon = Fr(Pn41+ Fn—1) for 
ee 


27. For a positive integer n, let a, be the fraction of the 
US population with income less than or equal to $n 
thousand dollars. 


(a) Which is larger, @25 or a50? Why? 

(b) What does the quantity a@59 — a25 represent in 
terms of US population? 

(c) Is there any value of n with a, = 0? Explain. 

(d) What happens to the value of ay as n increases? 


15.2 ARITHMETIC SERIES 


United States Municipal Waste Accumulation 


Example 1 


Solution 


Table 15.1 shows the amount of municipal waste generated each year in the US from 1990 to 2001, 
where a,, is the amount in millions of tons for year n, and n = 1 corresponds to 1990.* 


Table 15.1 Municipal Waste 1990 to 2001 


Year 
Year, starting 1990 
Waste (million tons) 
Year 
Waste (million tons) 


For each year, we can calculate the total amount of waste since the start of 1990. For example, 
at the end of 1992: 


Total amount of waste (1990-1992) = a, +a2+a3 = 269.0+ 293.6 + 280.7 = 843.3 million tons. 


In general, we write S;, to denote the sum of the first n terms of any sequence. In this example, 
1992 corresponds to n = 3, so we have S3 = 843.3 million tons. 


Find and interpret Sg. 


Since Sx is the sum of the first 8 terms of the sequence, we have 


Sg =a, +a2+a3+a4+a5 +ag+a7+ a8 
= 269.0 + 293.6 + 280.7 + 291.7 + 306.9 + 322.9 + 326.7 + 327.5 
= PANG). 


Here, Sx is the total waste in millions of tons from 1990 to 1997. 


Arithmetic Series 


Example 2 


The sum of the terms of a sequence is called a series. We write S;,, for the sum of the first n terms 
of the sequence, called the nth partial sum. We see that S,, is a function of n, the number of terms 
in the partial sum. In this section we see how to evaluate functions defined by sums. 


To force a company to comply to pollution standards, judges sometimes impose daily fines that 
increase. Suppose that a judge imposes a 3 million dollar fine on the first day and increases the fine 
each day by 2 million dollars until compliance is reached. Using sequence notation, and expressing 
the daily fine in millions, we write a; = 3, a2 = 5, a3 = 7, and so on. Find Sy4, the total fine in 4 
days, and S,,, the sum of the fines for n days. 


4http://www.ZeroWasteA merica.org/Statistics.htm, Accessed June 5, 2008. 


Solution 


The total fines in four days is 
Total fines = Sy = a, +a9 +a3+a4 =34+5+7+4+9 = 24 million dollars. 
For a longer period of 5 days, the total fine is given by 


Ss =a, +a2+a3+a4+a5 =3+5+74+9+411 = 35 million dollars. 


For a fine of n days, S,,, the total fine, is 


See ee 


Notice that each daily fine contains two more million dollars than the previous one. Thus, the 
daily fines, 
B50, 59, 415 18s 0555 


form an arithmetic sequence. This means that S,, is the sum of the terms of an arithmetic sequence. 
Such a sum is called an arithmetic series. We can recursively define the sequence of fines as follows: 


Fine on a day = Fine on previous day + 2, 


or 
Qn =QAn-1 +2, where a; = 3. 


The Municipal Waste series in Example | was not arithmetic and must be added term by term. The 
daily fine for pollution in Example 2 is an arithmetic series and while we could add it term by term, 
there is a formula to calculate the sum S’,. 


The Sum of an Arithmetic Series 


We now find a formula for the sum of an arithmetic series. A famous story concerning a series? 


is told about the great mathematician Carl Friedrich Gauss (1777-1855), who as a young boy was 
asked by his teacher to add the numbers from | to 100. He did so almost immediately: 


Sio99 = 1+2+3+---+100 = 5050. 


Of course, no one really knows how Gauss accomplished this, but he probably did not perform the 
calculation directly, by adding 100 terms. He might have noticed that the terms in the sum can be 
regrouped into pairs, as follows: 


Sioo =14+2+---+99+100 = (1+ 100) + (24+ 99) +---+ (504 51) 
—ooE=EeEaeaeNaeem=zPEEeeeeee’ 


50 pairs 
= 101 + 101 feeet 101 each pair adds to 101 
ee, ee” 
50 terms 
= 50-101 = 5050. 


5 As told by E.T. Bell in The Men of Mathematics, p. 221 (New York: Simon and Schuster, 1937), the series involved was 
arithmetic, but more complicated than this one. 


Example 3 


Solution 


The approach of pairing numbers works for the sum from | to n, no matter how large n is. 
Provided n is an even number, we can write 


Sy, =14+2+4+---4(n-l1l)4+n=(14n)+ (24 (n—-1))4+ (84 (n—-2)) 4 


tn pairs 
=(l+n)+(l4n)4+--., each pair adds tol + n 
ee 


1 . 
57 pairs 


so we have the formula: 


1 
Sy =1+2+---+n=5n(n +1). 


A similar derivation shows that this formula for S,, also holds for odd values of n. 
Check this formula for S,, with n = 100. 


Using the formula, we get the same answer, 5050, as before: 


1 
S1oo = 1+2+---+100= 5 - 100(100 + 1) = 50-101 = 5050. 


To find a formula for the sum of a general arithmetic series, we first assume that n is even and 
write 


Sn = 


| 
8 
+ 
& 
+ 
+ 
8 
3 


uk . 
57 pairs 


In general: 


The sum, S;,, of the first n terms of the arithmetic series with a,, = a, + (n — 1)dis 


1 1 
Sn-= gra + an) = gr(2ar +(n—1)d). 


The first of the two formulas for S,, = an(ay + Gy) is used when we know the first and last 
terms of the sequence being added. For example, to find 54, a four day pollution fine, we use a; = 3 


and a4 = 9 for a; and a4 with n = 4 to get the same answer as before: 
1 1 
S4= gra +n) = 5° A(a, + a4) = 2(3 + 9) = 24 million dollars. 


The second arithmetic series sum formula, S,, = $n(2ay + (n — 1)d), is useful when the last 
term is not immediately known. This formula requires that we know a, n and d. 


Example 4 Using the formula for S,,, calculate the total fine for polluting 7 days . 


Solution We know the first term is aj = 3, and we have n = 7 and d = 2. We get 


1 il 
= 5? (2a1 + (n — 1)d) = 5° 72°84 (7—1)-2) = F. (6412) = 63 million dottars 


Writing Arithmetic Series Using Sigma Notation 
In Chapter 14 we saw how to to represent sums using the Greek letter ©: 
baer =a, +42 + a3 +°:++Gn. 
i=l 


We can use sigma notation to represent arithmetic series. 


Example 5 Use sigma notation to write the sum of the first 17 positive even numbers, and evaluate the sum. 
Solution The positive even integers form an arithmetic sequence: 2, 4, 6, 8,... with a, = 2 and d = 2. The 
i*® even number is a; = 2 + (i — 1)2 = 21. 


ily 17 
Sum of the first 17 even numbers = Me = SS 2i. 
7— li 


4=1 


Using the formula for the sum of an arithmetic series, with n = 17, a; = 2, and d = 2, we get 


1 1 
Sum = 57 (2a1 + (n—1)d) = 5-17 (2-2 + (17 ~ 1) - 2) = 306. 


Example 6 Use sigma notation to write the accumulated pollution fine from Example 2 over a period of n days, 
and evaluate the sum over a period of 5 days. 


Solution The fines form an arithmetic sequence: 3, 5, 7, 9, ... with aj = 3 and d = 2. The i*” fine is 
a,=a,+(@-l1l)d=34+(—-1)2=2+1. 


Sum of the first n fines = ve n= ie +1). 
i=1 


a 


We evaluate the sum using a formula where n = 5, a, = 3, and d = 2: 


1 il 
Sum = 5” (2a, + (n— 1)d) = ae 5 (2-3+ (5 — 1)- 2) = 35 million dollars. 


As illustrated in Example 6, it is sometimes necessary to enclose terms in parentheses to avoid 
ambiguity. Compare 
5 
So (2% +1)=3+5+7+9+411 = 35 million dollars 


i=l 


with 


5 5 
So %+1= (2) +1=(2+4+4+6+484+4 10) +1 = 31 million dollars. 


i=1 i=l 


Exercises and Problems for Section 15.2 


EXERCISES 
1. Find the sum of the first 500 integers: 1+2+3-+---+ 7. 2.34264+2.9+---4+5 
500. 
. ; 8. —102 — 92 — 82 —72 —62—.---—12-2 
MiIn Exercises 2-4, complete the tables with the terms of the 
arithmetic series ai, @2,..., @n, and the sequence of partial 
sums, 51, S2,..., Sn. State the values of a; and d where 9. 22.5 + 20.5 + 18.5 + +--+ 2.5 40.5 


an = a1 + (n—1)d. 


10. —4.01 — 4.02 — 4.03 —.--— 4.35 


15 
11. se (3 + 3") 
n=0 


2. The table for the sequence 3, 8, 13,18, ... is 


10 
3. The table for the terms of the series 2,6, 10,..., is 12. SO — 4n) 
n=1 


Miln Exercises 13-16, write the sum using sigma notation. 


13. 4+84+12+4 16+ 20+ 24 


14. 7+ 104+ 13+ 16+19 +4 22 


1s. 34+34+34+6+2 


16. 40+ 35 + 30+ 25+ 204+ 154+ 10+5 
MEvaluate the sums in Problems 5-12 using the formula for 


the sum of an arithmetic series. 17. (a) Use sigma notation to write the sum 2 + 4+ 6+ 
15 30 +++ +18. 
5. x 37 6. S Qi +10) (b) Use the arithmetic series sum formula to find the 
i=1 i=l sum in part (a). 
PROBLEMS 
18. Table 15.2 shows data of AIDS deaths® that occurred Table 15.2 


in the US where a», is the number of deaths in year n, 


and n = 1 corresponds to 2001. 2006 
pi {| 2 f 3 [4 [is | «6 
(a) Find the partial sums $3, S4, $5, S6. 14,016 


(b) Find Ss — Su, Se — Ss. 
(c) Use your answer to part (b) to explain the value of 
Sn+1 — Sn for any positive integer n. 


Shttp://www.cdc.gov/hiv/resources/factsheets/print/us.htm, accessed August 10, 2008. 


19. Table 15.3 shows US Census figures, in millions. In- 
terpret these figures as partial sums, S;,, of a sequence, 
Qn, Where n is the number of decades since 1940, so 
Si; = 150.7, S2 = 179.3, S3 = 203.3, and so on. 


Table 15.3 


Year 


Population 


Find and interpret the following in terms of popu- 
lations: 


(a) 55,56 (b) as, a6 (c) as/10 
20. Find the 30 positive multiple of 6 and the sum of the 
first 30 positive multiples of 6. 


Win Problems 21-24, for each of the four series (a)-(d), iden- 
tify which have the same number of terms and which have 
the same value. 


5 


4 
a1. (a) So? (b) S041) 
j=0O 


t=1 
(c) 54+4+...+0 (d) 5°4+474+...417 
20 16 
22. (a) Soi (b) S—(-3) 
(c) 6-102... 246@ 48 +50-452454 
20 20 
23. (a) 5-3 (b) 5 _(3/) 
i=1 j=l 


(c) 04+3+4+6...+60 (d) 60+57+54+---+6+3 


15.3 GEOMETRIC SEQUENCES AND SERIES 


Geometric Sequences 


24. 


25. 


27. 


28. 


10 10 
(a) S > 2% (b) 5°23 
i=1 j=0 
(c) 24+4+6+...+20(d) 204+18+...+2 


The Fibonacci sequence starts with 1,1,2,3,5,..., 
and each term is the sum of the previous two terms, 
Fy = Fn-1+F,~2. Write the formula for F;, in sigma 
notation. 


. Two brothers are dividing M&Ms between themselves. 


The older one gives one to his younger brother and 
takes one for himself. He gives another to his younger 
brother and takes two for himself. He gives a third one 
to younger brother and takes three for himself, and so 
on. 


(a) On the n> round, how many M&Ms does the 
older boy give his younger brother? How many 
does he take himself? 

(b) After m rounds, how many M&Ms does his brother 
have? How many does the older boy have? 


An auditorium has 20 seats in the first row, 24 seats in 
the second row, 28 seats in the third row, and so on. 
If there are fifteen rows in the auditorium, how many 
seats are there in the last row? How many seats are 
there in the auditorium? 


The Temple of Heaven in Beijing is a circular structure 
with three concentric tiers. At the center of the top tier 
is around flagstone. A series of concentric circles made 
of flagstone surrounds this center stone. The first circle 
has nine stones, and each circle after that has nine more 
stones than the last one. If there are nine concentric cir- 
cles on each of the temple’s three tiers, then how many 
stones are there in total (including the center stone)? 


Suppose you are offered a job at a salary of $40,000 for the first year with a 4% pay raise every year. 
Under this plan, your annual salaries form a sequence with terms 


a; = 40,000 


a = 40,000(1.04) = 41,600 
a3 = 41,600(1.04) = 40,000(1.04)? = 43,264 
a4 = 43,264(1.04) = 40,000(1.04)* = 44,994.56, 


and so on, where each term is obtained from the previous one by multiplying by 1.04. A sequence 
in which each term is a constant multiple of the preceding term is called a geometric sequence. Ina 
geometric sequence, the ratio of successive terms is constant. 


Example 1 


Solution 


Example 2 


Solution 


Example 3 


Which of the following sequences are geometric? 


(a) 10,100, 1000, 10,000,... (b) 10,110,210, 310, 410,... 
(c) 100,50, 25, 12.5,... (d) 5,25, 125, 625,... 


(a) This sequence is geometric. Each term is 10 times the previous term. Note that the ratio of any 
term to its predecessor is 10. For example, 1000/100 = 10. 

(b) This sequence is not geometric. The difference between consecutive terms is 100. It is arith- 
metic. Notice the ratio between consecutive terms is not constant. For example, 110/10 = 11 
and 210/110 = 1.909 ¥ 11. 

(c) This sequence is geometric. Each term is 1/2 the previous one, so the ratio of successive terms 
is always 1/2: 

ag 50 1 a3 D5) 1 
rr 
@ IQ 2 ag 50 2 

(d) This sequence is geometric. Each term is 5 times the previous term. Note that the ratio of 

successive terms is 5. 


As with arithmetic sequences, there is a formula for the general term of a geometric sequence. 
Consider the sequence 30, 300, 3000, 30,000, .. .in which each term is 10 times the previous term. 
We have 

ay = 30 

az = 300 = 30(10) 

az = 3000 = 30(10)? 

a4 = 30,000 = 30(10)?. 
When we get to the n*® term, we have multiplied 30 by (n — 1) factors of 10, so that a, = 
30(10)"~1. In general, 


For n > 1, the n* term of a geometric sequence is 


Gn, = ar", 


where a is the first term, and r is the ratio of successive terms. 


For the geometric sequence 6, 18, 54,162, 486, .. ., identify a; and r, then write the n*» term of the 
sequence. 


The first term is 6, so a; = 6, the ratio of terms is 3, so r = 3 and we write 


G7 —16(3) 5". 


(a) Write a formula for the general term of the salary sequence which starts at $40,000 and increases 
by 4% each year. 
(b) What is your salary after 10 years on the job? 


Solution (a) Your starting salary is $40,000, so a; = 40,000. Each year your salary increases by 4%, so 
P= ,04) Thus, —=40,000( 104) =*. 
(b) After 10 years on the job, you are at the start of your 11'® year, so n = 11. Your salary is 


a1, = 40,000(1.04)!!~! ~ 59,210 dollars. 


Geometric Sequences and Exponential Functions 


The formula for the salary sequence, a, = 40,000(1.04)"~*, looks like a formula for an exponential 
function, f(t) = ab’. A geometric sequence is an exponential function whose domain is restricted to 
the positive integers. For many applications, this restricted domain is more realistic than an interval 
of real numbers. For example, salaries are usually increased once a year, rather than continuously. 


Geometric Series 


In the previous section, we studied arithmetic series, obtained by summing the terms in an arithmetic 
sequence. In this section, we study geometric series, obtained by adding the terms of a geometric 
sequence. 


Bank Balance 


A person saving for retirement deposits $5000 every year in an IRA (Individual Retirement Ac- 
count) that pays 6% interest per year, compounded annually. After the first deposit (but before any 
interest has been earned), the balance in the account in dollars is 


By, = 5000. 


After 1 year has passed, the first deposit has earned interest, so the balance becomes 5000(1.06) 
dollars. Then the second deposit is made and the balance becomes 


By = 2 deposit + 1“ deposit with interest 
a 


5000 5000(1.06) 
= 5000 + 5000(1.06) dollars. 


After 2 years have passed, the third deposit is made, and the balance is 
B3 = 3" deposit + 2™ dep. with 1 year interest + 1‘' deposit with 2 years interest 
eS _@ ee OS 


5000 5000(1.06) 5000(1.06)? 
= 5000 + 5000(1.06) + 5000(1.06)?. 


Let B,, be the balance in dollars after n deposits. Then we see that 


After 4 deposits By = 5000 + 5000(1.06) + 5000(1.06)? + 5000(1.06)? 
After 5 deposits Bs = 5000 + 5000(1.06) + 5000(1.06)? + 5000(1.06)* + 5000(1.06)4 


After n deposits By, = 5000 + 5000(1.06) + 5000(1.06)? + --- + 5000(1.06)"—!. 


Example 4 


Solution 


How much money is in this IRA at the start of year 6, right after a deposit is made? How much 
money is in this IRA at the start of year 26, right after a deposit is made? 


At the beginning of year 6, we have made 6 deposits. We have 


Bg = 5000 + 5000(1.06) + 5000(1.06)? + --- + 5000(1.06)° 
= $34,876.59. 


At the beginning of year 26, we have made 26 deposits. Even using a calculator, it would be tedious 
to evaluate Bog by adding 26 terms. Fortunately, there is an algebraic shortcut. Start with the formula 
for By: 

Bog = 5000 + 5000(1.06) + 5000(1.06)? + --- + 5000(1.06)?°. 


Multiply both sides of this equation by 1.06 and then add 5000, giving 

1.06 Bog + 5000 = 1.06 (5000 + 5000(1.06) + 5000(1.06)? + --- + 5000(1.06)°) + 5000. 
We simplify the right-hand side to get 

1.06. Bog + 5000 = 5000(1.06) + 5000(1.06)? + - -- + 5000(1.06)?° + 5000(1.06)?° + 5000. 


Notice that the right-hand side of this equation and the formula for Bog have almost every term in 
common. We can rewrite this equation as 


1.06 Bog + 5000 = 5000 + 5000(1.06) + 5000(1.06)? + -- - + 5000(1.06)?° +5000(1.06)° 
N= 


Br 
= Bog + 5000(1.06)”°. 


Solving for By¢ gives 


1.06 Bog — Bag = 5000(1.06)?° — 5000 
0.06. Bz¢ = 5000(1.06)° — 5000 
5000(1.06)?® — 5000 


B — 
25 0.06 


Using a calculator to evaluate this expression for Bag, we find that Bog = 295,781.91 dollars. 


Formula for a Geometric Series 


We see that the formula for the IRA balance after 25 years, or 26 deposits, is an example of a 
geometric series with a; = 5000 andr = 1.06, 

25 

Bog = Y > 5000(1.06)* = 5000 + 5000(1.06) + 5000(1.06)? + --- + 5000(1.06)”°, 

i=0 
In general, a geometric series is the sum of the terms of a geometric sequence—that is, in which 
each term is a constant multiple of the preceding term. Each term contains a1, and for convenience, 
we drop the subscript notation and use a in place of a1. 


Example5 


Solution 


A geometric series is a sum of the form 


0 


Notice that S,, is defined to contain exactly n terms. Since the first term is a = ar”, we stop at 
ar”—1, For instance, the series 
25 
© 5000(1.06)' = 5000 + 5000(1.06) + 5000(1.06)? + --- + 5000(1.06)”° 
i=0 


contains 26 terms, so n = 26. For this series, r = 1.06 and a = 5000. 


Given the geometric series, 


2000 + 2000(1.03) + 2000(1.03)? + --- + 2000(1.03)29 


n-1 
find a, r, and n and ae ar’. 
i=0 
The first term is 2000 so ay = 2000, the ratio is r = 1.03, and n = 30. We can write 


29 
2000 + 2000(1.03) + 2000(1.03)? +--+ + 2000(1.03)?° = S* 2000(1.03)’. 
i=0 


The Sum of a Geometric Series 


Suppose we have a geometric series such as Example 4: can we find a shortcut formula to alge- 
braically find the sum? We use the algebraic technique from Example 4. Let S;, be the sum of a 
geometric series of n terms, so that 


Sy, =a+oar+ar? ++--+ar"". 
Multiply both sides of this equation by r and add a, giving 


TS, t+a=r(atar+ar?+---+ar"") +a 


= (ar Lar? +ar® 4 far"! + ar") +a. 


The right-hand side can be rewritten as 


rS, ta=atartar? +---+ar"! +ar” 
a 
Sn 
= S, + ar”. 


Solving the equation rS,, + a = S;,, + ar” for S;, gives 


TS, — Sn = ar” —a 


Sn(r —1) =ar"™—a factoring out 5, 
_ ar™—a 
- r—1 
a(r” — 1) 
pad 


By multiplying the numerator and denominator by —1, this formula can be rewritten as follows: 


The sum of a geometric series of n terms is given by 


a(1 — 


Sn =atar+ar?+s:s+ar" 7 = 


Example 6 In Example 4 we found Bg = 34,876.59 and Bog = 295,781.91. Use the general formula for the 
sum of a geometric series to solve for Bg and Bog. 


Solution We need to find Bg and Bag where 
B,, = 5000 + 5000(1.06) + 5000(1.06)? ferret 5000(1.06)"~*. 
Using the formula for S,, with a = 5000 and r = 1.06, we get the same answers as before: 


— 5000(1 — (1.06)°) 


Be = = ol ; 
6 11.06 34,876.59, 
_ 5000(1 — (1.06)?6) = 
= T_106.. 295,781.91. 
Exercises and Problems for Section 15.3 
EXERCISES 
Are the sequences in Exercises 1-6 geometric? For those 9. ay = 3, a3 = 27 10. az = 6, a4 = 96 


that are, give a formula for the n"? term. 


1. 8,4, 2,1, s i ao 2. 4,20, 100, 500, ... MiIn Exercises 11-14, is the series geometric? If so, give the 
a number of terms and the ratio between successive terms. If 
Se 13.33 gp: 4. —2,4,—8,16,... not, explain why not. 
ee al wil 1 
‘ 2:0. : ok 1. 24+14+54+-4+ 54 aa 
5. 2, “ 0 a 0 a a+ ats 18 
6. 1 , oe Si i a ee 1 
1.5’ (1.5)2’ (1.5)3 ea ge ae + 356 
; i a 1 1 1 1 1 
MiIn Exercises 7-10, find the 6°" and n** terms of the geomet- 13. 14 a+5 ats sp ee ae 50 
ergo 14. 5— 10+ 20— 40+ 80 —--- — 2560 


7 13.652, 8. 9,6.75,... 


WiFind the sum of the series in Exercises 15-19. 


15. 


16. 
17. 


18. 


5 5. 5 5 
Stat ortoa tt a0 

34154754375 +---+3(59) 
1/81 4+.1/27+1/9+---+ 243 


5752") 19. S72 (2) 
n=1 k=0 


PROBLEMS 


Hi How many terms are there in the series in Exercises 20-21? 
Find the sum. 


20. 


18 
> 3-2) 
j=6 


20 
21. 5 “(-1)*4(0.8)* 


22. 


23. 


24. 


In 2007, US natural gas consumption was 652.9 billion 
cubic meters. Asian consumption was 447.8 billion cu- 
bic meters.’ During the previous decade, US consump- 
tion increased by only 0.14% a year, while Asian con- 
sumption grew by 5.93% a year. Assume these rates 
continue into the future. 


(a) Give the first four terms of the sequence, a,,, giv- 
ing US consumption of natural gas n years after 
2006. 

(b) Give the first four terms of a similar sequence b,, 
showing Asian gas consumption. 

(c) According to this model, when will Asian yearly 
gas consumption exceed US consumption? 


Some people believe they can make money from a 
chain letter (they are usually disappointed). A chain let- 
ter works roughly like this: A letter arrives with a list 
of five names attached and instructions to mail a copy 
to five friends and to send $1 to the top name on the 
list. When you mail the five letters, you remove the top 
name (to whom the money was sent) and add your own 
name to the bottom of the list. 


(a) If no one breaks the chain, how much money do 
you receive? 

(b) Assuming no one broke the chain, how many total 
letters were written with your name on them? 


Before email made it easy to contact many people 


15.4 APPLICATIONS OF SERIES 


25. 


quickly, groups used telephone trees to pass news to 
their members. In one group, each person is in charge 
of calling 3 people. One person starts the tree by call- 
ing 3 people. At the second stage, each of these 3 peo- 
ple calls 3 new people. In the third stage, each of the 
people in stage two calls 3 new people, and so on. 


(a) How many people have the news by the end of the 
5° stage? 

(b) Write a formula for the total number of members 
in a tree of 10 stages. 

(c) How many stages are required to cover a group 
with 1000 members? 


A ball is dropped from a height of 20 feet and bounces. 
Each bounce is 3/4 of the height of the bounce before. 
Thus after the ball hits the floor for the first time, the 
ball rises to a height of 20(3/4) = 15 feet, and after it 
hits the floor for the second time, it rises to a height of 
15(3/4) = 20(3/4)? = 11.25 feet. 


(a) Find an expression for the height to which the ball 
rises after it hits the floor for the n“” time. 

(b) Find an expression for the total vertical distance 
the ball has traveled when it hits the floor for the 
first, second, third, and fourth times. 

(c) Find an expression for the total vertical distance 
the ball has traveled when it hits the floor for the 
n‘” time. Express your answer in closed form. 


There are many applications of series, in particular when a sequence of data values needs to be 


added to get a total or partial total. 


Falling Objects 


Example 1 


If air resistance is neglected, a falling object travels 16 ft during the first second after its release, 48 


ft during the next, 80 ft during the next, and so on. These distances form the arithmetic sequence 
16, 48, 80, .... In this sequence, a; = 16 and d = 32. 


7www.bp.com, Statistical Review of World Energy 2005, accessed July 17, 2008. 


(a) Find a formula for the n*" term in the sequence of distances. Calculate the fourth and fifth terms. 
(b) Calculate S;, S2, and Ss, the total distance an object falls in 1, 2, and 3 seconds, respectively. 
(c) Give a formula for S,,, the distance fallen in n seconds. 


Solution (a) The n* term is a, = a, + (n — 1)d = 16 + 32(n — 1) = 32n — 16. Thus, the fourth term is 
a4 = 32-4 —16 = 112. The value of as = 32-5 — 16 = 144. 
(b) Since a; = 16 andd = 32, 


S; = a; = 16 feet 
So = a, + a2 = a1 + (a, +d) = 16 + 48 = 64 feet 
S3 =a, +a2+a3 = 164+ 48+ 80 = 144 feet. 


1 
(c) The formula for S;, is S, = 5” (2a; + (n — 1)d). Since a, = 16 and d = 32, 


1 1 
Sn = 5n(2-16 + (n — 1)32) = 5n(32 + 32n — 32) 
1 
= g7(32n) =16n7. 


We can check our answer to part (b) using this formula: 


S,=16-17=16, S,=16-27=64, S3;=16-3? =144. 


Compound Interest with Payments 


Example 2 A bank account in which interest is earned at 3% per year, compounded annually, starts with a 
balance of $50,000. Payments of $1000 are made out of the account once a year for ten years, 
starting today. Interest is earned right before each payment is made. What is the balance in the 
account right after the tenth payment is made? 


Solution Let B,, be the balance in the account right after the n*® payment is made. Then 


B, = 50,000 — 1000 = 49,000 
Bz = B,(1.03) — 1000 = 49,000(1.03) — 1000 

Bz = Bo(1.03) — 1000 = 49,000(1.03)? — 1000(1.03) — 1000 

Bz = Bz (1.03) — 1000 = 49,000(1.03)* — 1000((1.03)? + 1.03 + 1) 
Bs = 49,000(1.03)* — 1000((1.03)° + (1.03)? + 1.03 + 1) 


Byo = 49,000(1.03)° — 1000((1.03)® + (1.03)’ + --- +1). 


Excluding the first term, we can use the formula for the sum of a finite geometric series, where 


a = —1000, r = 1.03 and n = 9, so we have 


1000(1 — (1.03)9) 


Bio = 49,000(1.03)? — ane 


= 53,774.78 dollars. 


Drug Levels in the Body 


Example 3 


Solution 


Geometric series arise naturally in many different contexts. The following example illustrates a 
geometric series with decreasing terms. 


A patient is given a 250 mg injection of a therapeutic drug. Each day, the patient’s body metabolizes 
20% of the drug present, so that after 1 day 80%, or 4/5, of the original amount remains, after 2 
days only 16/25 remains, and so on. The patient is given a 250 mg injection of the drug every day 
at the same time. Write a geometric series that gives the drug level in this patient’s body right after 
the n*” injection. 


Immediately after the 1*' injection, the drug level in the body is given by 
Q1 = 250. 


One day later, the original 250 mg has fallen to 250 - ~ = 200 mg and the second 250 mg injection 
is given. Right after the second injection, the drug level is given by 


Qz2 = 2™ injection + Residue of 1“ injection 
ee 
250 $-250 


4 
= 250 + 250 (=) = 450. 


Two days later, the original 250 OS has fallen to (250 - 4). 2 = 250(2)? = 160 mg, the second 250 
mg injection has fallen to 250 - = = 200 mg, and the ie 250 mg injection is given. Right after the 
third injection, the drug level is een by 


Q3 = 3" injection + Residue of 2™ injection + Residue of 1° injection 
ee 


250 250- + 250- 


oe 
ole 


Continuing, we see that 


2 3 
After 4" injection Q4 = 250 + 250 (=) +2 “( + 250 (=) 
(=) + 4 


After 5" injection Qs = 250+ 250 


After n™ injection Q, = 250+ 250 


This is another example of a geometric series. Here, a = 250 and r = 4/5 in the geometric series 
formula 


ath amp doa hoes ce ay, 


To calculate the drug level for a specific value of n, we use the formula for the sum of a 
geometric series. 


Example 4 What quantity of the drug remains in the patient’s body of Example 3 after the 10" injection? 


Solution After the 10" injection, the drug level in the patient’s body is given by 


4 A AY 
Qio = 250 + 250 = + 250 a +-+»+ 250 =) 


Using the formula for S,, with n = 10, a = 250, and r = 4/5, we get 

ae 

gato ae) —sbltbags2imye 
ees 


By continuing for another 10 days the level of remaining drug does not increase dramatically 
and in the long run reaches a plateau near 1250 mg. 

Suppose the patient from Example 4 receives injections over a long period of time. Can we find 
this long-run drug level in the patient’s body? One way to think about the patient’s drug level over 
time is to consider an infinite geometric series. After n injections, the drug level is given by the 
sum of the finite geometric series 

4 Ay? 4\""*  250(1 — (4)" 
Qn = 250+ 250 | =} +250[ =] +---+250/ = = ( G5)" 
5 5 5 l= 

What happens to the value of this sum as the number of terms approaches infinity? It does not 
seem possible to add up an infinite number of terms. However, we can look at the partial sums, Qn, 
to see what happens for large values of n. For large values of n, we see that (4/5)” is very small, so 
that 
_ 250(1 — Small number) — 250 (1 — Small number) 
—_— ry as (2 ———————— 

L=—= 1/5 
We write — to mean “approaches.” Thus, as 2 — oo, we know that (4/5)” — 0, so 


250(1—0) 250 
ee ee ete 
Qn > Tg 1/5 a 


Qn 


The Sum of an Infinite Geometric Series 
2 


Consider the geometric series S,, = at+ar+ar?+---+ar”~!. In general, if |r| <1, thenr™ + 0 
as m1. — 00, SO 


— nm — 
a(1 rm) ad 0) _ a 
1l-r l-r 1l-r 
Thus, if |r| < 1, the partial sums S,, approach a finite value, S', as n — oo. In this case, we say that 
the series converges to S. 


Sn = 


asn — ©. 


Example 5 


Solution 


For |r| < 1, the sum of the infinite geometric series is given by 


S=a+ar+ar’ 


On the other hand, if |r| > 1, the above formula does not apply and we say that the series does 
not converge. For example, with |r| > 1, the terms get larger and larger as n — oo, so adding 
infinitely many of them does not give a finite sum. If r = 1 then S, = a-n, or ifr = —1 the partial 
sums alternate between a and 0, thus neither case converges. 


Suppose you decide to cut back on your chocolate chip cookie consumption and every day you vow 
to eat half as much as the day before. If you eat 2 cookies on the first day, how many whole cookies 
do you need so you can follow this diet for the rest of your life? 


Assume that the sum is infinite, since we do not now the exact number of days. We have the series: 


= 
2 


SHB + ie 


Using the formula for S with a = 2, and r = 1/2, we get 


S= 7 = 4 cookies. 
t> 3 
Exercises and Problems for Section 15.4 
EXERCISES 
Min Exercises 1-5, write each of the repeating decimals 1. 0.235235235... 


as a fraction using the following technique. To express 


0.232323... as a fraction, write it as a geometric series 


2. 6.19191919... 


0.232323... = 0.23 + 0.23(0.01) + 0.23(0.01)? ae ee 

with a = 0.23 and r = 0.01. Use the formula for the sum py nekeeae os! 

of an infinite geometric series to find 4. 0.4788888 ... 

g= 0.23 0.23 23 
_ 1—0.01 ~~ 0.99 ~~ 99° 5. 0.7638383838 ... 

PROBLEMS 
WProblems 6-9 refer to the falling object of Example | on 7. (a) Find the total distance that an object falls in 7, 8, 9 

page 457, where we found that the total distance, in feet, seconds. 

that an object falls in n seconds is given by S;, = 16n?. (b) If the object falls from 1000 feet at time t = 0. 

Calculate its height att = 7,t = 8, t = 9 sec- 
6. (a) Find the total distance that an object falls in 4, 5, 6 onds. 
seconds. (c) Does part (b) make sense physically? 


(b) If the object falls from 1000 feet at time t = 0. 
Calculate its height att = 4,¢ = 5, t = 6 sec- 


onds. 


10. 


11. 


12. 


The formula for S;, is defined for positive integers but 
also can be written as a function f(n), where n > 0. 
Find and interpret f(3.5) and f(7.9). 


Using the function f(n) from Problem 8, determine the 
following 


(a) If the object falls from 1000 feet, how long does it 
take to hit the ground? 

(b) If the object falls from twice the height, 2000 feet, 
how long does it take to hit the ground? 

(c) Is the falling time twice as long? 


You have an ear infection and are told to take a 250 mg 
tablet of ampicillin (a common antibiotic) four times a 
day (every six hours). It is known that at the end of six 
hours, about 1.6% of the drug is still in the body.*® Let 
Q,, be the quantity, in milligrams, of ampicillin in the 
body right after the n*” tablet. Find Qs and Qao. 


In Problem 10 we found the quantity Q,, the amount 
(in mg) of ampicillin left in the body right after the n*” 
tablet is taken. 


(a) Make a similar calculation for P,, the quantity of 
ampicillin (in mg) in the body right before the n™ 
tablet is taken. 

(b) Find a simplified formula for P,,. 

(c) What happens to P, in the long run? Is this the 
same as what happens to Q,,? Explain in practical 
terms why your answer makes sense. 


The graph in Figure 15.2 shows quantity over time for 
250 mg of ampicillin taken every 6 hours, starting at 
time t = 0. 


(a) Label the graph values of Qo, Qi, Qa,.. 
Problem 10. 

(b) Label the values of Pi, Po, Ps,.. 
Problem 11. 

(c) Label the t-axis values at medication times. 


. from 


. calculated in 


q, quantity (mg) 


Figure 15.2 


Shttp://en.wikipedia.org/wiki/ampicillin. 


t, time (hours) 


13. 


Figure 15.3 shows the quantity of the drug atenolol in 
the body as a function of time, with the first dose at 
time t = 0. Atenolol is taken in 50 mg doses once a 
day to lower blood pressure. 


(a) If the half-life of atenolol in the body is 6 hours, 
what percentage of the atenolol” present at the start 
of a 24-hour period is still there at the end? 

(b) Find expressions for the quantities Qo, Qi, Qe, 
Q3,..., and @,, shown in Figure 15.3. Write the 
expression for Qn. 

(c) Find expressions for the quantities P;, P2, P3,..., 
and P,, shown in Figure 15.3. Write the expression 
for Py. 


q (quantity, mg) 


14. 


15. 


16. 


P,-->~_P)--> 
1 2 3 4 


Figure 15.3 


A bank account with a $75,000 initial deposit is used to 
make annual payments of $1000, starting one year af- 
ter the initial $75,000 deposit. Interest is earned at 3% 
a year, compounded annually, and paid into the account 
right before the payment is made. 


(a) What is the balance in the account right after the 
24" payment? 

(b) Answer the same question for yearly payments of 
$3000. 


A deposit of $1000 is made once a year, starting today, 
into a bank account earning 4% interest per year, com- 
pounded annually. If 20 deposits are made, what is the 
balance in the account on the day of the last deposit? 


What effect does doubling each of the following quan- 
tities (leaving other quantities the same) have on the 
answer to Problem 15? Is the answer doubled, more 
than doubled, or less than doubled? 


(a) The deposit. 
(b) The interest rate. 
(c) The number of deposits made. 


°http://www.answers.com/topic/atenolol, accessed August 20, 2008. 


t (time, days) 


REVIEW EXERCISES AND PROBLEMS FOR CHAPTER 15 


EXERCISES 


Are the sequences in Exercises 1-4 geometric? 


1. 3,6,12,18,... 

2. 5,15, 45, 135,... 

3. 4,0.4, 0.04, 0.004, ... 
a ee a eee ae 


Are the series in Exercises 5-8 arithmetic? 


5. 14+3+44+64+7+8+-:-: 
6 1 a 8 4 15 + 22 4 
aan iG 7 
7.34+6+4+12+4+24+4+.--- 
8. —10-8-—6-—-4-—2-0 
MiIn Exercises 9-10, complete the tables with the terms of the 

arithmetic series a1, G2, ..., Gn, and the sequence of partial 
sums, $1, S2,..., Sn. State the values of a, and d where 
dn =ai1+(n—1)d. 

9. 


a 


10. 


PROBLEMS 


21. A store clerk has 117 cans to stack. He can fit 25 cans 
on the bottom row and can stack the cans 9 rows high. 
Assuming the number of cans in each row form an 
arithmetic sequence, by how much should he decrease 
each row as he goes up? 


22. A university with an enrollment of 8000 students in 
2009 is projected to grow by 3% in each of the next 
three years and by 2% each of the following seven 
years. Find the sequence of the university’s projected 
student enrollment for the next 10 years. 


23. Each person in a group of 25 shakes hands with each 
other person exactly once. How many total handshakes 
take place? 


24. Worldwide consumption of oil was about 85 billion 


MiIn Exercises 11-15, write the sum using sigma notation. 


11. 1+3+9+ 27+ 81+ 243 


12. 4— 16+ 64 — 256 + 1024 


13. 34+ 15+ 75 + 375 + 1875 + 9375 + 46875 


14. 128 — 64+ 32 


164+8—-4+2-1 


15. 1000 + 900 + 800 + 700 + ---+0 


5 


16. (a) Evaluate Son — A) by writing it out. 


n=1 
(b) Check the sum in part (a) using the formula for the 
sum of an arithmetic series. 


17. Find the sum of the first ten terms of the arithmetic se- 
ries: 8+ 11+ 14-+---. What is the tenth term? 


18. Find the sum of the first nine terms of the arithmetic 
series:}6+ 114+ 16+---. 


MiIn Exercises 19-20, give the first term and common ratio 


of the geometric series, write it in summation notation, and 
find the sum. 


19. 14+ 3a + (3x)? + (32)? +--+ + (8x) 


20. y—yt +y8—---+y"4 


barrels in 2007.'° Assume that consumption continues 
to increase at 1.2% per year, the rate for the previous 
decade. 


(a) Write a sum representing the total oil consumption 
for 10 years, starting with 2007. 
(b) Evaluate this sum. 


25. You inherit $100,000 and put the money in a bank ac- 
count earning 4% per year, compounded annually. You 
withdraw $3000 from the account each year, right af- 
ter the interest is earned. Your first $3000 is withdrawn 
before any interest is earned. 


(a) Compare the balance in the account right after the 
first withdrawal and right after the second with- 
drawal. Which do you expect to be higher? 


!0~ww.bp.com/downloads, Statistical Review of World Energy 2007, accessed July 15, 2008. 


26. 


27. 


28. 


(b) Calculate the balance in the account right after the 
20° withdrawal is made. 

(c) What is the largest yearly withdrawal you can take 
from this account without the balance decreasing 
over time? 


After breaking her leg skiing, a patient retrains her 
muscles by going for walks. The first day, she man- 
ages to walk 300 yards. Each day after that she walks 
100 yards farther than the day before. 


(a) Write a sequence that represents the distances 
walked each day during the first week. 
(b) How long until she is walking at least one mile? 


Suppose $100 is deposited in a bank. The bank lends 
80% to a customer who deposits it in another bank. 
Then 80% of $80, or $0.08(80) = $64, is loaned out 
again and eventually redeposited. Of the $64, the bank 
again loans out 80%, and so on. 


(a) Each deposit is a term of a geometric sequence. 
Starting with a; = 100 write a general formula 
for each deposit. 

(b) Find the last term that is more than a penny. 

(c) Find the total amount of money deposited in a 
bank, rounded to the nearest dollar. 

(d) The total amount of money deposited divided by 
the original deposit is called the credit multiplier. 
Calculate the credit multiplier for this example and 
explain what this number tells us. 


Two graduates are about to enter the workforce and 
work for 40 years before retiring. The first one does 
nothing towards saving for retirement for the first 20 
years of his career and then invests $1000 a year at 10% 
compounded annually for the last 20 years of his ca- 
reer. The second one starts saving immediately for re- 
tirement, and invests $1000 a year at 10% compounded 
annually for the first 20 years of her career, and then she 


29. 


30. 


leaves the proceeds in the account for the next 20 years, 
earning interest, but no longer adding $1000 yearly. 
Both graduates make their contributions at the end of 
each year, so he makes his first contribution at the end 
of the twenty-first year, and she makes hers at the end 
of the first year. Ignoring the impact of inflation and 
taxes, answer the following questions. 


(a) How much has each invested? 

(b) How much does each have at retirement? 

(c) If he wanted to have the same amount at retire- 
ment as she does, how much a year should he have 
invested? Under these circumstances, how much 
will he have invested? 


You take a rectangular piece of chocolate with dimen- 
sions | inch by 2 inches. The first day you divide it into 
two equal pieces, and eat one of them. The next day 
you divide the uneaten half into two equal pieces and 
eat one of them. You continue in this way each day. 


(a) Draw a picture that illustrates this process. 

(b) Find a series that describes the eaten area amount 
after n divisions. 

(c) What value does the series in (b) approach if it 
continued indefinitely? 


(a) Show that 
eo =—1l=(#= 104+ e407 ++42""). 
(b) Use part (a) to show that 


2” ‘= (x? 


(c) Use part (b) to show that the only real roots of 
x" —1=Oarex=H+1. 

(d) Show that (22”*4—1)(#?"*1+1) = (#*"*t?-1). 

(e) Use parts (c) and (d) to show that the only real root 
of #?"t' — 1 = Ois x = 1, and the only real root 
of o?""* 41 =0isa = —1. 
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16.1 MATRICES 


Example 1 


Solution 


Two different plans are proposed for renovating a residential property. Plan A involves less carpentry 
but more plumbing and wiring work; plan B involves more carpentry but less plumbing and wiring. 
To keep track of the details, we can record them in a table-like array of numbers called a matrix: 


carpentry electrical plumbing 


200 120 ~+=80 i 


W = Hours of work by type and plan = 
275 80 60 


Plan B 


Notation for Matrices 


It is customary to write matrices in parentheses, as we have done here, and to name them using 
capital boldface variables like W. It is also conventional to refer to entries in a matrix using pairs 
of subscripts. For instance, the entry in row 2, column 3 is 


Ww23 = 60. 


This tells us that plan B requires 60 hours of plumbing work. 
A matrix with m rows and n columns is an m x n matrix, and we say it has dimensions m x n 
(pronounced “m by n’”). For example, W is a 2 x 3 matrix. 


Evaluate the following expressions and say what they tell you about the two plans. 

(a) wie (b) wai (c) wi3 — W23 

(a) This is the entry in row 1, column 2, so w 2 = 120, telling us that plan A requires 120 hours of 
electrical work. 

(b) This is the entry in row 2, column 1, so w2; = 275, telling us that plan B requires 275 hours of 


carpentry work. 
(c) This is the difference between the entry in row 1, column 3, and the entry in row 2, column 3: 


W13 — W23 = 80 — 60 = 20. 


This tells us that plan A requires 20 more hours of plumbing than plan B. 


Algebraic Operations with Matrices. 


Just as we use a variable like x to stand for a number, we use a matrix like W to stand for a collection 
of numbers. We can interpret algebraic expressions involving W in the same way that we interpret 
algebraic expressions in x. 


20: Means the number you get by doubling x 
2W: Means the matrix you get by doubling all the entries of W 


Lely: Means 10% more than x 
1.1W: Means the matrix whose entries are 10% more than the entries of W 
at+y: Means the sum of x and y 


W +S: Means the matrix whose entries are the sum of the corresponding entries of W and S 


Adding two matrices is called matrix addition and multiplying a matrix by a number is called 
scalar multiplication. 


Example 2 Find (a) 2W (b) 1.1 W. 


Solution (a) Here, each entry is twice the corresponding entry in W: 
OW =2 200 120 80 
275 80 60 


2-200 2-120 a 
2-275 2-80 2-60 
_ ( 400 240 
~ \ 550 160 120) 


(b) Here, each entry is 1.1 times, or 10% more than, the corresponding entry in W: 


275 80 60 
11-200 11-120 11-80 
11-275 11-80 11-60 
_ i we tee — 


oom 13( 200 120 80 


302.5 88 66 


Example 3 To budget for delays, we can allow for overruns in the work described by matrix W. Let the matrix 
S give the number of hours of overruns we will budget for: 


a 8 14 ii 
IK 7 
Find W + S and say what it tells you about the planned renovations. 


Solution We have 


Woes 200 120 80 a 8 14> 11 
275 80 60 i 1 


_ ( 200+8 120414 | 
— \ 975416 80412 60+7 
208 134 91 
291 92 67 


This tells us the number of hours budgeted under each plan, including overruns. For instance, the 
total number of hours budgeted for electrical work under plan A is 120 + 14 = 134. 


Properties of Scalar Multiplication and Matrix Addition 


Matrix addition and multiplication of matrices by a scalar obey the same rules of arithmetic as 
addition and multiplication of numbers. 


Commutativity of addition: A+ B=B+A. 
Associativity of addition: (A +B)+C=A+(B+C). 


Associativity of scalar multiplication: ki (k2A) = (ki k2)A. 


Distributivity of scalar multiplication: (ky + k2)A = ky A + k2A and 
k(A+B)=kA+kB. 


Exercises and Problems for Section 16.1 


EXERCISES 
Given the matrices below, evaluate the expressions in Exer- ll. A+C 12. 3D 13. —2B 
cises 1-18, if possible. If it is not possible, explain why. 
14. C—D 15. D—C 16. 3A + 2B 
be 4 6 B= 3. -2 17. D-B 18. 4B—5A 
2 5 -1 6 
2 -1 -3 4 -1 83 
C= D= . Micheck the statements in Exercises 19-23 using the matrices 
6 0 2 —5 -l -3 
2 3 -1 4 5 —5 
: : U= v= ,w= : 
1. The dimensions of B ( 12 ( 0 2 ( 467 
2. The dimensions of D 
3. The dimensions of A + B 
4. The dimensions of C — D 19. U+W=W+U 20. 2W + 3W =5W 
5. ai 6. bai 7. c13 21. 4(U+V) =4U+4V 22. :2(3V) = 6V 
8. d23 9, A+B 10. A-—B 23. (W+U)+V=W+(U+V) 
PROBLEMS 
Min Problems 24—25, refer to R and M, matrices of mean 533 534 537 537 538 536 533 533 
SAT scores. The columns are mean SAT reasoning scores M= 498 500 503 501 504 502 499 500 


for the years 2001-2008. The first row is scores for males 
and the second row is scores for females. Matrix R is the 
Critical Reading scores, and matrix M is the Mathematics 
scores. 


24. Calculate R + M. What does this represent? 


n~ ( 507 512 512 513 505 504 .) 


502 502 503 504 505 502 502 500 25. Calculate M — R. What does this represent? 


'The College Board, New York, NY, 2008 College-Bound Seniors Total Group Profile Report. 


Wiln Problems 26-28, refer to the matrices of Olympic medal 17 16 16 
counts. The columns are the numbers of gold, silver, and 39 17 14 
bronze medals, and the rows are the number of medals for 


Australia, China, Germany, Russia and the United States.” =a SS 14 16 18 
27 27 38 
35 39 29 
9 9 23 14 15 17 
16 22 12 51 21 28 
E = 1996 Olympics = | 20 18 27 H = 2008 Olympics = }| 16 10 15 
26 21 16 23 21 28 
44 32 25 36 38 36 
16 25 17 
28 16 15 26. Calculate H — G. What does this represent? 
F = 2000 Olympics = 13 17 26 27. Calculate E + F + G + H. What does this represent? 
32 28 28 28. Calculate +(e + F + G +H). What does this repre- 
40 24 33 sent? 


16.2 MATRIX MULTIPLICATION 


Three contractors are approached for bids for the renovation work described on page 466. Their 
hourly rates are recorded in the matrix below: 


first second third 
contractor contractor contractor 


Hourly rate by type 55 70 60 carpentry 


R= =] 80 90 100 | etectrica 
of work and contractor 
85 110 100 plumbing 


In this 3 x 3 matrix, each contractor has her own column, and each type of work has its own row. 
For instance, we see that the first contractor (in column 1) charges hourly rates of $55 for carpentry, 
$80 for electrical, and $85 for plumbing. 


Finding the Total Cost 
On page 466, we defined the matrix W as: 


carpentry electrical plumbing 


_ Hours of work by _ 200 120 80 plan A 
type and plan 275 80 60 


plan B 


Here, each type of work (carpentry, electrical, plumbing) has its own row. Referring to the informa- 
tion in matrices R and W, we see that the cost for the first contractor to complete the first plan is 
given by 


? en.wikipedia.org/wiki/1996_Summer_Olympics, www. infoplease.com/ipsa/A0875902.html, 
news.bbc.co.uk/sport1/hi/olympics_2004/default.stm, results.beijing2008.cn/WRM/ENG/INF/GL/95 A/GL0000000.shtml. 


Coster plans = Carpentry cost + Electrical cost + Plumbing cost 
for first contractor 
= 200 hours x $55/hour + 120 hours x $80/hour + 80 hours x $85/hour 


= $11,000 + $9600 + $6800 = $27,400. 


Notice that here, we are multiplying entries in the first row of W, the Plan-A row, by the cor- 
responding entries in the first column of R, the first-contractor column, and then adding up the 
results: 


... by entries in the first column of R... 
Multiply entries in first row of W... 


55 70 60 ...then add up the results. 
aS 
80 90 100 — Cost = 200-55 + 120-80+4 80-85 


85 110 ~—-:100 


200 120 80 
275 80 60 


= 11,000 + 9600 + 6800 

= 27,400. 
Likewise, to find the find the cost for the second contractor to complete the first plan, we multiply 
the Plan-A row of W by the second-contractor column of R: 


... by entries in the second column of R... 
Multiply entries in first row of W... 


e—aoaoa——— 
55 70 60 ... then add up the results. 
ee, 
80 90 100 — Cost = 200-70+120-90+80- 110 


(Be 120.80 
85 1110} 100 


275 80 60 


= 14,000 + 10,800 + 8800 
= 33,600. 


Extending this pattern, we see that: 


If we multiply entries in row i of W by the corresponding entries in column j of R, and then 


sum the results, we obtain the total cost to have plan 7 completed by contractor 7. 


Forming a New Matrix by Combining Rows and Columns 


Since there are two plans and three contractors, we can calculate six totals in all. A natural way to 
record our results is in a new “cost” matrix, C: 
first second third 


contractor contractor contractor 


C= Total cost foreach contractor _ ( 27,400 33,600 32,000 plan A 


to complete each plan 26,625 33,050 30,500 


plan B 


For instance, we see that cj; = 27,400 and c;2 = 33,600, because (as we calculated above), the 
cost for the plan A to be completed by contractors | and 2 is, respectively, $27,400 and $33,600. 


Example 1 Show that co2 = 33,050. 


Solution We need to calculate the entry in row 2, column 2 of matrix C, which corresponds to the cost for 
having the second contractor complete plan B. This means we need to multiply the entries of row 2 
of W by the corresponding entries of column 2 of R, then add up the results: 


... by entries in the second column of R... ... then add up the results to obtain 
Multiply entries in second row of W... OS C22 = 275-70+80-90+ 60-110. 
NY eS 
200 120 80 . : a a, 27,400 33,600 32,000 
Zils) 80 60 26,625 133,050} 30,500 


85 110] 100 


The Significance of Matrix Multiplication 


Matrix multiplication requires so much calculation that it can be easy to lose track of the broader 
significance. The key thing to notice is that we have rewritten a complicated relationship involving 
three contractors, two plans, and three types of work as a single equation: 


C= WR. 


Overview of Matrix Multiplication 


In general, if matrix A has the same number of columns as matrix B has rows, we can multiply A 
and B as follows: 


Matrix Multiplication 


For an m x n matrix A and ann x p matrix B, the product C = AB is an m x p matrix. No- 
tice that the number of columns of A and the number of rows of B are the same: both equal n. 
Entries of C are found by multiplying entries for a given row of A by the corresponding en- 
tries for a given column of B, then summing the results. (This is why the number of columns 
of A must equal the number of rows of B.) Using sigma notation, we can summarize this 


process by writing 
n 
Cay = s Aird, ;. 
fil 


Here, c;; is the entry in row 7, column j of the new matrix, C. 


It can be harder to describe matrix multiplication than to perform it. The key point is that to 
find an entry in row 7, column 7 of the new matrix C, we must combine the entries in row 7 of A 
with the entries in column 7 of B. 


Example 2 Eind)7)—eYa wheres —5 | ou) privel Sf == || <7) 7 


Solution 


Example 3 


We first find 21, the entry in row 1, column | of the new matrix Z. To do this, we combine row | 
of X with column | of Y: 


... then add up the results to obtain 


Multiply entries in first row of X... -.. by entries in the first column of Y... Pay SD) 3 (Si) SE Ao DY 18}. 
— evr 
nn ae Go 
3 =-l 2 1 2 = PR & 
0 2 = = 8 are ome 


One entry down, eight to go! As you can see, matrix multiplication can involve a Jot of calculation. 
Next we find z12, the entry in row 1, column 2 of the new matrix Z. We have: 


... then add up the results to obtain 


Multiply entries in first row of X... -.. by entries in the second column of Y... Zo = 2) ea de 4( 1) = 1. 
SSS — Se oN 
i 3 ie eee 13 Q 
3 = 2 —1 1 y = ? GM 
0 2 -3 2 =Il 3 ? gO 


Skipping ahead to the final (bottom-right) entry of Z, we have: 


... then add up the results to obtain 


Multiply entries in third row of X... ... by entries in the third column of Y... zag = 0-24+2-2-—3-3=-5. 
2 1 4 3 iL 2 is sil =f 
ee -1 1 2 — pa 


(mos ee as || ? 2 Fs] 


We can find the remaining six entries in the same fashion, or by using a calculator or computer: 


ia sail 2 ie} iL lis} 
Z=XY=] 3 -1 2 =l i 2 |= 14 0 10 
O 2B =3 ~ =I 3 =8 H = § 


The next example shows another application of matrix multiplication. 


A large company consists of two main divisions, and each division consists of three departments. 
Let the number of employees in the company be described by the matrix 


5 ( 200 300 100 
400 200 200 /’ 


where each row represents a division and each column represents a department. For instance, we 
see that there are e2; = 400 employees in the first department of the second division. The company 


Solution 


is restructured during a takeover. The new structure is given by 


0.6 0.4 
200 300 a) 


Oe ad 
400 200 200 


G = EF = ( 
Ol Of 


Find G, and say what this tells you about the company. 


The first entry of G, gi1, is found by combining the first row of E with the first column of F. We 
have: 
gi1 = 200 - 0.6 + 300 - 0.3 + 100- 0.1 = 120 + 90 + 10 = 220. 


Continuing, we find the other three entries of G as follows: 


giz = 200 - 0.4 + 300 - 0.7 + 100 - 0.9 = 380 
g21 = 400 - 0.6 + 200 - 0.3 + 200 - 0.1 = 320 
g22 = 400 - 0.4 + 200 - 0.7 + 200 - 0.9 = 480, 

which gives 
G=EF= 220 380 

320 480 

This tells us that after the reorganization, there are two divisions each with two departments. The 
first division has 220 employees in the first department and 380 in the second. The second division 


has 320 employees in the first department and 480 in the second. Notice that the total number of 
employees in the two divisions has not changed. 


Properties of Matrix Multiplication 


Matrix multiplication shares certain properties with multiplication of ordinary numbers (also called 
scalars). 


If A, B, and C are matrices and k is a constant: 
e A(BC) = (AB)C. This tells us we can regroup (though not necessarily reorder) the 
product of three or more matrices any way we like. 


e A(B+C) = AB+ AC. This tells us that matrix multiplication distributes over matrix 


addition in the familiar way. 


e k(AB) = (KA)B = A(KB). This tells us that scalar multiplication can also be re- 
grouped as we see fit. 


Matrix Multiplication is Not Commutative 


Although matrix multiplication has certain things in common with ordinary (scalar) multiplication, 
the two operations differ in important ways. Perhaps most surprisingly, it is not always true that 
AB = BA (see Problem 20). In other words, unlike ordinary multiplication, order matters when 
multiplying matrices, and we say that matrix multiplication does not commute. Recall that there are 
other familiar operations that do not commute, including subtraction (for instance, 3 — 2 is not the 
same as 2 — 3) and exponentiation (for instance, 3? is not the same as 2°). 


Exercises and Problems for Section 16.2 


EXERCISES 
Given the matrices below, evaluate the expressions in Exer- 1. AB 2. BA 3. CD 
cises 1-12, if possible. If it is not possible, explain why. 
4. DC 5. AC 6. BC 
ee 2 3 B= 5 —3 
7 8 4 7 2 7 7. CB 8. A(A +B) 9, AA+ AB 
4 -2 -5 oe. a 10. C(C+D)_ 11. (AB)C 12. A(BC) 
C= D=]| 3 -10 2 : . ‘ 
0 -4 -3 
2 =A 5 
PROBLEMS 
13. What do you need to know about two matrices to know 18. A manufacturer produces three different types of wid- 


14. 


WGiven G = 


if their product exists? 


What do you need to know about two matrices to know 
if their sum exists? 


5 2 


il 


and H = ( ee 
3 -—1 


) , verify the 


statements in Problems 15-16. 


15. 


17. 


3(GH) = (3G)H 16. GHA HG 
The number of meals, N, and the cost of the meals, C, 
for a weekend class reunion are given by the matrices 


8 
n= (3 35 . @= || as 


30 35 650 
50 


The first column of N is the number of breakfasts, the 
second the number of lunches, and the third the num- 
ber of dinners. The first row of N is the meals needed 
on Saturday, the second on Sunday. The first row of C 
is the cost of breakfast, the second row is the cost of 
lunch, and the last row is the cost of dinner. 


(a) Calculate NC. 
(b) What is the practical meaning of NC? 


16.3 MATRICES AND VECTORS 


19. 


20. 


gets and ships them to two different warehouses. The 
number of widgets shipped, W, and the price of the 
widgets, P, are given by 


900 3500 
W=] 2250 1200 |, P= (25 15 10 ) 
3310 1500 


The columns of W correspond to the two warehouses 
and the rows to the three types of widgets. The columns 
of P are the prices of the three types of widgets. 


(a) Calculate PW. 

(b) Explain the practical meaning of PW. 

(c) How much more widget inventory (in dollars) does 
the second warehouse contain? 


Given the matrices R and W from page 469, show 
that, unlike the product WR, the product RW is un- 
defined. 


Show that V = YX does not equal Z = XY, where 
X, Y, and Z are the matrices from Example 2. [Hint: It 
is not necessary to evaluate the products completely. ] 


In a certain town, the number of employed people is e = 5000, and the number of unemployed 
people is u = 250. Since both e and u are required for a complete description of the town’s economic 
status, we can choose to treat this pair of values as a single algebraic object called a vector, writing 


E = (e,u) = (5000, 250). 


Here, e and u are called the components of the vector E.. The arrow over the E signifies that E is 
a vector instead of a number (called a scalar). 


Ordered Pairs 


Notice that the vector (250, 5000) describes a very different kind of town than does the vector 
E = (5000, 250). Such a town would have only 250 employed people and 5000 unemployed 
people. Since the order of the components of FE’ matters, we refer to (5000, 250) as an ordered pair. 


Vectors in Physics and Geometry 


The components (e,) of E might remind you of the familiar (x, y)-coordinate notation, and in 
fact vectors like E’ are often described geometrically as points on the plane. Moreover, in physics 
and other disciplines, vectors are often represented graphically using arrows, where they describe 
directed quantities such as force, velocity, or electric and magnetic fields. In this book, though, we 
will focus less on physical and geometrical interpretations of vectors than on their use as algebraic 
objects representing the components of a total, such as the total number of workers (both employed 
and unemployed) in a town. 


Vector Addition 


Suppose 200 new people move to the town, and that only 150 of them have jobs. We can describe 
the status of the town after their arrival with the new vector 


employed unemployed 
=> career ina t  -eereaes ar 
B= _ Peploymentsiatusot = (5000-150, 250 + 50) — (150.300). 


town after newcomers arrive 
Notice we can use vectors to describe the employment status status of both groups: 
E = Original employment status = (5000, 250) 
D = Employment status of newcomers = (150, 50). 


Having described everything with vectors in this way, it seems natural to write 


E D 
_ yeti ati 
a Employment status of = (5000, 250) + (150, 50) 


town after newcomers arrive 
= (5000 + 150, 250 + 50) 
= (5150, 300). 


When, as here, we add the corresponding components of two vectors to obtain a new vector, we say 
we are performing vector addition. 


Scalar Multiplication 


Now imagine that a nearby, larger town has twice as many employed people as the first town, and 
twice as many unemployed people as the first town. Letting F’ describe the economic status of this 
town, we can write 


F = 2E = 2(5000, 250) 
(2 - 5000, 2 - 250) 
( 


10,000, 500). 


When we multiply the components of a vector like E by a scalar like 2, we say we are performing 
scalar multiplication. 


Properties of Vector Operations 


Sometimes it can be useful to think of vectors as matrices with only one row (or, in some cases, 
with only one column). In particular, we can think of vector addition as a special case of matrix 


addition, and scalar multiplication of a vector as a special case of scalar multiplication of a matrix. 
This means that the properties described on page 468 also apply to vectors. 


Example 1 Evaluate the following expressions given that w = (2,3) andv = (—1,4). 
(a) W+d (b) 2w — 30 (c) 3(@ —-W) 


Solution (a) We have: 


(b) We have: 


20 — 30 = 2(2,3) — 3(—-1,4) 
= (2-2,2-3) — (3(-1),3-4) 
(4,6) — (—3, 12) 
= (4— (—3),6 — 12) 
= (7,6). 
(c) We have: 


3(¢ —w) = 


((-1,4) — (2,3)) 


Notice that we get the same answer as before. 


Matrix Multiplication of a Vector 


The economic status of the town on page 474 is described by the vector E= (5000, 250). Suppose 
that over the course of the year, 10% of the employed people become unemployed and 20% of the 


unemployed people become employed. To help keep everything straight, we write 


E = (€old; Uold) 
E new — (Cnew; Unew) : 


To find the new number of employed people, we write: 
Number of previously employed m7 Number of previously unemployed 


E€new = 
people who remain employed people who become newly employed 


Since 10% of the 5000 previously employed people become unemployed, this means 90% remain 
employed, so 

Number of previously employed = 0.9(5000) = 4500. 
people who remain employed 


Likewise, since 20% of the 250 previously unemployed people become employed, we have 


Number of previously unemployed 


people who become newly employed See 
This means 
ere Number of previously employed Number of previously unemployed 
people who remain employed people who become newly employed 
0900) SOSOSC*~CS*~<S*<CS*S« SY 


= 0.9(5000) + 0.2(250) 
= 4500 + 50 = 4550. 


Similarly, we see that the new number of unemployed people is given by 


‘i _ Number of previously employed 4 Number of previously unemployed 
~“_ people who become newly unemployed people who remain unemployed 
0.1(5000) 0.8(250) 


= 0.1(5000) + 0.8(250) 
= 500 + 200 = 700. 


Here, both components of the new employment vector ieee depend on both components of the 
original vector EF: 


C€new = 0.9 (5000) +0.2 (250) = 0.9€o1a a 0.2Uolda 
—— S~ 
€old Uold 
Unew — 0.1 (5000) +0.8 (250) => 0.1eoia - 0.8told- 
—— S~ 
€old Uold 


This leads us to the crucial step. Notice that, thinking temporarily of E and E yew as one-column 
matrices, we can use matrix multiplication to write 


0.9 0.2 5000 \ _ ( 0.9(5000) +.0.2(250) \ _ [4550 
0.1 0.8 250 /  \ 0.1(5000) +0.8(250) } \ 700 /° 
See —— 


EB E new 


Example 2 


Solution 


In other words, matrix multiplication provides us with the exact tool we need to combine the com- 
ponents of F’ in order to obtain the components of F new: 


Bro = 0.9 0.2 \ a 
0.1 0.8 
What Matrix Multiplication of a Vector Means 


For convenience, we allowed ourselves to think of E asa one-column matrix in the above calcu- 
lation. However, even though the calculations are similar, vectors are not in general the same as 
matrices. Instead, we often think of matrices as behaving more like functions, so that when we mul- 
tiply a vector by a matrix, the matrix takes the vector as an “input” and yields a new vector as the 
“output.” 


Suppose the employment in a town in year t = 0 is described by the vector e o = (8000, 400), and 
that each year, 


e 2% of the employed people become unemployed 
e 10% of the unemployed people become employed. 


Find a matrix M such that G 1, the employment vector in year t = 1, is given by Gy = MG o. 
Evaluate G . 


Each year, 98% of previously employed people remain employed, and 10% of unemployed people 
become newly employed. This means e, the number of employed people in year 1, is given by: 


. Number of previously employed 4 Number of previously unemployed 
al = 
people who remain employed people who become newly employed 


0.98¢e0 0.1uo0 


Likewise, 2% of previously employed people become unemployed, and 90% of previously unem- 
ployed people remain unemployed. This means w1, the number of unemployed people in year 1, is 
given by: 


7 Number of previously employed i Number of previously unemployed 
ail = 
people who become newly unemployed people who remain unemployed 
0.02e9 0.9u0 
We have: 


€, = 0.98e9 slr 0.1uo 
Ch = 0.02e€0 Sie 0.9uo. 


Using matrix multiplication of a vector, we can rewrite this as: 


Ej ae 0.98 0.1 €0 
wy 0.02 0.9 oh 
—S—_—"” WSS 


Ga M Go 


so we conclude that M = ( Ges ht ) . Since G o = (8000, 400), we find G 1 as follows: 


0.02 0.9 
G,— { 0.98 0.1 ( 8000 
0.02 0.9 )\ 400 

__ ( 0.98(8000) + 0.1(400) 
~ \ 0.02(8000) + 0.9(400) 
_ ( 7840 +40 
~ \ 160 +360 
_ (7880 
~ \ 520 / 


Higher Dimensional Vectors 


Example 3 


Solution 


Vectors are not limited to just two components—we can define a vector with as many components as 
necessary for the problem at hand. We often refer to a vector with n components as an n-dimensional 
vector or simply an n-vector. 


A naturalist is studying three neighboring groups of animals. The sizes of the populations varies as 
individual animals move back and forth between the groups. Let the 3-vector Py) = (100, 120, 200) 
give the sizes of three different animal populations in year t = 0. Suppose that after a year has 
passed, 


O7 Oo. 02 
ey SI, 2 || ye he OD | IE 
0.1 0.2 0.5 
(a) Find P. . : 
(b) Find P 2 assuming P2 = TP. 
(a) We have 
07 D2 Oe 100 
| ie He OP 120 
0.1 0.2 0.5 200 
a ee ne ae 
T Po 
OPP 002022 t20e 0.2200 134 
= ||P eae wees sya | = || ew 
0.1- 100 + 0.2 - 120 +0.5 - 200 134 


This tells us that the first group of animals increases in size from 100 to 134, that the second 
increases from 120 to 132, and that the third decreases from 200 to 134. 


Example 4 


Solution 


(b) Here, we assume the same transition occurs between years | and 2 as between years 0 and 1: 


07 0.2 0.2 134 

fy — | 0:2 0:6 02 132 

0.1 0.2 0.5 134 
YS SS 


= P 
0.7 - 134+ 0.2 - 132 + 0.2 - 134 147 


= | 0.2-134+0.6-1382+0.2-134 | =] 132.8 
0.1 - 134+ 0.2 - 1382+ 0.5- 134 106.8 


Rounding down, this tells us that the first group increases in size from 134 to 147, that the 
second does not change, and that the third decreases from from 134 to 106. 


An Application of Matrices and Vectors to Economics 


Economists divide a country’s production into sectors. For example, a country might have three 
sectors: agricultural, industrial, and service. During the course of production, each sector consumes 
part of the production of all three sectors, in a manner described by a consumption matrix 


0.10 0.25 0.12 
C=] 0.33 0.11 0.16 
0.21 0.12 0.42 


The first row gives the agricultural sector’s share in the consumption of the other three sectors. For 
instance, the 0.25 in the middle of the first row says that the agricultural sector consumes 25% of 
the production of the industrial sector. The second row gives the industrial sector’s consumption, 
and the third row gives the service sector’s consumption. 


Suppose that a country’s agricultural production is worth $75 billion, its industrial production is 
worth $45 billion, and its services are worth $60 billion. We describe this using the production 
vector P = (75, 45, 60). 


(a) Calculate CP and interpret the result. 

(b) Find the surplus vector, S , which gives the amount of production remaining for each sector 
after accounting for what has been consumed in production. What does the surplus vector tell 
you about the country’s economy? 


(a) We calculate 


0.10 0.15 0.22 79 27.45 
0.33 0.11 0.16 45 | = | 39.30 
0.21 0.12 0.42 60 46.35 


This tells us that $25.95 billion in agricultural products, $39.30 billion in industrial products, 
and $46.35 billion in services are consumed during production. 


(b) The surplus is what remains after what has been consumed in production, so 


79 27.45 47.55 
S=P CP =| 45°| =>] 39.307 |= 5.70 
60 46.35 13.65 


This tells us that, after internal consumption is accounted for, $47.55 billion in agricultural 
products, $5.70 billion in industrial products and $13.65 billion in services are available for 
consumption and export. 


Exercises and Problems for Section 16.3 


EXERCISES 
Win Exercises 1-8, find a single vector resulting from the op- 9 15 4 
erations 13. 
. 2 6 5 
1. (5, 7,13) + (2,6, 8) 2. (100, 50) + (77, —3) 
3. (3,2, —2) + (1, 2,3) 4. (x,y, 2) + (2,6, 8) 
5. 3(5, 7, 13) 6. $(10, 20, 30) 14. ab((x,y, z) + (m,n, p)) 
7. «(5, 7, 13) 8. 2-3(5, 7,13) 
70 
1 0.6 0.2 0 
MiIn Exercises 9-16, find a single vector resulting from the 5. 0.4 08 1 120 
operations. , , 50 
9. 5((2, 3, 4) oF (3,5, 7)) 10. $((4,3,4)+(3, 3,9)) 
0.6 0.2 O 100 
16. 
11. y((2,3,4) + (3,5,7)) 12. 5 10 3 0.3 0.4 0.5 200 
20 40 7 0.1 0.4 0.5 300 
PROBLEMS 
Win Problems 17-22, the vectors 17. In what season does the cafe have the most customers 
% on an average day? 
P = (5, 22, 35, 18) 
= 18. In what season does the cafe have the most customers 
= = (20, 33, 14, 40) on the average late afternoon? 
- = (12, 28, 25, 20) 19. At what time of day does the cafe average the most 
W = (2,19, 42, 12) customers in Summer? 

20. Find Q = § — P. What does a) represent? 
represent the average number of customers in the morning, 21. Find H = 91W . What might H represent? [Hint: 
early afternoon, late afternoon, and evening in a cafe dur- Assume there are 91 days in Winter. ] 
ing Spring (P ), Summer (S ), Fall (F'), and Winter (W ). 22. What might A = 91(P +S + F + W) represent? 
For example, P = (5, 22,35, 18) means that, in Spring, [Hint: Assume each season is 91 days long.] 


the cafe has an average of 5 customers in the morning, 22 in 
the early afternoon, 35 in the late afternoon, and 18 in the 
evening. 


Min a certain town, the number of Democrats, Republi- WiIn Problems 27-28, use the information in Example 4. 
cans, and Independents is represented by a vector V = 


(d,r,i) = (450,560,110). Each group plans to use a 27. Which of the following production vectors gives a sur- 

voter drive in order to add voters, represented by the vector plus closest to the goal of $50 billion in each sector? 

E = (100, 80, 0). Evaluate and interpret the expressions in 

Problems 23-26. 

a eat (a) (1100, 1250,1500) (b) (100, 100, 100) 
ET ce) (110, 125, 150 d) (50,100, 150 

24. 1.05V ©) ) ee 

25. : | (60, 50, —110) 28. Suppose that production is reduced by 10%. Show al- 

26. V +2E 


gebraically that the surplus is also reduced by 10%. 


16.4 MATRICES AND SYSTEMS OF LINEAR EQUATIONS 


Consider the system of equations 


y= 11. 


Substituting the second equation, y = 11, into the first, we get 3x + 11 = 14, s0 x = 1. Thus 
(x,y) = (1,11) is a solution to the system. We can think of this solution as a vector and use matrix 


multiplication to write: 
301 x = 14 
0 1 Yy 11 
SS ——’ 


The coefficients The variables The required values 
in our system in our system of our system 


aaa 


To see how this works, perform the matrix multiplication on the left-hand side in the usual way: 


Coefficients Variables Values 
(aire agin TY arene 
3.1 x) {14 
01 y 11 
eto: 14 
at a b= Multiply out left-hand side 
O-a+1-y 11 
14 
aay = This mirrors original system 
Yy 11 
——’ 
Left-hand side of Values 


original system 


Notice in particular that: 
e The first component of the vector on the left, 3x + y, must equal the first component of the 
vector on the right, or 14. 
e The second component of the vector on the left, y, must equal the second component of the 
vector on the right, or 11. 
Thus, a single, matrix-based equation captures the essence of a system of two equations: 


Single matrix-based equation System of two ordinary equations 


OC 

ea x 14 38n+y=14 
= —, 

01 y 11 y=11. 


In general: 


It is often useful to summarize an entire system of two or more equations with a single 


equation involving matrices and vectors. 


Example 1 Given that 


mi ae 20 
M= 3 0 D ya = y ’ and w= I ’ 
5 —2 3 g iy 


state (but do not solve) the system of equations determined by Mv = w. 


Solution We have: 

M v wo 

my i & 20 

3 0 2 =| 12 

5 —2 3 Zz 17 

pst ll eapak Bye 20 
3@ +0-y+ 22 = 12) Multiply out left-hand side 

5a + (—2)y + 3z 7 

27 yee 20 

3x + 22 =] 12 |. Simplify 
By = Day hay iy 


Setting equal the first, second, and third components of both sides, we see that: 


Single matrix-based equation System of three ordinary equations 
Oss 
m™ iL &) aE 20 22 + y+ 5z = 20 
2 @ a || =| 12 m5 3a +22 = 12 
i 2 3 17 bye — Dope aig = 17, 


Augmented Matrices 


Another way to describe a system of equations is to use a special kind of matrix called an augmented 


matrix: 
3x+1ly=14 3 1/14 
> 
Ox + 1ly = 11. O 1711 
— ee 


A simultaneous The corresponding 
system of equations augmented matrix 


Example 2 


Solution 


Here, we ignore the variables and focus only on the coefficients and values. A characteristic feature 
of augmented matrices is the vertical line used to separate the coefficients of the original system 
from the values on the right-hand side. 

One advantage of describing a system of equations using an augmented matrix is that the matrix 
form is more compact and can be easier to work with. 


Describe the following systems using augmented matrices. 


3p — 2qg+7r=6 fey = 5 = Be 
2v—3w=7 
OF ae, (b) 2p-r=8 (©) ¢ dy—42=2r-1 
— le 
eles 4q+5=2 3(x — y) = 2(x — z — 3) 


(a) We can describe this system using the augmented matrix 


Ds len 
5. Ooiony 


Notice that the variables v and w are not included in the description; as far as the matrix is 
concerned, they may as well be x and y or any other two variables. 

(b) We first rewrite the system so that each equation is in the same form and the variables appear in 
the same order: 


3p + (-2)¢+7r =6 
2p+0-q+(-1)r=8 
0-p+4q¢+ 0.5r = 2. 


We can now describe this using the augmented matrix 


3. -2 7 16 
ma W =I |e 
0 4 0.5] 2 


(c) We first rewrite the system so that each equation is in the same form and the variables appear in 
the same order: 


(HB SE 2G se he = B 
(—2)a + 2y + (—4)z = -1 
1-¢+(-3)y+2z = -6. 


We can now describe this using the augmented matrix 


¢ 2 8 || ® 
=43 2 =a || 1 
I =3 2) /=6 


Echelon Form 


Example 3 


Solution 


The system on page 482 has a particularly simple form. The second equation, y = 11, has no x on 
the left, so it gives us the value of y directly. This makes the equation easy to solve, because we can 
substitute the value of y into the first equation and solve for x. The simple form of the system is 
reflected in the fact that the augmented matrix for that system, 


3 1/14 
0 i117} 


has a zero in the bottom left corner. For systems of equations in three variables, there is also a simple 
form of the augmented matrix that makes the equation easy to solve. 


Solve the following system and find the augmented matrix: 


r+y+z=6 
Yas = 8 
2=a, 


The system can be solved by substitution. The third equation tells us z = 3. Substituting this into 
the second equation we get y = 2. Then substituting y = 2 and z = 3 into the first equation we get 
x = 1. Thus the solution is (x, y, z) = (1, 2,3). The augmented matrix for the system is 


i i i || @ 
O01 145 
0 0 1)3 


Example 3 was easy to solve because of the zeros below the diagonal in the augmented matrix, 
which made it possible to solve the system by successively substituting each equation into the one 
above. A similar form works for systems of 4 equations in 4 variables (see Problem 25). This leads 
to the following definition: 


Echelon Form of an Augmented Matrix 


An augmented matrix is said to be in echelon form if the first nonzero entry in each row 
occurs to the right of the first nonzero entry in the row above, and if all the rows which 
consist entirely of zeros to the left of the bar are at the bottom. A matrix in echelon form 
corresponds to a system that can be solved easily by substitution. 


Solving Systems of Equations by Putting Matrices into Echelon Form 


To solve complicated systems of equations, we use elimination to put them in echelon form. 


Example 4 


Solve the following system, keeping track of the augmented matrix: 


Ag + 3y = 18 
he — yy = 4. 

Solution The following table shows steps in solving the system. Since the equations in the system correspond 
to rows of the augmented matrix, the steps correspond to operations on the rows, which we record 
in the right column of the table. 

Step taken Simultaneous system of equations Corresponding matrix Row operation used 
(i) The original system Seen The original matrix 


(equation 2) 


(ii) Multiply equation 2 by 2 Multiply second 
row by 2 

(iii) Subtract equation | from 4a + 3y = 18 Snan eareeraee 

equation 3 


—13y = —26 (equation 4) from second row 


Solving equation 4 for y we get y = 2, and substituting this into equation | we get 
Ae 4 (2) = 13, $0) w= os. 


Thus the solution is (x, y) = (3, 2). 


Notice that the matrix in step (iii) of our solution to Example 4 is in echelon form, because the 
bottom left entry is 0. This corresponds to the fact that the x has been eliminated. 


Using Row Operations 


In Example 4 we keep track of the steps by recording row operations on the augmented matrix. 
Table 16.1 shows row operations corresponding to legal procedures when solving equations by 
elimination. 

Table 16.1 Row operations correspond to steps used in the process of elimination 


Step in the process of elimination Corresponding row operation 


Add or subtract any two equations Add or subtract any two rows 


Multiply an equation by a nonzero constant Multiply a row by a nonzero constant 


Switch the order the equations are written in Switch any two rows 


We can use this correspondence to solve equations by operating on the augmented matrix di- 
rectly, not on the equations. Just as the goal of elimination is to isolate one or more of the variables, 
the goal of row operations is to put a matrix in echelon form. 


Example5 


Solution 


Example 6 


Solution 


Use row operations to simplify the augmented matrix for the following system: 


22+ y =17 
ae = 2p = Ik, 


Use the resulting matrix to solve the system. 


DH i || iy 

=) || a 
using row operations. In order to get a zero in the bottom left, we first multiply both rows by a 
constant so that they have the same left entry, then subtract the first row from the second. 


The augmented matrix for this system is . Our goal is to put it into echelon form 


multiply first row by 3 
il 


51 
2 


multiply second row by 2 


51 
—A9 


subtract first row from second row. 


We have obtained a matrix in echelon form. This matrix corresponds to a system of equations that 


can be solved easily by substitution: 
6 3 | 51 62 + 3y = 51 
—. 
0 —7]—49 =—y = —29, 


The second equation gives y = 7, and substituting into the first equation we get 6x + 21 = 51, so 
x = 5. We verify that (x, y) = (5, 7) is a solution by substituting values into the original system. 


Using Echelon Form to Detect Systems with No Solutions 


Putting a matrix into echelon form also helps us see when the equation has no solutions. 


Try to use row operations to solve the following system. 


32 — Oy = (equation 5) 
4a — 12y = 6: (equation 6) 


What happens? 


The augmented matrix for this system is ( me 
A = 19) 


: ). Following is one of many possible ap- 
6 


proaches we might use to simplify this matrix. 


20 
6 


multiply first row by 4 


20 
multiply second row by 3 
il 


20 


12 —36 | 20 12536 
— subtract first row from second. 
12 —36] 18 oO 
Our new augmented matrix corresponds to the system 
12 =36 
0 0 


We see that the resulting system is inconsistent—it does not make sense. Since it is algebraically 
equivalent to the original system, we conclude that the original system has no solution. 


20 at SOY —22.0) ey = Ko) = 2 
— — 
—2 Ox agseOog = —2, 


0 S=—2. inconsistent! 


The matrix at the end of Example 6 is in echelon form, because it has a zero at the bottom left. 
However, it also has a zero at the bottom right, leading to an equation with no solutions, 0 = —2. 
Putting a matrix into echelon form helps detect systems with no solutions. 


A Systematic Method for Putting Matrices into Echelon Form 


In Example 5 we multiplied rows by a constant so that the x coefficients matched, then subtracted 
the first row from the second row. Although it is usually easy to see how to do this, for the purposes 
of describing a systematic method it is useful to introduce a new operation: 


Adding a multiple of one row to another row. 


We illustrate it using the system in Example 5, which has augmented matrix 


a. 7.417 
.. oa J 


Since 3 = 1.5 x 2, we can get a zero at the bottom left by adding —1.5 times the first row to the 


second row: 
17 2 1 
—> 
i 0 —3.5 


2 1 
3-2 


Although the matrix is different from the one we had before, it still has the same solution, since the 
equation —3.5z = —24.5 has the solution z = 7, as in Example 5. 


—24.5 ond row. 


1 
‘ add —1.5 times the first row to the sec- 


Example 7 


Solution 


Solve 
0 =f 2 HE 8 
1 2 -l = || =) 
—4 -1 1 z tf 
The augmented matrix is 
0 = 2 || & 
1 2 -1]-2 
—4 -1 1 if 


We want to start by getting zeros in the left column, but there is a problem with the matrix in its 
current form: adding multiples of the top row to the others will have no effect on the left column, 
since the top left entry is zero. So our our first step is to swap the top two rows (corresponding to 
swapping the order of equations in the system) so that the top left entry is 1. 


0 -1 2 8 il 2 -—-1]|-2 
il 2 —-l1]-2 — Oy =i - 2 & swap the first two rows 
—-4 -1 1 7 =i! =i Il iG 


Now we add a multiple of the top row to the third row, choosing the multiple so as to get a zero at 
the bottom left. 


1 2 -—-1]-2 1 2 -—-1]-2 
j =i @ 8 — 7 —i 2 8 add 4 times the first row to the third 
—-4 -1 1 i O 7 = || = 


We now have all the zeros we want in the first column, and we have finished with subtracting the 
first row. Turning our attention to the second row, we want to add some multiple of it to the third 
row to get a zero in the middle column at the bottom. The correct multiple is 7. 


1 2 —-1]-2 1 2 -—-1]-2 
0 —i 9 8 — QV —i 9 8 add 7 times the second row to the third 
0 7 -3]-1 O05 noha ae 


The matrix is now in echelon form, and we can solve the corresponding system of equations by 
substitution. The third row corresponds to the equation 


Mg= S95 3 = &. 
Substituting this into the second equation we get 
Sse 2°o=3 == W=2, 
and substituting both these into the first equation we get 
@+2-2-1-5=-2 — g=-l. 
So the solution is (x, y, z) = (—1, 2,5). 


The general method illustrated in the previous example is 


1. Swap rows so there is a nonzero entry at the top left. 
. Add multiples of the top row to the others in order to get zeros below the top entry in the 


left column. 


. Repeat steps | and 2 with the rows below the top row to get zeros below the top two 
entries in the second column. 
. The method can be continued in the same way with systems that have more than 3 vari- 
ables or more than 3 equations. 


Exercises and Problems for Section 16.4 
EXERCISES 


WExercises 1-6 give the augmented matrix in echelon form of 
a system of linear equations in x and y. Find x and y. 


{2 1]9 
0 1/7 


Min Exercises 7-8, the augmented matrices for a system of 
equations have been reduced to a form which makes them 
easy to solve. Find the values of x and y by inspection (that 
is, without writing anything down except the answer). 


7, { 1 9]2 gs | 2 9]4 
0 143 0 3/]6 


9. State the system of equations determined by Np = ¢ 
for 


w-(2r)e-(s)e-(4) 


10. State the system of equations determined by Mt = wW 


for 
4 3 2 x 10 
M= 1 -5 -4 |[,v= ,w =] 15 
—3 =2 =1 z 20 


11. State the system of equations determined by AG = 7 
for 


MiWrite the system of equations described by the augmented 
matrices in Exercises 12-15. 


10 
12 


1 2 3] 4 
5 6 7)|8 
9 10 11) 12 


a b cld 
14. e f glih 
j kil 


14. 7 
19 11 


12. 


13 


7 0 3 a 
15 6+m 0 0 b 
0 1 1 Cc 
5 79 1l1l|qd 


WIf possible, use row operations to solve the systems in Exer- 20. { 
cises 16-23. ie ae 
eE+y=5 Ay — 22 =7 
16. { y 
22 —y=T Be =a 
uv { da + 3y = 4 
~ Lat Ty = 20 » ale a 
18 ie a a “ (7 = -3y 4+ 4a 
* | -6a — 3y = —36 
—13x + 26y = —13 3 el a 
es et Ty = 4a —3 
PROBLEMS 
24. For constants a, b, c, a system of linear equations has 2x + 3y + 6z = 6z415 
augmented matrix 28. 3z=2—-y+19 
—3y +17 = 4¢ — 7. 
a b|4 
o.ele f x=ay—z+4 
29. 32 —-ax=2—yt+19 
(a) If a = 1 and b = 2, are there any values of c for bz — 8y+ 15 = 4x — cz. 
which it is impossible to find unique solutions for 30. State the system of equations determined by Mv = w 


x and y? If so, what are these values of c? 

(b) If a = 1 and c = 3, are there any values of b for 
which it is impossible to find unique solutions for 
x and y? If so, what are these values of b? 

(c) If b = 2 and c = 3, are there any values of a for 
which it is impossible to find unique solutions for 
x and y? If so, what are these values of c? 


25. (a) Solve 


e+ty+z+w=10 
y+tz+w=9 
z+w=7 

w= 4. 


(b) Write the augmented matrix for this system. 
(c) What special form of the augmented matrix makes 
the system easy to solve? 


Min Problems 26-29, write the system of equations 
(a) Inthe form Mv = Ww. 


(b) As an augmented matrix. 


e+y+6z=15 
26. 5a + 2y+3z = 19 
—2x — 3y+4z = 7. 


32 +6z=7 
27. 4 —5a+2y =8 
4y—z=9. 


31. 


32. 


for 


x 10 
Yy 5 
Z 
t 


aor 
anon 
OrON 
ow fw 


A new music player is ready for market and has the fol- 
lowing economic equations, where Q is in thousands of 
units, and p is price in dollars. 


Demand Q = 500 — 8p 
Supply Q = 10 + 2p. 


(a) Find the augmented matrix for this system. 
(b) Use row operations to find the equilibrium point, 
where supply equals demand. 


A rental company has 350 cars. Among these cars D 
of them are at its downtown location, P of them at the 
port and A of them at the airport. Each year, 10% of 
the cars rented downtown are returned at the port, 20% 
of the cars rented at the port are returned at the airport, 
and 5% of the cars rented at the airport are returned 
downtown. All other cars are returned to where they 
were rented. The number of cars at each location re- 
mains the same each year. 


(a) Write four equations from the given information. 

(b) Write an augmented matrix for this system of 
equations. 

(c) Use row operations to find the number of cars at 
each location. 


33. A Double-Double fast food diet has approximately 
double fat to protein and double carbohydrates to fat. 
One day, you eat B burgers, S' shakes, and F’ servings 
of fries, for a total of 125 gm of protein, 250 gm of 
fat, and 505 gm of carbohydrates. Table 16.2 shows the 
nutritional information for three fast foods. 


Table 16.2 


(a) Write a system of equations describing this situa- 
tion. 

(b) Write an augmented matrix for the system. 

(c) Use row operations to find how many of each item 
you eat. 


REVIEW EXERCISES AND PROBLEMS FOR CHAPTER 16 


EXERCISES 


WM Evaluate the expressions in Exercises 1-6 using 


au{ o1 09) g_(3 0 
=i. i 1 —4 


1. 10A+B 2. 10(A + 0.1B) 
3. A—0.5B 4, A? 
5. AB+BA 6. ABA 


MiIn Exercises 7-10, does the expression 3A +2B make sense 
for the given A and B? You do not need to evaluate the ex- 
pression. 


Min Exercises 11-14, does the expression A(BC) make 
sense for the given A, B, and C? 


8 
oe 
6 2 -9 
a lo t\_p_f51 4) 
—1 23 6 2 -9 
35 
C=] 0 -2 
6 8 
10 1 A 
mas ( )a- =2 > 
—1 23 
8 
5 6 
C=/ 1 2 
4 —9 
i4, A= lo 1 \p_f{3 0 6) 
-1 23 5 -2 8 
Ge 5 1 4 
6 2 -9 


WExercises 15-16 give the augmented matrix in echelon form 
of a system of linear equations in x, y, and z. Find x, y, 
and z. 


12 3] 5 
15. | 0 1 1] 2 
0 0 1] -6 
9 =f 3 | 2 
16. | 0 3 -2]0.5 
0 0 5 42.5 


Min Exercises 17-18, the augmented matrices for a system of 
equations have been reduced to a form which makes them 
easy to solve. Find the values of x, y and z by inspection 
(that is, without writing anything down except the answer). 


1 0 O| 2 
17, | 0 1 O|-3 

oo 1] 4 
PROBLEMS 


MIIf possible, use row operations to solve the systems in Exer- 
cises 19-22. 


ety+2z=9 
19. ¢ 2e-—y+z2=3 


—-“e+y—-—z=-2 


3x +y+4z = 13 
20. < —c@-—2y+3z=8 
e+3y—z2=3 
2y+5z=9 
21. § «—3y=12 
2x2 — z= 67 
yt2=9-yte 
22. < 4er —y=y+2 
z=3x+4y-—8 


Wi Problems 23-25 refer to Table 16.3, which shows the grams 
of fat, carbohydrates, and protein in three foods.*? A gram 
of fat has 9 calories, while each gram of carbohydrate or 
protein has 4 calories. Let M be the matrix whose rows rep- 
resent different types of foods and whose columns represent 
fat, carbohydrates, or protein. 


Table 16.3 


Fat (gm) | Carbohydrates (gm) | Protein (gm) 


Cookie 0 
Sandwich 0 20 
11 


saad | o | oom | 3 


23. Let V be the vector whose components are the calories 
per gram for fat, carbohydrates, and protein. 


(a) Evaluate the product C = MV. Whatis the prac- 
tical meaning of Cy 

(b) Which has more calories, a salad and a chocolate 
chip cookie, or a sandwich? 


24. Suppose you add a new food, pizza. 


(a) What are the dimensions of the matrix MM? 
(b) What are the dimensions of the calorie vector C'? 


25. Suppose you add a new ingredient, salt. 


(a) What are the dimensions of the matrix M? 


3http://www.subway.com, Accessed May 3, 2009 


(b) What extra information is necessary to express ic 
as a product MV ? 


26. Show that the matrices 


Co) a a (88) 


all satisfy A? = A. Give a fourth matrix that satisfies 
the equation. 


27. Using the information in Example 2 on page 478, find 
G 2, the employment vector in year t = 2. 


28. In an election for town dog-catcher, 320 voters are 
committed to candidate A and 679 are committed to 
candidate B. After a brutal campaign, 5% of candidate 
A’s supporters and 20% of candidate B’s supporters 
switch sides. 


(a) Write a vector V representing the number of sup- 
porters of each candidate before the campaign. 

(b) Write a matrix M so that MV represents the 
number of supporters of each candidate after the 
campaigning. 

(c) Evaluate MV . Who wins the election? 


29. A coffee roaster produces a blend where the fraction 
of coffee from Africa, at $8 per lb, is A, the fraction 
from Brazil, at $6 per lb, is B, and the fraction from 
Columbia, at $12 per Ib, is C. The mix contains half as 
much coffee from Brazil as from Columbia. The price 
of the blend is $9 per Ib. 


(a) Write three equations from the given information. 

(b) Write an augmented matrix for this system of 
equations. 

(c) Use row operations to find the fraction of each 
source that is in the blend. 


4 Wikipedia: Pauli matrices. 


30. The Pauli matrices* are a set of 2 x 2 matrices used by 


physicists, defined as 


0 1 0 -i 1 0 
Ox = Oy = on = 
(: \) (: 0 (; —1 


(a) Find 02, 0%, and 02. 

(b) Write ox - vy in terms of oz. 

(c) Write cy - ox in terms of oz. 

(d) What is the effect of changing the multiplication 
order for any pair? 
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17.1 THE MEAN 


According to the American Automobile Association, on October 8, 2008, the average price of a 
gallon of regular gas in North Carolina (NC) was $3.765, compared to $3.047 in Oklahoma (OK).! 
We can conclude that, at least on this particular day, gas was more expensive “on average” in North 
Carolina than in Oklahoma. But what does this really mean? After all, certain high-priced Oklahoma 
stations might charge more than their low-priced North Carolina counterparts. So how can we say 
gas in Oklahoma is cheaper? 


Comparing Totals 


Let us first compare the total amount spent on gas by two different people in these two states. 
Table 17.1 gives the price per gallon of regular gas at five different stations in each state. Imagine 
that a person in each state buys | gallon of gas at each of five stations. The last column of Table 17.1 
gives the total that each person spends, and it appears that the person in North Carolina spends more 
than the person in Oklahoma. 


Table 17.1. Spending on gasoline at different stations 


Station Total spent 
OK price (S/eal) 815.235 
NC price (S/gal) $18.825 


A Drawback to Comparing Totals 


A drawback to comparing totals is that a larger total does not necessarily mean higher prices— 
instead, it may mean a person buys more than one gallon of gas. Suppose the person in Oklahoma 
drives more than the person in North Carolina and buys two gallons of gas at each station, instead 
of one. In this case, the person in Oklahoma spends more, even though gas is cheaper there: 


Total amount spent in OK = 2(3.099) + 2(3.019) + 2(2.979) + 2(3.169) + 2(2.969) = $30.47. 


Comparing Averages 


We know that the total amount spent depends both on the price and on the amount: 
Total spent on gas = Price of one gallon x Number of gallons. 


We can rewrite this equation as 


Total t 
Price per gallon = ae 
Number of gallons 


Here, we imagine we are buying gas at a fixed price. But we can use basically the same formula 
even if the person buys gas at different prices: 


‘http://www.fuelgaugereport.com/sbsavg.asp, page accessed October 8, 2008. Note that gas prices normally include 9/10 
of a cent, so the average is reported with three decimals. 


. . Total spent on gas in OK 
A Il OK = —— 
verage price per gallon in Number or willous 


_ 2(3.099) + 2(3.019) + 2(2.979) + 2(3.169) + 2(2.969) 
7 24+24+24242 


A 
= ss = $3.047. 


Here, we say “average price per gallon” instead of “price per gallon,” because the person is paying 
various amounts for gas. Likewise: 


: : Total spent on gas in NC 
A I NC = ——__—_ 
verage price per gallon in NC Number of gallons 
_ 3.959 + 3.679 + 3.789 + 3.879 + 3.519 


1+1+4+14+141 


18.82 
a = > _ $3,765. 


Notice that the average price paid in NC is more than the average price paid in OK, even though the 
person in OK spent more in total. 


A Formula for the Mean 


The term “average” is imprecise. In everyday speech, people say things like “This restaurant is better 
than average” or “He’s only average looking.” Restaurants or good looks are not being summed and 
divided like gas prices. Rather, “average” implies a norm or an accepted level of what is being 
measured—in this case, restaurant quality or physical attractiveness. 

For this reason, mathematicians and statisticians prefer the term “mean” for what we have 
been calling “average.” Even so, many people—including mathematicians—sometimes use the term 
“average” when they intend “mean.” 


The mean value of a data set is given by the formula 


Sum of values 
Mean value = 


Number of values’ 


Example 1 Referring to Table 17.1 on page 496, find the new mean gas price if: 
(a) The price at all five Oklahoma stations goes up by $0.20. 
(b) The price at the fifth station goes up by $1.00, but stays the same elsewhere. 
(c) The price doubles at all five stations. 


The term “average” is also common when using computers or calculators. For instance, Microsoft Excel has a built-in 
AVERAGE () function, but no built-in MEAN () function, but many calculators use the term “mean” rather than “average.” 


Solution (a) If the price at all five stations goes up by $0.20, we have 


$0.20 higher $0.20 higher $0.20 higher 
SS i—EEE_ ————— 
3.099 + 0.20) + (3.019 + 0.20) +--- + (2.969 + 0.20 
_ 3.299 + 3.219 + 3.179 + 3.369 + 3.169 
= $$ ee 


= 3.247 dollars. 


Notice that this is $0.20 higher than the original mean price. We see that if each price goes up 
by $0.20, so does the mean. 
(b) If the price at the fifth station goes up by $1.00, we have 


$1 higher 
==__—, 
: 3.099 + 3.019 + 2.979 + 3.169 + (2.969 + 1.00) 
Mean price = SS 
_ 3.099 + 3.019 + 2.979 + 3.169 + 3.969 


5 
= 3.247 dollars. 


Notice this is the same answer as in part (a). This is because adding $0.20 to five values gives 
the same total as adding $1.00 to one of the values. 
(c) If the price at all five stations doubles, we have 


Price doubles _ Price doubles Price doubles 

—_— ——_— ——_— 

___ 2(3.099) + 2(3.019) +--- + 2(2.969) 

Mean price = ee 
_ 6.198 + 6.038 + 5.958 + 6.338 + 5.938 
=> a a a 


= 6.094 dollars. 


Notice that this is twice the original mean price. This is because when we double each price, we 
double the total, so the mean itself is doubled. 


Statistical Notation and the Mean 


We often use subscripts to indicate different values of a variable. For instance, from the previous 
section, if p is the price of gas in $/gallon, we write p; for the price at the first station, p2 for the 
price at the second station, and so on. 

It is customary to write the mean value as a variable with a bar over it, like this: Z, pronounced 
“g-bar.” For instance, we can write p for the mean price of gas in Oklahoma. We now define the 
mean using subscripts: 


Given n values labeled 71, %2,...,2%n, we have: 


¥ Sum of values 905) tb ay db oooh ap, 
Mean value = % = ————_. =—s— ———— —_. 
Number of values n 


Example 2 Let p1, 2, 3, P4, Ps be the gas prices at five different stations. Then 


(Di ae 12 ar OR ae (OA oe 15 


Mean gas price = p = 5 


Find the new mean price if: 


(a) The price at all five stations goes up by $0.20. 
(b) The price at the fifth station goes up by $1.00. 
(c) The price doubles at all five stations. 


Solution (a) If the price at all five stations goes up by $0.20, we have: 


(en EO Nts) elie) 
5 


(pi + po + ps + pa t+ ps) + (0.2 + 0.2 + 0.2 + 0.2 + 0.2) 
= ee regroup 
(pi + po + p3 + pa + ps) + 1.00 

5 


fol =F 0a sr eg se oases , Lol 
= ar ee 54 


Mean price = 


split numerator 
——————— 
Pp 


=p+0.20. 


Notice that this is $0.20 higher than the original mean price, p. Thus, as we saw in Example 1 
of Section 17.1, if each price goes up by $0.20, then so does the mean. 
(b) If the price at the fifth station goes up by $1.00, we have: 


M ; pi + p2 + p3 + pa + (ps + 1.00) 
ean price = SS 
ai alte 1.00 
Bae seal Pal esa) at ete split numerator 
5 9) 
_____ 
Dp 


= p+0.20. 


Notice this is the same answer as in part (a). We see that adding $0.20 to five values gives the 
same mean as adding $1.00 to one of the values. 
(c) If the price doubles at each station, we have: 


2p1 + 2p2 + 2p3 + 2p4 + 25 
5 


_ Apit+patpstpatPs) 2 


5 
Pit pat ps t+ pat Ps 


Mean price = 


= 2 
5 
——————————— 
Pp 
= 2p. 


We see that when we double each price, we double the total, so the mean itself is doubled. 


Sigma Notation and the Mean 


Given n values labeled x1, %2,...,£n, We can write our definition of the mean using sigma nota- 
tion: 


a Sum of values 
Mean value = = —————_—_—_ 
Number of values 


= — - (Sum of values) 


n 
i=1 


Sometimes people use an abbreviated form of sigma notation, writing 


n n 
y x, oreven y x; instead of y Dis 
i=1 


Using this abbreviated form, we define: 


Slr slr 


Given n values 71, %2,...,%n, we have 


il 
ihe mmeant— Gi — sae re 
e=—. Soa 


Notice that we are still summing from 2, to Zp. 


The Difference between Population Parameters and Sample Statistics 


Suppose we want to know the mean age of all 5000 people in a certain town. The straightforward, 
though laborious, approach would be: 
e Determine the first person’s age a1, the second person’s age ag, all the way up to the last 
person’s age, G5000- 
e Sum these ages and divide by 5000 to obtain 


a1 + a2 +++ + 45000 

5000 
Provided we correctly determine the age of all 5000 people, we can find the exact mean age of the 
town. Such a measurement is called a population parameter, since it tells us something about the 
overall population. Customarily, we write population parameters using Greek letters. The mean of 
a population is often denoted by the Greek letter j1, pronounced “mu”. 

Another less exact, though also less laborious, approach is to take a random sample in which 
each resident of the town has the same chance of being selected as any other resident. Here, we 
might randomly select 100 people from the town and determine their ages: a1, a2, up to Gio99. We 
can then use the mean age of these 100 people to estimate the mean age of the entire town. We refer 
to such a measurement as a sample statistic because it applies to a small sample instead of to the 
overall population. Customarily, we write sample statistics using bar notation, like a. 

Sometimes it is not possible to determine the true value of a population parameter. For instance, 
calculating the average height of every tree in a forest would likely involve an impractical amount 
of work. By making a statistical inference, we can estimate a population parameter (like mean 
tree height) based on a sample statistic (like the mean height of a sample of 100 trees). However, 
statistical inference is a topic more suited to a statistics book than an algebra book. 


— 


Exercises and Problems for Section 17.1 
EXERCISES 


Win Exercises 1-6, find the mean of the data set. 


An Bw DN 


. 2,4,6,8 
. 2,4, 6,8, 100 
. 102, 104, 106, 108 


—5, —2,0, 5,2 


. 5,2, 19,6,5,2 
. 5,5,5,0,0,0,0,0,5,5 


PROBLEMS 


Win Exercises 7-11, find @. 


10. 
11. 


Ag = 2150 = 1445.10 
a; =2,i=1,...,10 
a; = 2',4=1,...,5 


a; =i/2andi=1,...,5 


12. 


Table 17.2 shows the number of passengers taking a 
particular daily flight from Boston to Washington over 
the course of a week. Find the mean number of passen- 
gers for the week. 


Table 17.2 


13. 


14. 


Figure 17.1 shows the temperature (in°F) every two 
hours over the course of an autumn day. What is the 
approximate mean temperature on this day? 


temperature (°F) 
70 + 68 


60 - e e 


e 
50 [47 


40 
12AM 4AM 8AM 12PM 4PM 8PM 12AM 


Figure 17.1: The temperature over the course of an 
autumn day 


time 


Catherine has the following phone bills over a twelve- 
month period: $32, $27, $20, $40, $33, $20, $32, $30, 
$36, $31, $37, $22. 


(a) What is the average phone bill? 

(b) Suppose Catherine spends $5 more on phone bills 
each month. What happens to her average phone 
bill? What if she spends $10 more each month? 


15. 


16. 


17. 


18. 


(c) Suppose she spends $60 more on the highest 
phone bill, but the same amount on the other 11 
bills. What happens to her average phone bill? 
What if she spends $120 more on the highest bill? 


Table 17.3 gives the mean discharge of a river over a 
two-week period in ft? /sec. 


(a) What was the mean discharge for the 
(i) first week? (ii) 

(b) During which week is there a larger total amount 
of water? 


(c) Comparing the means for the two weeks, can we 
tell which week had a larger total flow of water? 


second week? 


Table 17.3 


On the back cover of the classic jazz album Kind of 
Blue by Miles Davis, the lengths of the five songs are 
shown in parentheses: (9:02), (9:33), (5:26), (11:31), 
(9:25). What is the mean length of a song on this al- 
bum? 


Find the mean of 1, 2,3,...,n, if n is 

(a) 3 (b) 4 (ec) 5 

(d) 6 (e) 2k (f) 2k+1 

A sample of n frogs has a total weight of W grams. 


(a) What is the mean weight of a frog in the sample? 
(b) The largest frog eats the smallest one. What is the 
mean weight now? 


19. 


20. 


21. 


22. 


23. 


24. 


A sample of 20 frogs has a total weight of W grams. 


(a) What is the mean weight (in grams per frog) of the 
sample? 

(b) One of the frogs has been mis-weighed. Instead of 
x grams, its weight is y grams. What is the cor- 
rected mean weight of the sample? 


A sample of 71 frogs has a total weight of W; grams. 
A second sample of nz frogs has a total weight of W2 
grams. 


(a) What is the mean weight (in grams per frog) of 
each sample? 

(b) What is the mean weight of all the frogs in both 
samples? Does it equal the average of the mean 
weights of the samples taken separately? 


Consider the following list of sale prices (in $1000s) 
for eight houses on a certain road: $820, $930, $780, 
$950, $3540, $680, $920, $900. One of the houses is 
worth much more than the other seven because it is 
much larger, it is set well back from the road, and it 
is adjacent to the shore of a lake to which it has private 
access. 


(a) What is the mean price of these eight houses? 
(b) Is the mean a good description of the value of the 
houses on this block? Explain your reasoning. 


In 10 packages the number of M&M’s was 
56, 53, 54, 54, 52, 55, 52, 53, 55, 55. 


(a) What is the mean number of M&M’s per package? 
(b) Is the mean a good description of the count for a 
package of M&M_’s? Explain your reasoning. 


Suppose you record the hours of daylight each day for 
a year in Tucson, Arizona, and find the mean. 


(a) 
(b) 


What do you expect for an approximate mean? 
How would your data compare with a student do- 
ing the same project in Anchorage, Alaska? 

How would your mean compare with a student do- 
ing the same project in Anchorage, Alaska? 


(c) 


Table 17.4 shows how much money different income 
groups made in the US during 2007, according to the 
US Census. The poorest 20% of households made be- 
low an annual income of $20,291 and the fourth quin- 
tile made between $62,000 and $100,000. The Census 
gives no limit on the wealthiest quintile, but it reports a 
lower limit of $177,000 on the top 5%. 


(a) Using this table, can you find the overall mean 
household income of the US in 2007? 

(b) Use the data in some way to find an estimate of the 
mean. Hint: Find an estimate within each quintile. 


Table 17.4 


Quintiles (fifths) 


25. 


26. 


27. 


28. 


Upper limit 


Find the mean of each data set: 


(a) Five readings equaling (not totaling) 120, three 
readings equaling 130, two readings equaling 140, 
four readings equaling 150, and one reading equal- 
ing 160. 

Three readings equaling x1, six readings equal- 
ing x2, seven readings equaling «3, five readings 
equaling x4, and four readings equaling x5. 

ny readings equaling 71, n2 readings equaling x2, 
and so on, up to m5 readings equaling x5. 


(b) 


(c) 


Suppose two samples of 5 values are taken from a pop- 
ulation 


a:8,9,4,7,5 and 6b: 6,9, 10, 5, 7. 


(a) Find a and b. 

(b) Find the mean of the sample you get by combining 
the two samples. 

(c) Is the mean of the combined sample equal to the 
mean of the two values @ and b? 

(d) Explain your answer in (c) algebraically. 


Suppose two samples of values are taken from a popu- 
lation 


a: 8,2,4,7,5 and b: 6,9, 10,5, 7,8, 2, 5. 


Find @ and b. 

Find the mean of the sample you get by combining 
the two samples. 

Is the mean of the combined sample equal to the 
mean of the two values @ and b? 

Explain why the means in (c) are the same or dif- 
ferent. 


(a) 
(b) 


(c) 
(d) 


A researcher has a colony of ants with a mean weight 
of jy, and takes a sample of 10 ants with weights w1, 
..., W1o. Decide whether each of the following is the 
mean of the sample. Explain. 


(d) pu 
(e) (wi + w2 +--- + wio)/10 


Le 
ars 


Fifth 


Not given 


17.2 THE STANDARD DEVIATION 


We call the mean a summary statistic because it summarizes a data set. For instance, although gas 
prices might vary widely across the state of Oklahoma, knowing that the mean price is $3.047 per 
gallon tells us something about gas prices in the entire state. But the summary provided by the mean 
is often incomplete because two data sets can have the same mean and yet be very different. 


Example 1 A naturalist measures the clutch size (the number of eggs in the nest) for two different subspecies of 
ptarmigan, a game bird, recording her results in Table 17.5. Do the mean clutch sizes of these two 
data sets give a reasonable description of the differences between them? 


Table 17.5 Clutch sizes in various nests 


Subspecies A | 7 | 8 | 10 | 8 | 7 | 7 | 9 | 
SubspeciesB | 9 | 5 | u | 6{otz7{s| 


Solution Computing the mean clutch size for each subspecies, we have 
7+8+---+8 64 
Mean clutch size for subspecies A = lees as 8 eggs/nest 
8 8 nests 
9+5+---+12 64egg 
Mean clutch size for subspecies B = Eevee ee eee 8 eggs/nest. 
8 8 nests 


Based on this data, these two subspecies have the same mean clutch size. However, this summary 
conceals an important difference between the two subspecies: Clutch sizes for A fall between 7 and 
10 eggs, whereas for B they are more spread out, ranging from 5 to 12 eggs. 


Using a Range to Measure the Spread of a Data Set 


To provide a more thorough summary of the data, we can summarize the spread in a variety of ways. 
One way is simply to report a range of values, as we did in Example 1. 

A difficulty with this approach is that an “outlier” (or atypical data value) can dramatically 
affect the range. For this reason, statisticians often rely on a more sophisticated method to measure 
spread, called the standard deviation. 


Calculating the Standard Deviation 
The standard deviation involves the notion of deviation from the mean, or simply deviation: 


Deviation of a data value = Difference between that value and the mean value 


= Data value — Mean value. 


The deviation tells us how far our data value lies from the mean or “average” value. 


Example 2 


Solution 


Find the deviations of the data sets in Table 17.5. 
We know the mean of both data sets is 8. For subspecies A, the deviations are: 
Deviation for first data value = 7-8 =-—1 


Deviation for second data value = 8-8 =O 
Deviation for third data value = 10 — 8 = +2 


Likewise, for subspecies B, the deviations are: 


Deviation for first data value = 9-8 =+1 
Deviation for second data value =5—8 = —3 
Deviation for third data value = 11 — 8 = +3 


These results are in Table 17.6. Above-average clutch sizes have positive deviations, while below- 
average clutch sizes have negative deviations. A nest holding the mean number of eggs has zero 
deviation. 


Table 17.6 Deviations in clutch sizes of two subspecies 


Table 17.6 shows that the deviations for subspecies B tend to be bigger than for subspecies A. 
This indicates the data for B is more “spread out.” But how much more spread out is set B than 
set A? We might try to answer this by calculating the “average spread,” or mean deviation, for both 
sets: 


Sum of deviations —1+0+---+0 0 
Mean deviation fi b ies A = <= ——_-_ = - = 
ean deviation for subspecies Nimibaeal cane . : 0 
ee : Sum of deviations 1+(—3)+---+4 0 
Mean deviation f b B= ee ee eee ee SS = 6, 
ean deviation for subspecies Naber ; . 0 


In both cases, the deviations cancel out to zero! This is no coincidence. It is a property of the mean, 
and the same thing happens for any data set. 


The Variance: The Mean Squared Deviation 


In order to prevent the individual deviations from canceling out, we square the individual deviations 
before finding the mean. 
sum of squared deviations 


-=—=. TO * oo. 
Mean squared deviation _ (=1)*+0°+2'+0°+(-1)?+(-I* +407 _ 8 _, 


for subspecies A 8 8 


Sum of squared deviations 


ree. 
Mean squared deviation _ 17 + (—3)? +37 + (—2)? + (—2)? + (-1)? +07 +47 _ 44 = 
for subspecies B 8 8 _ 


After squaring each deviation, the terms no longer cancel. We see that the mean squared deviation 
for subspecies B, at 5.5, is quite a bit larger than it is for subspecies A, at 1. The mean squared 
deviation provides a reliable measure of how spread out, or varied, a data set is, and is called the 
variance. 


The variance of a data set is the mean of the squared deviations: 


Sum of squared deviations 


Variance = 
Number of values 


The Standard Deviation: The Square Root of the Variance 


Example 3 


Thinking about units, we know that a clutch size is a number of eggs. The deviation of a data value 
is also a number of eggs. For instance, a nest of 6 eggs has a deviation of 6 — 8 = —2 eggs. Being 
negative, this tells us this nest has 2 fewer eggs than the mean nest. 

When we find the variance, we square all the deviations and then divide by the number of nests. 
Thus, a nest of 6 eggs has a squared deviation of (6 — 8)? = 4 eggs”. In order for our measure of 
spread to have the same units as the original data—in this case, eggs—we take a final step in our 
calculations by finding the square root of the variance. The square root of the variance is known as 
the standard deviation. It is denoted by the lowercase Greek letter 7, pronounced “sigma”. 


oA = Standard deviation for subspecies A = V variance = vl =1 egg 
op = Standard deviation for subspecies B = V variance = V5.5 = 2.345 eggs. 


Here, we see that o for species A is quite a bit smaller than for species B, which is consistent with 
the fact that the clutch sizes for A are quite a bit less spread out. 


We define the standard deviation of a data set with n values as 


ial 
o = Standard deviation = V Variance = ,/— - (Sum of squared deviations). 
n 


Using the data in Table 17.1 on page 496, calculate the standard deviations to determine which state 
has a higher spread in gas prices, Oklahoma or North Carolina. 


Solution The mean gas price in Oklahoma is $3.047, so: 


Variance in OK = . - Sum of squared deviations 
= (3.099 — 3.047)? + (3.019 — al ++-+++ (2.969 — 3.047)? = 0.005816, 
and o in OK = Vvariance = V/0.005816 = $0.0763. 
Similarly, the mean in North Carolina is $3.765, so 
Variance in NC = (00) = TS (= BG eS Bae = 0.023824, 


5 
and o in NC = vV variance = 0.023824 = $0.1544. 


Since 0 = $0.1544 for North Carolina and o = $0.0763 for Oklahoma, the prices in North Carolina 
are more spread out. 


Using Sigma Notation in the Definition of Standard Deviation 


Let 41, %2,...,%» stand for our n data values. If % is the mean value, then: 


Deviation of data value 71 = 17, — & 


Deviation of data value x2 = xo — &, 
and, for data value x;, 

Deviation of data value x; = x; — Z. 
The squared deviations are given by: 


Squared deviation of data value x1 = (21 — 


81 
as 


Squared deviation of data value x = (a2 — Z) 
and, for data value x;, Squared deviation of data value x; = (a; — z) : 


The variance is the mean of the squared deviations from x, up to 7: 


Sum of squared deviations 


Variance = — - ((e1 _ z)° + (x2 — z)? feet (fn — z)") 


Slr slr 


Thus, since the standard deviation a is the square root of the variance, we have: 


The standard deviation of a data set x1, x2,...,Z», with mean Z is given by 


Calculating the Standard Deviation Using nm Versus n — 1 


Many calculators and computers provide two different ways of calculating the standard deviation.* 
The first way is to divide by n when finding the variance, as we have done in this chapter. The 
second approach is to divide instead by n — 1. The reason has to do with statistical inference.When 
we only intend to measure how spread out our data set is, we can use n. But if we intend to use 
our data to predict (or infer) the standard deviation of the overall population, we should use n — 1. 
This is because, in contrast to the mean of a data set, which gives an unbiased estimate of the mean 
of the population, the standard deviation of a data set tends slightly to underestimate the standard 
deviation of the population. To correct for this bias, we divide by n — 1 instead of n when making 
statistical inferences. 


Exercises and Problems for Section 17.2 
EXERCISES 


Win Exercises 1-5, find the mean and standard deviation of 5. 12, —8, 13, —15, 60, —72, 23, —13 


the data set. 6. Find the mean and standard deviation for each of the 


1. 13,14, 19, 28, 30, 31,50 following data sets. 
2. 25, 30, 32, 32, 41, 45, 57, 62 (a) 1,2,3,4,5,6,7 
3. 81,57, 14, 98, 20, 20, 6 (b) 4,4,4,4,4, 4, 4 
4. 16,66, 30, 99, 74, 50, 35, 7 (heat yar 6s0 
PROBLEMS 
7. The clutch size of a bird is the number of eggs laid by (b) Seven similar houses (leave out the top-priced 
the bird. Table 17.7 shows the clutch size of six differ- house). 


ent birds labeled (i)—(vi). What is the 
BA naturalist collects samples of a species of lizard and mea- 


(a) Mean clutch size? 
sures their lengths. For the samples in 9-11, give the 


(b) Standard deviation of these clutch sizes? 
(a) sample size (b) mean (c) range 
Table 17.7 (d) standard deviation. 


Bird (wi 9. 
Clutch size lela ise) aa} 5 Table 17.8 


Lizard no, aE 
8. The sale prices (in $1000s) for eight houses on a certain Length (cm) 5.8 | 68} 69 | 69. 7.0 
road are: $820, $930, $780, $950, $3540, $680, $920, Lizard no. rare raes 10 
$900. Find the mean and standard deviation of the Length (cm) 72181 


(a) Eight houses. 


3For instance, Microsoft Excel provides STDEV (), which uses n — 1, and STDEVP (), which uses n. 


10. 13. Suppose you record the hours of daylight in Tucson, 
Table 17.9 Arizona, each day for a year and find the mean amount. 


aaa = (a) What do you expect for an approximate mean? 
Lizardno. | 6 | 7 | 8 | 9 | 
Length (em) | 7.9 | 7.9 | 8.0 | 8.0 


(b) How would your data compare with a student do- 
ing the same project in Anchorage, Alaska? 

(c) How would your standard deviation compare with 
a student doing the same project in Anchorage, 


Alaska? 
Table 17.10 
Length (cm) fatstof[7]s {ol 10 Min Problems 14-18, find the standard deviation of the data 
No. lizards [1 | 6 | 26 | 36 | 23 [6 | 2 ue 
12. Table 17.11 shows five different data sets numbered (i) 14. 20, 30, 40, 80, 130. 
through (v). Each data set has the same mean value of . 
20. Rank the data sets in order of their standard devi- 1S. ©1, ©2,..., %5, mean is m. 


ation from lowest to highest. You are not required to 
make any calculations to answer this question, but you 
should explain your reasoning. 


16. Five readings each equaling 120, three readings each 
equaling 130, two readings each equaling 140, four 
readings each equaling 150, and 1 reading equaling 


Table 17.11 160. 


(v) 17. Three readings each equaling x1, six readings each 
10 | 10 0 18 equaling x2, seven readings each equaling x3, five 
20 19 readings each equaling x4, and four readings each 
20 20 equaling x5. The mean of this data set is m. 


20 21 18 
30 22 


. m1 readings each equaling x1, n2 readings readings 
each equaling x2, and so on, up to ns readings each 
equaling x5. The mean of this data set is m. 


17.3 PROBABILITY 


The probability of an outcome is a measure of how likely the outcome is. Winning the lottery, getting 
struck by lightning, or finding a pearl in an oyster—these events all seem extremely unlikely, so we 
assign to each of them a low probability, that is, a probability near zero. Some events are downright 
impossible, such as drawing five aces from a (fair) poker deck. Such events are said to have no 
likelihood of occurring, or a probability of 0%. At the other end of the scale, some events are 
extremely likely. It seems virtually certain that the sun will rise tomorrow, so we assign this event a 
probability near 100%. 


Probabilities in Terms of Percentages 


We can often think of probabilities in terms of percentages or relative frequencies. For example, if 
the weather forecast says there is a 50% chance of rain, this means, according to historical weather 
data such as temperature, humidity, prevailing winds, and cloud cover, that for all of the days with 
conditions similar to this day, 50% of them actually saw rain: 


Number of days with similar conditions that saw rain 


Probability of rain = = 50%. 


Total number of days with similar conditions 


Here, a meteorologist is measuring the relative frequency of rain for all days having similar condi- 
tions. The assumption is that if in the past certain conditions favored rain, then similar conditions 
should favor rain today. 


Example 1 


Solution 


Example 2 


Solution 


Shannon buys 10 tickets in a lottery with 500 entries. What is the probability of her winning? 


She will win the lottery if any one of her 10 tickets is drawn. Therefore 


Probability of drawing = Number of tickets Shannon buys = 10 _ 2% 
one of Shannon’s tickets P Total number of tickets a 500 _ 


In general, probability values must range between 0 and 1, that is between 0% and 100%. For 
example, if Shannon does not buy a ticket, the numerator in the probability fraction is zero, and thus 


0 
Probability of selecting Shannon’s ticket = 500 0%. 


On the other hand, if Shannon buys all 500 tickets: 


500 
Probability of selecting Shannon’s ticket = 500 = 1 = 100%. 


There are 540 members of the United States Congress, composed of 100 members in the US Senate 
(2 from every state), and 440 members of the US House of Representatives. The state of California 
(CA) has 53 representatives in the House.* What is the probability that: 


(a) A randomly picked member of the House represents California? 
(b) A randomly picked senator represents California? 
(c) A randomly picked member of Congress represents California? 


There are 440 different ways to pick a representative from the House, 100 ways to pick a senator 
from the Senate, and 540 ways to pick a congressperson from the congress. 


(a) There are 53 different ways to pick a California representative from the House: 


Probability of pickingaCA | Number of ways to pick a CA representative 
representative from the House ~ Number of ways to pick a representative from the House 
53 
= — = 12.045%. 
440 a 
(b) There are only 2 ways to pick a California senator from the Senate: 
Probability of pickingaCA Number of ways to pick a CA senator 
senator from the Senate ~ Number of ways to pick a senator from the Senate 
2) 
= — = 2%. 
100 ts 
(c) There are 53 + 2 = 55 ways to pick a California congressperson from the US Congress: 
Probability of picking a CA _ Number of ways to pick a CA congressperson 
congressperson from Congress ~ Number of ways to pick a congressperson from Congress 
55 
= Se = Maile, 
540 i 


*http://en.wikipedia.org/wiki/Current_members_ofthe-United_States_Congress, page accessed November 5, 2008. To be 
precise, there are 435 voting members of the house and 5 non-voting delegates. 


Two-Way Tables 


Clinical research typically involves allotting subjects into groups and measuring any differences 
between them. Two-way tables, also known as contingency tables, are a useful way to organize this 
sort of data. 


Example 3 A researcher investigates a medication for preventing the common cold. Starting with a group of 
120 people, none of whom has a cold, she gives the medication to 80 of them and withholds it from 
the rest, recording her results in Table 17.12. Discuss the following claims. 


Claim 1 A competing researcher states: The medication has no effect: of the people who got colds, 
50% took it and 50% did not. 

Claim 2 The investigating researcher counterclaims: The medication seems effective: taking it ap- 
pears to lower the rate of getting a cold from 20% to 10%. 


Table 17.12 Results of a medical experiment 


[SS] ee 
en aa ee 


Solution Claim 1 While it is true that of the 16 people who got colds, 8 (50%) took the medication and 8 (50%) 
did not, these calculations do not support the competing researcher’s claim. Focusing only on 
people in the first column of Table 17.12—that is, people who develop colds—leaves out an 
important group of people: those in the second column, the ones who did not get colds. 

Claim 2 In order for the investigating researcher to support her counterclaim, she must compare 
the probability of getting a cold for people taking the medication to the probability of getting a 
cold for people not taking it. Referring again to Table 17.12, we see that: 


e 8 out of 80 or 10% of people who took the medication got colds. 
e 8 out of 40 or 20% of people who did not take it also got colds. 


We see that these calculations do lend support to her counterclaim: Taking the medication ap- 
pears to lower the rate of getting a cold from 20% to 10%. 


Joint and Conditional Probability 


To denote the probability of an event EF, we write P(E). If event £; is rolling a six on a fair six-sided 
die, and event £% is flipping a fair coin and getting heads, then 


P(E) = Probability of rolling a 6 on a fair six-sided die = 


P(£2) = Probability of flipping a coin and getting heads = 


NLR OlR 


This looks like function notation, and in a way it is function notation: there are inputs and outputs, 
and for every input we assign a unique output. The difference is that, while the outputs are numbers, 
the inputs are not—they’re events: getting a six on a die or heads on a coin. 


5In this book, we omit discussion of a number of important issues, including experimental design, control groups, random 
assignment, the placebo effect, and statistical significance. 


Example 4 


Joint Probability 


The joint probability of two events is the probability of their occurring together. Consider the fol- 
lowing events: 
Event A A person picked at random from Table 17.12 took the medication. 


Event B A person picked at random from Table 17.12 got a cold. 
Here, the joint probability of events A and B is the probability that a person picked at random took 
the medication and got a cold. This probability is written P (A 1 B): 


P(ANB) = 8 people took medication and got colds _ 6.67% 
7 120 people altogether as 


Note that P(BM A) means the same thing as P(A M B): both expressions describe the probability 
that events A and B happen together. 


Conditional Probability 


Suppose we know that event B has happened and want to know how likely it is now for event A 
to happen. This is known as the conditional probability of event A given event B, and is written 
P (A|B). Although the conditional probability of A given B sounds similar to the joint probability 
of events A and B, they are very different. For instance, out of the 16 people who got colds, 8 took 
the medication, so: 


8 people who got colds also took medication 


P(A|B) = = 50%. 


16 people got colds 
We see that P(A|B) = 50% whereas P(A NM B) = 6.67%. It is also worth noticing that P(B|A) is 
not at all the same as P(A|B). Of the 80 people who take the medication, 8 get colds, so: 


8 people who got colds also took medication 


P (BIA) = = 10%. 


80 people took medication 


Probabilities and Two-Way Tables 


To understand the difference between joint and conditional probabilities, it can be helpful to think 
in terms of two-way tables. 


e The joint probability of events A and B, written P(A NM B), is the probability of their 
occurring together. To find a joint probability, we divide a table entry by the grand total. 


e The conditional probability of event A given event B, written P(A|B), is the proba- 
bility that event A occurs given that event B occurs. To find a conditional probability, we 
divide a table entry by a row or column total, not by the grand total. 


A geneticist seeks to establish a link between a certain gene and a certain type of cancer. She studies 
250 mice, recording her results in Table 17.13. A mouse is selected at random from this group: 


e Event A stands for picking a mouse having the gene. 


e Event B stands for picking a mouse not having the gene. 
e Event C' stands for picking a mouse developing the cancer. 
e Event D stands for picking a mouse not developing the cancer. 


Evaluate the following expressions. 


(a) P(ANC) (b) P(CNA) (c) P(CNB) 
(d) P(A\C) (e) P(C|A) (f) P(C|B) 


Table 17.13 Link between a gene and a cancer in mice 


Solution (a) This is a joint probability, so we divide a table entry by the grand total: 


10 mice have the gene and develop cancer _ 


ONG = 250 mice total 


4%. 

(b) This is the joint probability of picking a mouse developing cancer and having the gene, so it is 
the same as P(A MC). Thus, from part (a), we see that P(C'M A) = 4%. 

(c) Again we divide a table entry by the grand total: 


15 mice develop cancer and lack the gene 


IP 3) = 
Cw) 250 mice total 


= O%. 
(d) This is a conditional probability, so we divide a table entry by a row or column total (and not by 
the grand total): 


10 mice have the gene and develop cancer 


P(AIC) = = 40%. 


25 mice develop cancer 
(e) In part (d), we divided by a row total. This time, we divide by a column total: 


10 mice develop cancer and have the gene 


P(C\A) = = 18.9%. 


53 mice have the gene 


Although we saw that P(C'/M A) is the same as P(ANM C), notice that P(C|A) is not the same 
as P(A|C). 
(f) We have 


15 mice develop cancer and lack the gene 


P(C\B) = = 7.61%. 


197 mice lack the gene 


Independent Events 


Under ordinary circumstances, flipping a coin does not affect the card we draw from a deck of cards. 
These two events are independent: The outcome of one (heads or tails) does not affect the outcome 


Example 5 


Solution 


of the other (ace of spades, jack of hearts, etc.). In contrast, in Example 4, we see that 


Conditional probability for a mouse to 


P(C\A) = = 18.9% 


develop cancer given that it has a certain gene 


Conditional probability for a mouse to 


P(C|B) = = 7.61%. 


develop cancer given that it lacks the gene 


This tells us that the probability for a mouse to develop cancer is not independent from its having 
a particular gene. These two events are intertwined: Having the gene appears to make it more than 
twice as likely (18.9% versus 7.61%) that the mouse will develop cancer. (Whether the gene actually 
causes the cancer is another question.) In general: 


Two events are independent if the occurrence of one of them has no effect on the probability 


of the occurrence of the other. 


The researcher in Example 4 investigates a second gene. See Table 17.14. Is the probability of a 
mouse developing cancer independent of its having this second gene? 


Table 17.14 Link between another gene and a cancer in mice 


Does not develop cancer 


To check for independence, we compute three probabilities: 


25 mice develop cancer 


Cc bability fe = = 10 
ancer probability for any mouse FE GICATOUl % 
18 mi ith devel 
Cancer probability for a mouse with the gene = eT ae = 10% 
7 mice lacki devel 
Cancer probability for a mouse without the gene = eae ee eS 10%. 


70 mice lack the gene 


Thus, the probability of a mouse developing cancer is 10% whether or not it has the gene, which 
tells us that developing cancer and having the gene are statistically independent. 


Independence and Joint Probability 


Suppose that, for mice, having a certain gene is independent of developing cancer. This means the 
probability, c, of developing cancer is the same for mice with the gene as it is for mice without the 
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Solution 


gene. If g is the probability that a mouse has the gene, then out of N’ mice we expect: 


Number of mice with gene = Probability of having gene x Number of mice = gNV. 
Na 


g N 


Of these mice, we expect: 


umber eines wae = Probability of getting cancer x Number of mice with gene = cgN. 
Ne ee Nl 


gene getting cancer 


(a gN 
Therefore, 
cgN 
ooo 
Joint probability of having gene Number of mice with gene getting cancer 
and developing cancer Number of mice 
N 
cgN 
= —=cg. 
N g 
Therefore: 
Joint probability of having gene __— Probability of ” Probability of 
and developing cancer having gene developing cancer 


We can rewrite this statement using our notation for joint probability: If event A stands for develop- 
ing cancer and B stands for having the gene, then 


P(AN B) = P(A)P(B). 


This relation is always true for statistically independent events, not just for genes and cancer in 
mice: 


If two events A and B are independent, then 


P(ANB) = P(A)P(B). 


Show that for Table 17.13, P(A NM B) is not the same as P(A)P(B). 


From the table, we see that 


Behe Probability for a mouse Ef Ba CECE SION CANCE = 10% 
to develop cancer 250 mice total 
P(B) = Probability for a mouse __ 53 mice have gene = 21.2% 


to have gene ~~ 250 mice total 


( 10 mice have gene 

ili and develop cancer 

P(ANB) = Probability for a mouse to Z 1) _ 4%, 
have gene and develop cancer 250 mice total 


We see that 
ECA VAAES)) = Oo 2a) = PIS JP AL A) 18})). 


This confirms what we already knew: Events A and B are not statistically independent. 


Conditional Probability and Joint Probability 


For independent events, there is a connection between the joint probability P(A M B) and the 
individual probabilities P(A) and P(B), namely that P(ANB) = P(A) P(B). But what if events A 
and B are not independent? Returning to our earlier argument, we again let g be the probability that 
a mouse has a certain gene. This time, though, we let c be the probability of the mouse developing 
cancer given that it has the gene. Once again, we see that 


Number of mice with gene = Probability of having gene x Number of mice = gN. 
a a 
N 
g 


Since c is the probability these gN mice get cancer, 


Number of mice with gene getting cancer = c- gN. 


Thus, 
cgN 
———— 
Joint probability of having gene _ Number of mice with gene getting cancet 
and developing cancer Number of mice 
N 
cgoN 
=—_=cg. 
N g 


This is the same result we got before, except that this time, c is a conditional probability: It is the 
probability of developing cancer given the presence of the gene. Thus, we can write c = P(A|B). 
Since g = P(B), we have 


Joint probability of having gene __—- Conditional probability —_—_— Probability of 
and developing cancer of getting cancer having gene 
en a 
P(ANB) c=P(A|B) g=P(B) 


P(AN B) = P(A|B)P(B). 
Dividing both sides by P(B), which we assume to be nonzero, we have:® 


This formula is commonly used as a definition for P(A|B). 
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Solution 


Provided P(B) > 0, the conditional probability of event A given event B is related to the 
joint probability of these events by the formula 


P(ANB) 
P(B) 


P(A|B) = 


Suppose P(A) = 0.5, P(B) = 0.8, and P(ANM B) = 0.2. 
(a) Are events A and B independent? 

(b) Compute P(A|B). 

(c) Compute P(B|A). 


(a) We know that P(AM B) = 0.2. However, P(A)P(B) = (0.5)(0.8) = 0.4. Since P(AN B) 4 
P(A)P(B), events A and B are not independent. 


: eae) 
(b) Since P(A|B) = —P(B) ” we have 
0.2 
P(A|B) = — = 0.25. 
(AlB) = 73 
(c) Ina similar fashion, 
P(ANB) 0.2 
P(B|A) = = = (4. 
Ci P(A) 0.5 


Medical Screening Tests 


According to The New York Times,’ anew screening test for ovarian cancer, called OvaSure, detected 
“O5 percent of the cancers, and its false positive rate—detecting a cancer that was not there—was 
0.6%.” The article goes on to say “only | of 3000 women has ovarian cancer.” 

Suppose event A corresponds to having ovarian cancer, and event B corresponds to getting a 
positive result on this test. Based on this information, we know that P(B|A) = 95%: That is, given 
that a woman has ovarian cancer, there is a 95% chance she will test positive. Thus, one might 
conclude that getting a positive result almost certainly means one has ovarian cancer. This turns out 
not to be the case. The probability we are given is P(B|A), but the probability we would like to 
know is P(A|B): How likely is it that a woman has ovarian cancer given that she has a positive 
result? 

Let us make some calculations and record them in a two-way table. See Table 17.15. Suppose 
the test is given to 3,000,000 women. 

e Given that | in 3000 women has ovarian cancer, we expect: 


Number of women with cancer = — x Number of women 
= — ;3, = | ; 
3000 3,000,000 000 


Thttp://www.nytimes.com/2008/08/26/health/26ovar.html, page accessed August 26, 2008. 
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This also means we should expect 3,000,000 — 1000 = 2,999,000 women not to have ovarian 
cancer. We have recorded these as the row totals in the last column of Table 17.15. 


Of the 1000 women with cancer, the test should detect 95%, or 950 women. These results are 
called “true positives” because they are positive and they are correct. Notice that the test gives 
the remaining 1000 — 950 = 50 women negative results even though they actually have cancer. 
Such results are called “false negatives.” These calculations go into the first row of the table. 


We expect the test to give “false positives” to 0.6% of the 2,999,000 women not having ovarian 
cancer, or 
0.006(2,999,000) = 17,994 women. 


The remaining 2,999,000 — 17,994 = 2,981,006 women are given “true negative” test results. 
These calculations go into the second row of our table. 


e Finally, we sum the positive test results as well as the negative test results to complete the 
column totals in our table. 


Table 17.15 Test results for ovarian cancer 


Test positive Test negative 


17,994 2,981,006 | 2,999,000 
18,944 2,981,056 | 3,000,000 


We now find the conditional probability that a woman has cancer given that she gets a positive 
result, that is, P(A|B). We have: 


Number of true positive results 


P(A|B) = a 
ae) Total number of positive results 
950 
= 7g044 ~ 0.0501 = 5.01%. 


This means, given a positive test result, a woman has only a 5.01% probability of actually having 
ovarian cancer. This number may seem surprisingly low considering the fact that the test correctly 
identifies 95% of all ovarian cancers. The reason the probability is low is because so many women 
in our table—2,999,000 of them—don’t have cancer. Thus, even though the test misidentifies these 
women only 0.6% of the time, the resulting 17,994 false positives swamp the relatively few 950 true 
positives. 


In the general population, some people are left-handed. Table 17.16 shows an investigator’s result 
after polling both men and women. Let event JV stand for selecting a male, event F' for selecting a 
female, and event L for selecting a left-handed person. Find 

(a) P(MOL) 

(b) P(F OL) 

(c) P(L|M) 

(@) P(L|F) 

(e) Use this information to decide if left-handedness is independent of gender. 


Solution 


Table 17.16 Left-handedness and gender 


(a) 


The expression P(M 1 L) is the joint probability of selecting a male who is left-handed. Since 


there are 6 left-handed males and a total of 100 people, we have P(M M L) = 6/100 = 6%. 


(b) 


The expression P(F'M L) is the joint probability of selecting a female who is left-handed. Since 


there are 4 left-handed females and a total of 100 people, we have P(F'N L) = 4/100 = 4%. 


(c) 


The expression P(L|/) is the probability that a person is left-handed given that the person is 


male. There are 60 males, 6 of whom are left-handed, so P(L|M) = 6/60 = 10%. 


(d) 


The expression P(L]|F’) is the probability that a person is left-handed given that the person is 


female. There are 40 females, 4 of whom are left-handed, so P(L|F’) = 4/40 = 10%. 


(e) 


Exercises and Problems for Section 17.3 
EXERCISES 


It appears that left-handedness is independent of gender. 


MiIn Exercises 1-6, give the probability, as a percentage, of 


picking the indicated card from a deck. 


1 
3 
5 
ch 


Queen 
Red card 
2 or3 


2. King of Hearts 
4. Face card 
6. Spade 


Maine has the same number of representatives as sen- 
ators. What is the probability, given as a percentage, 
that: 


(a) A randomly picked member of the House repre- 
sents Maine? 

(b) A randomly picked senator represents Maine? 

(c) A randomly picked member of Congress repre- 
sents Maine? 


Table 17.17 shows the number of passengers taking a 
particular daily flight from Boston to Washington over 
the course of a week. Picking at random, what is the 
probability, given as a percentage, that 


(a) A flight carried at least 150 passengers? 
(b) A passenger flew on Friday? 


Table 17.17 


9. 


If your music player has four playlists, Rock (233 
songs), Hip-Hop (157 songs), Jazz (107 songs) and 
Latin (258 songs), and you select the shuffle mode, 
what is the probability, given as a percentage, of start- 
ing with a song from 


(a) Rock 
(c) Jazz 


(b) Hip-Hop 
(d) Latin. 


Min Exercises 10-17, the probability expressions refer to 
drawing a card from a standard deck of cards. State in words 
the meaning of the expression and give the probability as a 


fraction. 

10. P(Red) 11. P(Red NM King) 
12. P(King M Red) 13. P(King | Red) 

14. P(Red | King) 15. P(Heart | Red) 
16. P(Red | Heart) 17. P(Spade | Red) 


PROBLEMS 


18. 


19. 


Table 17.18 shows the number of flights carrying a 
given number of passengers over a ten-week time pe- 
riod. 


Table 17.18 


Passengers 151-200 
Flights 20 
Passengers 

Flights 


(a) What is the probability, given as a percentage, that 
a flight picked at random from this group of flights 
carried more than 200 passengers? 

(b) What is the probability that a passenger picked at 
random from among this group of passengers was 
on a plane carrying more than 200 passengers? 


Table 17.19 gives the vehicle occupancy for people 
driving to work in 1990 as determined by the US Cen- 
sus. For instance, 84,215,000 people drove alone and 
12,078,000 people drove in 2-person car pools. Pick- 
ing at random, what is the probability, given as a per- 
centage, that: 


(a) A commuter drives to work alone? 
(b) A vehicle carries 4 or more people? 


Table 17.19 


Occupancy | 1 | 2 | 3 [4 [5 || 
People, 1000s | 84,215 


20. 


21. 


There are 54 M&Ms in a packet: 14 blue, 4 brown, 6 
green, 14 orange, 7 red, and 9 yellow. 


(a) For each color, find the probability, as a per- 
centage, of randomly picking that color from the 
packet. 

(b) Find the probability, as a percentage, of randomly 
picking a blue if someone has eaten all the reds. 


The classic album Kind of Blue by Miles Davis lists five 
songs with their lengths in parentheses. If your music 
player is currently playing this album in shuffle mode, 
what is the probability, given as a percentage, that when 
you plug in your earphones you hear: 


(a) So What (9:02) 


7+ 
290 


(b) Freddie Freeloader (9:33) 
(c) Blue in Green (5:26) 

(d) All Blue (11:31) 

(e) Flamenco Sketches (9:25). 


22. A city is divided into 4 voting precincts, A, B, C’, and 
D. Table 17.20 shows the results of mayoral election 
held for two candidates, a Republican and a Democrat. 


Table 17.20 
Precinct Democrat 
A 5,800 
B 7,900 
c 8,800 
D 5,600 


Assuming random selection, what is the probability, 
given as a percentage, that a voter: 


(a) Lives in precinct B? 

(b) Is a Republican? 

(c) Both (a) and (b) 

(d) Is Republican given that he or she lives in 
precinct B? 

(e) Lives in precinct B given that he or she is Repub- 
lican? 


23. For his term project in biology, Robert believed he 
could increase the weight of mice by feeding them a 
hormone. Do his results, in Table 17.21, support the 
claim that the hormone increases weight? 


Table 17.21 


Weight increase | No weight increase 


Fed hormone 
Not fed hormone 


Total 


Face recognition systems pick faces out of crowds at air- 


8From a news release issued on March 
Technology, _ http://www.nist.gov/public_affairs/releases/n03-04.htm. The complete report is available at 
http://www. itL nist. gov/iad/894.03/face/face.html#FRVT2002. 


ports to see if any matches occur with law enforcement 
databases. Performance of the systems can be affected by 
lighting, gender and age of the target, and age of the 
database. In Problems 24—27, the tables give identification 
rates for faces under various conditions. Decide whether the 
rate of recognition is independent of the given factor.® 


13, 2003, by the National Institute of Standards and 


24. Table 17.22 compares face recognition under different 27. Table 17.25 compares face recognition when using a 
lighting conditions. fresh, same-day database image to face recognition 
when using an older database image. 
Table 17.22 


Lighting Did not recognize 


100 Table 17.25 


a0 


Indoors 


Outdoors 


a a 


25. Table 17.23 compares face recognition for men and 


women. 
Table 17.23 
Gender Did not recognize . oat 
- : = 28. A high-tech company makes silicon wafers for com- 
en 


puter chips, and tests them for defects. The test iden- 
Women 7 33 tifies 90% of all defective wafers, and misses the re- 
maining 10%. In addition, it misidentifies 20% of all 
non-defective wafers as being defective. 


26. Table 17.24 compares face recognition for different 


ages. (a) Suppose 5000 wafers are made. Of the 5% of these 
wafers that contain defects, how many are cor- 

Table 17.24 rectly identified by the test as being defective? 
Age Didnatwesagued (b) How many of the non-defective wafers are incor- 


rectly identified by the test as being defective? 

(c) What is the probability, given as a percentage, that 
a wafer identified as defective is actually defec- 
tive? 


REVIEW EXERCISES AND PROBLEMS FOR CHAPTER 17 


18-22 248 152 
38-42 222 78 


EXERCISES 
Wiln Exercises 1—5, find the mean of the data set. Wiln Exercises 9-13, find the mean and standard deviation of 
the data set. 

1, 1,355, 7 
2. 2,6, —3, 7, 7, —3, 6,2 9. 10, 12, 17, 24, 30, 32, 50 
3. 4,4,4,0,0,0,0,0,0,4,4,4 10. —10, —8, —6, —4, —4,0, 0,0, 0, 4,6 
4. —100, —78, —34, 0, 34, 78, 100 11. 5,5,5, 5,5, 5, 5,5 
5. 5.6, 5.2, 4.6, 4.9, 5.7, 6.4 12. 3,3,5,5,5, 7,7 


13. 1,2,3,4,5, 6, 7,8, 9, 10 
Win Exercises 6-8, find @. 
Min Exercises 14-19, give the probability, as a percentage, of 


— 33 —_ 
6. a= 0 —1t=1,...,5. picking the indicated card from a standard deck of cards. 


V0 =? [2.0 = My 2555s 
8. a =4,i=1,...,12. 14. Jack 15. Queen of Spades 


16. Black card 17. Face card 


18. 5 or6 19. Diamond 


Min Exercises 20-27, the probability expressions refer to 
drawing a card from a standard deck of cards. State in words 
the meaning of the expression and give the probability as a 
fraction. 


20. 


P(Black) 21. P(Black M Queen) 


PROBLEMS 


22. 


24. 


26. 


P(Jack M Red) 23. P(King | Black) 


P(Black | King) 25. P(Spade | Black) 


P(Red | Diamond) 27. P(Spade | Club) 


Win Problems 28-29, refer to Table 17.26, which shows the 
amount spent on groceries by customers at two stores, A 
and B, on a given afternoon. 


28. 


29. 


30. 


Table 17.26 


Data set for Store A and B 


Amount 
0—10 
10 — 20 
20 — 30 
30 — 40 
40 — 50 
50 — 60 
60 — 70 
70 — 80 
80 — 90 
90 — 100 
100 — 110 
110 — 120 
120 — 130 
130 — 140 
140 — 150 


(a) What is the mean amount spent by customers at 
store A? Store B? Which is higher? 

(b) Which store has more revenue over the course of 
the afternoon? 

(c) One of these stores is in a busy urban area with 
heavy foot traffic. The other is in a suburban area 
and is most easily reached by car. Which store is 
which, and why? 


Which store do you expect to have the higher standard 
deviation? Explain your reasoning. 


A person’s metabolic rate is the rate at which the 
body consumes energy. Consider the following list of 
metabolic rates (in calories per day) of eight men who 
took part in a study of dieting: 1432, 1668, 1838, 1428, 
1560, 1634, 1380, 1420. 


(a) What is the mean metabolic rate of these eight 
men? 


31. 


32. 


(b) The man with the highest metabolic rate decided 
to quit the study. What is the mean metabolic rate 
of the remaining 7? 


Kristopher has the following gas bills over a twelve- 
month period: $54, $56, $49, $47, $43, $34, $32, $32, 
$34, $35, $37, $39. 


(a) What is the average gas bill? 

(b) Suppose Kristopher spends $5 more on gas bills 
each month. What happens to his average gas bill? 
What if he spends $10 more each month? 

(c) Suppose he spends $12 more on the highest gas 
bill, but the same amount on the other 11 bills. 
What happens to his average gas bill? What if he 
spends $36 more on the highest bill? 


Table 17.27 shows the top ten movies at the box office 
in 1996 (figures are in millions of dollars). 


(a) Estimate the standard deviation of this data set. 

(b) Of these ten movies, three made over $150 million. 
Not counting these three movies, what is the stan- 
dard deviation of the remaining seven? Is it higher 
or lower than for all ten movies? 


Table 17.27 
Title Gross 
Independence Day 101 Dalmatians 131 
Twister The Nutty Professor | 129 
Mission: Impossible The Birdcage 124 
The Rock Jerry Maguire 110 
Ransom A Time to Kill 109 


33. 


Table 17.28 shows the number of passengers taking a 
particular daily flight from Boston to Washington over 
the course of a week. Picking at random, what is the 
probability, as a percentage, that 


(a) A flight carried at most 130 passengers? 
(b) A passenger flew on Tuesday? 


Table 17.28 


34. 


35. 


36. 


A company has 1,000 employees, 600 of whom are 
women and 80 of whom are managers. Among man- 
agers there are 45 women. 


(a) Choosing at random, what is the probability, as a 
percentage, that an employee is a manager? An 
employee is a woman? An employee is a female 
manager? A manager is a woman? A woman is a 
manager? 

(b) Who is more likely to be a manager, a woman or a 
man? 


Suppose a packet of M&M’s contains a total of 52 can- 
dies with the following colors and counts: Blue: 10, 
Brown: 4, Green: 8, Orange: 12, Red: 7, Yellow: 11. 


(a) For each color, find its probability, as a percentage, 
of being randomly picked as the first candy. 

(b) Suppose someone has eaten just the orange ones, 
find the probability, as a percentage, of randomly 
picking a yellow. 


A student takes a four-question quiz. The first two 
questions are True/False (T/F) and the other two are 
multiple choice with four possible answers. 


(a) For a T/F problem, what is the probability of 
guessing the correct answer? 

(b) For a multiple choice problem, what is the proba- 
bility of guessing the correct answer? 

(c) What is the probability of guessing a multiple 
choice answer, if you know one choice is not the 
answer? 

(d) Is guessing an answer for a question independent 
from guessing on a different question? 

(e) If you know the correct answer to the first T/F, 
guess on the second and third, and know that one 
of the choices on the last question is incorrect, 
what is the probability that you get them all cor- 
rect? 


3% 


38. 


°http://www.sentencingproject.org/brief/pub1003.htm. 
!0Report to the Congress: Cocaine and Federal Sentencing Policy May 2002, 
http://www.ussc. gov/r_congress/02crack/2002crackrpt.htm. 


A drug test for professional athletes correctly identifies 
95% of all drug users and 95% of all non-drug users. 
In a population of 1,000 athletes, 4% are drug users. 
The question is: If an athlete gets a positive result, how 
likely is it that he or she is actually a drug user? The 
following steps should help you answer this question. 


(a) How many of the 1,000 athletes are drug users? 
How many do not use drugs? 

(b) How many of the drug users test positive? Nega- 
tive? 

(c) How many of the athletes who do not use drugs 
test positive? Negative? 

(d) How many athletes altogether test positive? What 
fraction of them actually use drugs? 

(e) If an athlete tests positive, how likely is it that he 
or she is actually a drug user? 


Federal sentencing laws passed in 1986 and 1988 es- 
tablished a sharp distinction between two forms of co- 
caine, crack cocaine and powder cocaine. A person 
convicted of possession of 5 grams of powder cocaine 
would likely receive probation, whereas a person con- 
victed of possession of 5 grams of crack cocaine would 
receive an automatic five-year prison term. Accord- 
ing to The Sentencing Project,’ “a dealer charged with 
trafficking 400 grams of powder, worth approximately 
$40,000, could receive a shorter sentence than a user he 
supplied with crack valued at $500.” Critics have ques- 
tioned the fairness of these laws, both in terms of the 
relative danger of the two forms of cocaine, and also 
in terms of the impact of these laws on different de- 
mographic groups. Table 17.29, taken from a report to 
the Congress by the United States Sentencing Commis- 
sion, gives race and ethnicity data for federal cocaine 
offenders in 1992 and 2000."° 


(a) In 1992, what percent of federal cocaine offend- 
ers were involved with powder cocaine? Crack co- 
caine? What about 2000? 

(b) In 1992, what percent of federal cocaine offenders 
were white? Black? What about 2000? 

(c) In 2000, is a crack cocaine offender more likely to 
be black, white, or Hispanic? What about a powder 
cocaine offender? 

(d) Based on these calculations, discuss the possible 
effects of more severe penalties for crack cocaine 
offenses in terms of demographics. Do trends sug- 
gest that these penalties are reducing crack cocaine 
offenses? 


Table 17.29 


Racefethnicity || Powder | Crack || Powder | 
4 932 


White 
Black 
Hispanic 
Other 
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ANSWERS TO ODD-NUMBERED PROBLEMS 


Section 1.1 25 a=5 1 
1 29 27 «© =3 1 
3 1/2 29 w=4 2 
5 4 31 g=7 4 
70 33 t= 15 4 
13 Multiply by 2, add 1 35 y= 25 4 
17 (P+Q)/2 37 (a) 3500 
19 Q + 50¢t is larger (b) 3500 — 700t = 0 

21 2(@—1) +3 39 100+ 75+ x” = 300; $125 
23 2(a+3)-1 41 600,000 = 40,000z + 20,0002, 10 fire- 
men 
eal 43 15 = 6 + 40t — 16¢? 
mia 45 90 = —394 + 5u 
29 0.99a + 1.25p dollars de aa 
31 : oo 10¢ iy 4 
33 (a) 5 children 51 Yes 
(b) $40 53 No 
(© $250 55 No 
35 Production same as wells 1 and 2 combined a 


37 
39 
43 
45 
47 
49 


Production half that of well 2 
Production average of wells 1 and 2 
The debt remaining 

5n; 4n remain 

k? +3 

12/(z? + 3) 


51 (a) 4p + 3e + 9c dollars 


(b) 4p/(4p + 3e + 9c) 
(c) Pp+Ee+Cc; Pp/(Pp+ Ee+Cc) 


63 Positive 


Section 1.3 


1 Many possible answers 
3 Many possible answers 


Equivalent 


5 

7 Equivalent 
9 Not equivalent 
1 


Not equivalent 


Section 1.4 


1 


Subtract 0.1, —0.2 

Add t, 8 

Multiply by —1, 4 
Mult. by —5, —20 
Subtract 7; 2 = 3 
Multiply by 9; # = 153 


53 Yes:a = b?,2 = 67 13. First two 
55 Yes;a = 5,2 = y?4+3 15 (a) (1/5)b; b/5 13 Subtract 3 then divide by 2; 2 = 5 
57 0.01p + 0.05n + 0.10d + 0.254 (b) Yes 15 Subtract 5 then multiply by 3; 2 = 45 
59 5 +870/v hour, 1.8 hour 17 he b/(8/10) 17 Valid, add 22 to both sides 
61 9.45A 19 Valid, subtract 1 from both sides and rear- 
. 19 Both equal 1; not equivalent range 
63 cA is total cost for A acres; : . 
pb is revenue for b bushels 7 nent ; 21 Invalid 
23 Not an identity 23 Valid, divide both sides by 5 
Section 1 2 25 Equal 25 Not equivalent 
1 2p = 18 27 I— R— F + 100 is larger 27 Equivalent; Add 32 to both sides 
3 p+0.20p = 10.80 29 (a) 0.5n — 0.1(0.57n), 0.5(n — 0.1n) 29 Equivalent; Add 6 to both sides 
(b) Yes, 0.45n : 
5 A doubled number is 16 31 No, both 0.59 + 0.5 31 Not equivalent 
o, both 0. ‘ 
7 Ten more than a number is twice the number a 4 33 Same solution: I, V, VI 
. P 33 22 +14 A(x +1) Same solution: II TV 
9 Four less than number is 3 times number 5 
35 Identity 35 «= 15.6 
11 Solution . 
37 2a” + 3a and 5x equivalent 37 «=9 
13 Not a solution 
15 Nota solution 2? t= 6 
17 Yes 11 Al z = 22/3 = 7.333 
19 No 55 43 y= 28 
45 c=4 
21 (a), (b), (d) —33 a 
23 (a) 55 (a) 
4 49 (d) 
—55 
=13 51 (c) 
53 (c) 
(b) a=3 39 2m? + 2m? and 4m? are equivalent 55 Increases 
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57 Unchanged 


59 (a) Yes 
(b) No 


61 (a) No 
(b) Yes 
(c) Yes 
(d) No 


63 Divide by —2; z = —6.5 

65 Multiply by 7/3; M = 28/9 
67 Cube root; y = —2 

69 (b(a —r))?+4=13;¢=5 


Chapter 1 Review 
1 174.80 
3 704.5w/h? 

5 150m ft? 

7 108m ft? 

9 2(a+2)-—4 

1 (a#—1)?41 

13 =8 

15 —12 

17 Many possible answers 

19 Many possible answers 

21 Not equivalent 

23 Equivalent 

25 Not equivalent 

27 t=0,t=4 

29 t=0 

31. ¢=0;¢0=1 

33.2] =$8,2 =]=—6,7=6 

35 2a = 24 

37 ©+6=—-2 

39 2¢-+a = 99 

41 Oand1 

43 6.5 

45 8,-3 

47 -—2 

49 Cube of number is same as its square 


51 One-quarter a number is 100 


33 f=3 
55 J = 32 
57 d=-4 


59 Add 11 to both sides 

61 Multiply both sides by 3/2 

63 Expression, 2n + (n + 3) 

65 Expression, J + S 

67 Equation, 225 = w+ 10, or 225-10 = w 


69 (a) Total number of widgets company re- 

ceives 

(b) Proportion of widgets supplied by A 

(c) Nothing 

(d) Number of defective widgets supplied by 
A 

(e) Total number of defective widgets com- 
pany receives 

(f) Proportion of defective widgets company 
receives 


(g) Proportion of non-defective widgets com- 
pany receives 


71 1 gram of fiber 

73 Total amount spent on tickets 
75 1.5wq 

77 Increases 

79 Decreases 


81 Increases 


91 a=randz=n+1 
93 a =3anda = 2d 
97 2w? + 10w? 


99 (a) 2p + 3q 
(b) 4q 
(c) 5p 
(d) Ap+ Cq 


101 6q, no 

103 2p+q+4r+s 
105 (D) 

107 (a) 


(b) 40 
(c) 2pm 


109 (a) No 
(b) Yes 


111 (©) 

113 100,000,000 = 75,000,000 + 300y 
115 90,000,000 = 2,015,000w 

117 False 


Section 2.1 


5: 

7 Incorrect 
9 Correct 

1 72+9 

13 3a7+6 

15 8x? + 5x 

17 24xy + 4a + 5y 
19 22 

21 3000 

23 —a—b—3c 

25 68.75 square meters 


Section 2.2 


1 2% + 6y 
3 -—10x% +415 
5 2x3 — 6x? + 8x 


7 10x —6y +5 
9 «(2a — 3b) 

11 4(@+y) 

13. —mn(m + 3n) 

15 —2ab(2a + 3b 4+ 1) 
17 (6 +3)(b — 6) 

19 2a(a + 4)(2a — 1) 
21 No 

23 No 

25 No 


31 3np+2n 

33 2(@ + 25):k =2,A = 25 

35 —5(@ + (-3));k = —5, A= —-3 

37 0.2(@ + (—300)); k = 0.2, A = —300 
39 Yes 


41 —(1/2)(a+1) 
are equivalent 


land —(1/2)a+ (1/2) 


43 a=27,b=2+4+r,c=3 


Section 2.3 


1 2? + 7x+ 10 
3 27 —11z2+30 
5 3b? + Tbe + 2c? 

7 3x7 — 16x 

9 «* —16x+ 64 

1 «x? — 26x + 169 

13 v7 + Qry 4+ y? 

15 25p* — 10p?q + q? 

17 8a° — 36a7b + 54ab? — 270 
19 x? — 64 

21 3x7 — 31x — 22 

23 152° + 11x? — 56x 


25 2s? — 15 

27 (y—6)(y+1) 
29 (g — 10)(g — 2) 
31 (q+ 10)(q +5) 
33 (a + 3y)(a + 8y) 
35 (2+ 4)(4z2 + 3) 


37 3(w + 6)(w — 2) 
39 Cannot be factored 

41 (s —6t)? 

43 (a + 6)(x — 6) 

45 (« +5)(x +5) 

47 (« +7)(« +8) 

49 (5a + 8)(a — 9) 

51 (2% — y)(4a@ — 3) 
53 a(x — 8)(a — 8) 

55 r(r — 789)? 

57 2a(3x3 + 427)? 

59 2a7(3 — wz*)(3 + xz") 
61 —3(3t + 1)(3t +5) 


63 gi(l+q°)(1+a)(1—4) 
65 2w(w— 4)? 

67 st(4s — 3t)? 

69 x? +2eh+h?—-1 

TL 2y? —y/2 


Section 2.4 

1 5m/6 

3 -1/((w — 2)(# — 3) 
5 1/z 
7 e/8 
9 2a/((a — b)(a+)) 
1 55/12 
13. p/(2q) 
15 (2a7b?)/3 
17 r/(2s) 
19 (a+ b)/ab 
21 r/8 
23 3(w +1)/(w —1) 
25 2/2+1/2 

2 2 
eta oy2 
29 p— (1/2) 
31 —4+ (5x)/2 
33 2a+h 

c+1 —1 

a+b a+b 
37 (3/t)(/(r + s)) 
39 (1/4) + (a/2) + (30/4) 
41 (w+ 1)*/(xy) — (1/2) 


43 24 

45 (c) 

47 (b) 

49 None 

51 2a3b?/3 

53 36(p + q)/(3p + 2q) 
55 2/x 

57 —(% +5)/(5x) 

59 (d+c)/d 


61 m/(m-— 1) 
63 (w+ 6)/(w + 3) 


Chapter 2 Review 
1 Yes 
3 No 
5 —30 
7 2p? — 2q? + 6pq 
9 (5/12)A 
1 —3t? + 8t+4 
13 5a —2 
15 27-192 
17 9a? — 72 +18 
19 2a? — 3ab — 5b? 
21 12m?n +e 5mn2 


23 (z — 3)(z — 2) 

25 (v — 8)(u+4) 

27 Cannot be factored 

29 (2x + 3)(3a — 2) 
31 (q — 3z)(q — 2) 

33 2(3w — 4)(2w + 1) 
35 Cannot be factored 

37 a(x? + 4) 
39 (a + 12)(a — 12) 

41 (@ —11)(@—- 11) 

43 (3a + 7)(# +5) 

45 (a + b)(e— y) 

47 x(x +12)(@+411) 

49 y(y + 9)(y — 2) 

51 —3¢3(t + 2v)?(t — 2v)? 
53 (a—2)/4 

55 (1— 3w?)/2w 

57 3t/4 

59 (x —y)/(x@+y) 

61 pq/(p — @) 

63 —32z/(z2+4+3) 

65 (r?+1)/rp 

67 (r—s)/rs 

69 1 

71 270 square meters 

73 2(3a7 +6);r = 327 +6 


75 2-307+(2+1)4;r = 2,v = 327,w =4 


or 


3-207 +4(341)-3;r = 3,0 = 227, w = 


3 
other answers possible 


77 3 — (7x)/(« (-5));k = 3,m = 


7,n=-5 
79 (a) A+B 
(b) 1.05(A + B) 
(c) 1054+ B 
(dq) A+1.05B 
(e) 1.005A +1.05B 
(f) (b) and (e) are equivalent 


81 a=327,b=2,c=2 


Section 3.1 
1 «= 28 
3 a=2 
5 p=-—1.54 


7 r= 14/5 = -2.8 
9 m= 15/8 = 1.875 
ll n= —23/4 = —5.75 

13 B=-3 


15 z=5 

17 x=-1 

19 c= 1 

21 2 = 5/6 = 0.833 
23 a=—5 

25 y= 18 

27 t=y/(37) 
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29 a=2(s— vot) /t? 
31 t = (—5x — 1)/(3a — 2) 


33 y= 2-2 
35 ¢ = 3t 
37 g=—3h 
39 f= 3 
Section 3.2 
1 1<s < 240, s an integer 
3 30<V < 200 
5 n,16 <n < 24, n an integer 
7 Divide by 12; no change; x > 5 
9 Add 4.1; no change; c < 6.4 
11 Multiply by —7/3; changes direction; P > 


-1 

13. Subtract 7, divide by 5; y < 3 

15 Subtract 25, divide by —3, direction change; 
a<4 

17 Collect like terms, multiply by 2/3; r < 4 


19{a) 2=2,2=3,2=4 
(b) z=0 
(c) z=1 


21 173.60 <c < 224 
23 (a) (i) Total number of trips 


(ii) Amount of sand if each truck 
makes one trip 


(iii) Total amount of sand delivered 


(iv) Average amount of sand delivered 
per trip 

(v) First truck delivers more total sand 
than second truck 


(vi) Per delivery, second truck trans- 
ports more sand than first truck 
(b) S>T 


25 «2 < —6 
27 -2<a<1 


Section 3.3 


1 Yes 
3 No 
5 Yes 
7 No 


9 (a) False 
(b) False 
(c) False 
(d) True 
(e) False 
(f) True 


11 «© =7ande = —5 
13 t= 2andt = —-1 

15 p=T7andp = —-9 
17 «© < —-27or” > —-15 
19 z<5/30rz > 13/3 
21 |2| <3 

23 |x-1)=2 

25 |x —2|>1 
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Chapter 3 Review 
1 2=28 
3 k=-9/2=-4.5 


x 


J 
r 


5 
7 m= (p—n)/2 
9 
1 


(c+ d)/(b— a) 


= -29/5 = -5.8 
= 1/8 = 0.125 


13 Multiply by —1; changes direction; q < 
—14 

15 Multiply by —5/2; changes direction; r < 
—10/7 

17. Add 5n, subtract 7;7n < —2 

19 Add 7k, divide by 9;k > 4/3 

21 Add 13, divide by —12 with direction 
change; s > 1/3 

23 Divide by —4 with direction change, add 5; 
u<7 

25 Collect like terms, multiply by 3/4; r > 6 


27 No 
29 No 


31 t= —1/3,3 
33 w= —5/4,11/4 


35: x 
37 j 


41 p 


45 s= 


45 x 


=0,4 
< -9orj > 33 
>4ore < —4/3 


=k/(Va+n) 
1+ ((er —1)/(r — 2))? 
> 7 


47 «<—3o0rg > 12 
49 31/64 < p < 33/64; probably not 


Section 4.1 
1 w=f(c) 
3 Dep: N, Ind: C 
5 f(-—7) = —-9/2 


T (a) 
(b) 
(c) 
(d) 


99 
—15 
145 
177 


9 1/3 
11 1/V2= V2/2 


13 4 


15 10—3r 

17 19-—3k 

19 10 — 15¢? 

21 —#?+4+3a—1 


23 (a) 


(b) 
25 (a) 
(b) 
(c) 
(d) 
27 (a) 
(b) 
29 (a) 
(b) 


40: °C 
3: liters 

3 liters 
—2 
—2and 3 
0 

O and 2 


2 
—2and1 


4 
2 and —2 


31 (a) At price $15 revenue is $112,500 


(b) At price $a revenue is $0 
(c) At price $1 revenue is $b 
(d) cis revenue in dollars at price $p 


33 Daily downloads at $0.99/song 
35 Average daily downloads after price drops 10 


cents 


37 Number of downloads in one year at current 


price 


39 Average hourly downloads 
41 5050 
45 Mileage if tires are 10% underinflated 


Section 4.2 


1@) fC) =8, f(3) = 6, f(1) greater 
3 (a) C(100) = —20, C(200) = —40, 
C(100) greater 


5 Equivalent 
7 Not equivalent 


9 Same 


11 Same 

13. Different. 

15 Different. 

17. Variable: r; Constant: 7 

19 Variable: t, Constant: r, A 
21 (a) G(50) > G(100) 

23 (a) 325 — 65t, 65(5 — t) 


(b) Yes 


25 Q=(1/4)t;k = 1/4 

27 Q=(b+r)t:k=b+r 
29 Q=(a 
31 (a) Variable: d Constant: A 


B)t/y:k = (a — B)/y 


(b) Variable: A Constant: d 
(c) Variable: A and d 


Section 4.3 
1 2=18 
3 #©=9/4 
3 @='25 
7¢t=5 
9 t=0 
1t=-l1 
13 20 
15 (a) 75 

(b) 5 
17(a) t=6 


(b) t=1,t=2 


15 — d/20 = 10 
(b) d= 100 


21 
23 
25 


27 


29 


31 


gallons of gas 


15k 10 gallons 
“e when d = 100 

10: ==> 
ow 
| N 

5 + ‘s 
| 
Liviuitiviyy d (miles) 


b = 40/61 
t=-1 


(a) «© = —2,2 = —landz =3 
(b) © = 2andx=4 

(c) c=0 

(d) No values 


(a) i¢ = 0.5,8 = 0.75, = 1 
(b) s=0 
(c) s =0.25 


(a) $218 

(b) $39 

(c) a= 60 

(dq) a= 55 

(e) 35, 40, and 45 

(f) 50, 55, 60, 65, and 70 


(a) t = 7 years 


Section 4.4 


1 
3 


31 


154.98 dollars/year 
0.00591 meters/year 


Debt increased at average rate of $531.3 bil- 
lion/year 


US debt not going down 

Value increased by $30, 000 

Value decreased at average rate of $1000/year 
aFX~3 


Area decreases 25,000 acres between t = 0 
andt = 25 


Greater decrease from t = 20 tot = 30 
thant = 10 tot = 20 


h>0O 


Average increase 11 ppb/yr from 1985 to 
1990 


No, increasing, but less fast 


Section 4.5 


1 
3 


Yes; k = 55 
Yes; k-=:0:7 
Yes, 5 

No 

Yes, 1/9 

No 

Yes, 42 
q=8 


17 t=10 

19 k =3/2;y = (3a)/2; 4% = 5.33 
21 No 

23 Yes, k = 2/3 

25 Yes, k = —4/3 

27 No 


29 Yes; k = 1/50 

31 k=4 

33 (a) 3.33, $/gallon 
(b) $49.95 


35 (a) 1.219 
(b) Yes; 0.820 
37 (a) C= kx 
(b) k = 9.50 dollars per yard 
(c) $52.25 
39 Blood mass = 0.05(Body mass); 
3.5 kilograms 


Chapter 4 Review 


1 (a) 180 lbs 4000 miles from center 
(b) 36 lbs a thousand miles from center 
(c) 6 Ibs 36,000 miles from center 
(d) w lbs r thousand miles from center 


3 1 
5 0.75 
7 4/5 
9 (a) 1.25 
(b) 0.5 
(c) (a? +.1)/(5 +a). 
11 (a) —20 
(b) 30 
(c) —5 
(d) 80 
13 (a) 205.0 mn people in 1970 


(b) ¢ = 50; in 2000 there were 281.4 mn 


people 


15 (a) 1/4 = 0.25 
(b) 16 
(c) 0 
(d) 5 


17 Not equivalent 

19 Equivalent 

21 ©=8/5=1.6 
23 « = 5/6 = 0.833 


25 (a) 8+4t = 24 
(b) t=4 


24 stamps when t = 4 
number of stamps 


32 + | » 

x 
240 -=sS== Fal 
16 - e 


t (years) 


27 (a) 100,000 — 10,000¢ = 70,000 


(b) t=3 
value of machine ($) $70, 000 
when t = 3 
100,000 & 
70,000 mS 
Ek 
rel 4 Me 
es | a 
r | \ 
i \, 
L . 
t (years) 
13 5 7 9 
29 10 


31 (a) 150 glasses 

33 Proportional, 1 

35 Not proportional 

37 Proportional, a — 2 


41 (a) Initial depth water = 36 inches 
(b) Cauldron empty after 75 hours 


43 (a) f (0) = Oand g(0) = 15 
(b) «=0 
(c) «= 7.5 
(d) « = —5anda = 3 
(e) Between x = —5andx = 3 


45 g(3)=14 

47 g(—2) =6 

49 8t+2 

51 a? 

53 —7z+6r—s 

55 v = 26/3 

57 53.482; $53.48 worth 50 CAD 

59 Change in gas spending from preceding week 


61 (p(2)q(2) + p(3)a(3) + p(A)a(4) + 
p(5)q(5))/4 
63 w(18) = 1762 


65 Investment’s bond value in year 5 
twice its stock value in year 4 


67 w(t) = v(t) + 3000 


69 g(14) = 37 
iff — 

71 9(15) ~ 9(12) .. larger 
15—12 


73 (a) 150 miles 
(b) D = 30t, k = 30, 


75 Yes 
77 96 grams; carbs/cracker 


79 (a) M = 167H 
(b) M = 20b 
(c) B = 8.35H, yes 


81 C = 81.667), 
326.667 calories 


Section 5.1 
1 D = 1000 — 50d miles 
3 T = 30 — 0.04d 
5 b= —5300, m = 250 
7 b=30,m=0 
9 b=0.007,m = —0.003 
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11 (a) Initial rental cost 
(b) $100 per hour 


13. 600, 5 

15 b = 25,m = 0.06 

17 b=50,m=1.2 

19 b=100,m=-3 

21 b = 20,000, m = 1500 
23 b= 120,m=—5 

25 4,-1 


27 —2,3 


29 —0.2,—0.5 


31 (a) $0.14/kWh over 250 
(b) $43.60 
33 (a) (iii) 
(b) @) 
(c) (i) 
(d) (iv) 
(e) (vy) 
35 Yes, slope a, vertical intercept 5a 
37 Yes 
39 m=1/3;b = -11 
41 m = —2/3;b = 20/3 
4. m=7;b=0 
45 Ounces per bird per hour; weight of seed one 
bird consumes in one hour 
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Section 5.2 


1 Linear 
3 Linear 


Not linear 


4,3 

wt+i,w 

13 mn+m+7m+5 
15 y=9+4+32 

17 g(n) = 22 — 2/3n 
19 (1,5),3 


5 
7 Linear 
9 
1 


23 (a) 1/2 
(b) —4 


27 y = 20 — 22 
29 y=5.4-—0.52 
31 Not linear 

33 Not linear 


35 (a) Cost of gas; expenses; car rental 
(b) Dollars; miles 
(c) Yes 


37 Not linear 
39 Linear 
41 Linear 
43 Linear 
45 Not linear 


47 R= 0.15, rain equivalent to | inch of snow, 
no rain = no snow 


49 T = 40 — 3h, rate of decrease of tempera- 
ture, temperature at midnight 


51 (iii) 
55 (a) after 20 years collection has 50 butterflies, 


2 butterflies per year 
(b) B(x) = 10 + 2a 


57 —1000 + 12q dollars 
59 520 + 402 dollars 

61 x? + 5a — 2, not linear 
63 g(x) = 204+ 0.12 


Section 5.3 


1 (a) 
(b) 
3 (a) 
(b) 


$1900 
7 credits 
5 

7/2 


5 1000 

7 1000 

9 750 

ll t= 47/13 = 3.615 
13 r=11 

15) S11 


17 Positive 


19 Negative 


21 Positive 


23 Negative 


25 Positive 


27 Negative 
29 One 

31 Infinite 
33 One 

35 Infinite 
37 $100 


39 (a) 
(b) 
(c) 


$62 
$211 
800 miles 


41 18 ft 


43 (a) 
(b) 
(c) 

45 (a) 
(b) 
(c) 

47 (a) 
(b) 
(c) 

49 (a) 
(b) 
(c) 


A=0 
A>0O 
None 
A=5 
A>5 
None 


Any value of A 
No value of A 
None 


None 
A>0O 
A=0 


51 One 
53. Infinite 
55 One 
57 Infinite 


Section 5.4 


1 y= 160 
3 y = 300 


5 


3, b = 160 


3237 = 
3, b = 300 


325m = 


I] (a) (VY) 
(b) (IV) 
(c) @ 
(d) (VD 
(e) dD 
(f) (I) 
(g) (VID 


13 y=7+6(@+1) 
15 y = —9 — (2/3)(a — 2) 


17 y=5-—A(x@ —6) ory = 1—A4(a — 7) 
19 y = —7 — (1/2)(a — 6) ory = —-1 
(1/2)(a + 6) 


21 y= —6+ (5/4)(a — 3) 
23 2 — 3y = —2 

25 5a+2y=7 

27 «—3y=7 

29 9x2 + 9y =5 

31 -—5Se+y = 2a 


33 (a) y= 104+ 5a 
(b) y= 12-22 
(©) y=14+7x 
(d) y = 60 — 9a 


35 Not parallel 

37 Not parallel 

39 Parallel 

41 Not parallel 

43 I, V, and VI 

45 Ill and V 

47 y=34 32 
49 y=5a—7.1 
51 Slope-intercept 


53 Point-slope 

55 Point-slope 

57 b= B,m=-—l1/a 

59 b=bi +b2,m=m1+ m2 


6l(a) y= 34+ 6a 
(b) y=5—- 32 


63 (a) 2a = 4y4+3 
(b) 2a = 4y4+3 


65 (a) y+ 2 = 3(a — 1) 
(b+) y =6 — 502 


67 (a) 


Section 5.5 
1 Yes 
3 No 
5 Yes 


7 Linear, Q = 5.13 + 0.22¢ 
9 (a) 1.29c + 3.498 = 100 
(b) (10, 25), (25, 19.4) 

(c) s 
30 5 


10 Ib chicken, 25 Ib steak 


25 Ib chicken, 19.4 lb steak 


10 + 


10 20 30 40 50 60 70 80 


11 (a) 4.5t + 7.877 = 5000 
(b) (600, 292), (350, 435) 


() 4 
350 cm? of titanium, 
500 435 cm? of iron 
400 - 600 om: of titanium, 
300 | 292 cm” of iron 
200 - 
100 fF 
| i t 
200 400 600 8001000. 
13 (a) Yes, J = 46 + 453.6w 


(b) Number of grams in a pound (instrument 
weighs in grams), bad calibration of in- 
strument 


15 (a) 9f + 4c = 2000 
(b) f = 66.7 


17 (a) 50 
(b) 48 
(c) h = 100 — (5/4)a 
19 750a + 1200r = 1,000,000 


Section 5.6 


1 @=6;ySel1 

3 2=1,y=-1 

5 a=5,b=-2 

7 p=-l,r=4 

9 (a,y) = (2,3) 

1 (m,n) = (0.1, 0.5) 
13 (x, y) = (10, —20) 
15 (w,y) = (-1,3) 
17 (x,y) = (3, -7) 

19 (e, f) = 6, -7) 
21 = ly = 2 

23 «£=4,y=8 

25 ©=3,y=11 

27 Approximately « = 0.47, y = 1.21 
29 One 

31 One 


33 
35 
37 
39 
41 
43 
45 
47 


49 
Ch 
1 


3 


57 
59 


61 


63 
65 
67 
69 
71 
73 
75 


Infinite 

(2, y) = (3, -1) 
(a, B) = (6,5) 

(w, y) = (—2, -5) 
(«, pb) = (2, -1) 
Same solutions: I, II, IV 
29/2 and 5/2 


(a) $4.05 
(d) Yes 


x=ly=-l1z=2 


apter 5 Review 
4.29, 3.99 
250, 1/36 
il 
50 + 45h dollars 
2400 — 500y dollars 
80 + 2p 
350 + 30m dollars 
d= 77 — 3.2t 
b= 200,m=14 
b=0,m=1/3 
b= 7/3,m = 2/3 
-7 
4h 


Linear 


Linear 

Not linear 
Linear 
Linear 
Linear 
Positive 
Positive 
Negative 
Positive 
Negative 

No solution 
r= I/(Pt) 
y = —a(b + 1)/(ad — c) 


(a) y=5-22 
(b) y=8-42 
y 
+++++1++4 « 
—3 gt 3 
oa 
y= 144 $2;b= 14,m = 1/8 


y = -14+ (10/3); b = —1,m = 10/3 
y=90+0-2;b=90,m=0 


-—3r2+y=-2 
y=54 22 

y = 8 — (3/4)a 
y= —-16—- 32 
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77 y=13— (2/3)a 

719 y=6+(1/3)2 

81 y =9—(3/5)2 

83 y = —13 — (4/5)a 

85 y = —60 — 3x 

87 s(t) = 8200 + 150¢ 
89 w(x) = —3x + 32 

91 w(x) = 0.115 — 0.15@ 
93 y = 24-42 

95 y = -160/9 + (5/9)x 
97 w= (1/12)n 

99 y= 459.74 la 

101 Yes 

103 No 

105 Yes 

107 a=5,b=—4 

109 (a, y) = (0.5, —2) 


111 Number of gallons initially in tank; number 
of gallons per minute flowing into tank; 200 
gallons 


113, 30 + 15.84% 

115 Length of vacation in days 

117 f(x) =6x+4 

119 No 

121 No 

123 15 + (15/100)¢ dollars, yes 
125 23+ 10N dollars, linear 

127 20 — 0.25d ft?;0 < d< 80 


129 (a) F = 324+ (9/5)C 
(b) (i) 50°F 


(ii) 30°C 
131 (a) C = 12.54+1.5(n — 3) 
(b) C=8+41.5n 

133 $500; $2500 

135 (v) 

137 (ii) 

139 (iv) 

141 (ii) 

143 (ii) 

145 (v) 

147 (i) 

149 (iii) 

151 (i) 

153 (vi) 


155 (a) F =2C 
(b) 320°F = 160°C 


157. f(t) = 4500 — 0.25¢ 
159 2.5 

163 (d) 

165 (c) 

167 «=4,y=9 

169 «=6.5,y = —4 


171 fO<a < 5use A,if5 << a < 12use B, 
if c = 5 use either company 
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173 wu = 6/5, d = 1/20; UK cup is 6/5 US 


cup, UK dessertspoon is 1/20 UK cup 


Chap. 5 Solving 
1 e=2 
3 t = 67/9 
5 #©=—9/2= —4.5 


w = 130/29 = 4.483 


t = 78.4 

w= —11/2 = —5.5 

p=—17/2 = 8.5 

t = 6.110 

t=(q-s)/(r—p) 

r= —(0.1lsw+1.8s)/(sw—0.2w—5) 


s = (25t+ ABr+ Brt 
At) 


Cr?) /(Ar— 


y! = (5a xy? 


10Vo)/(25VoS7) 


Section 6.1 


24 


—8/125 
—32 
729/1000 


gn+2 
(a/b)” 
g2n—m 
B2etl 
(x+y) 
(g+h)° 
(a +b)° 
Negative 


Negative 
Negative 
Positive 
Negative 
Negative 
Positive 

cl? /at 

64r° /125s'? 
36919 /49n\4 
32p? 


10) /(2ey +”? +2) 
[T] = (3A0oV + AoVo — 10H? — 


69 
71 
fe) 
75 
77 
79 
81 
83 
85 
87 
89 
91 
93 


95 


97 


99 
101 


16tptt 

3- 167%” 

(a), (c), (d) equivalent; (b), (e) equivalent 
(a), (c), (e) equivalent; (b), (d) equivalent 
(a), (b) equivalent; (c), (d), (e) equivalent 
a‘t+1 — a4 -a 

104/107 

4P. 48 

(=n)* (=n)? 

p/(p*p”) 

(p+ 4)*/(p +4)” 

(w@ +1)7°(@ + 1)° 

(2°) = gt 

(3*)* = 81° 


(v3e")" 


w 


c/64 


Section 6.2 


1 
3 
5 


7 


37 


2 


4ab? V/3ab 

x V/?sn = 1/2 
x/?.n = 3/2 
ain =-2 
10V11 

5/3/2 

2 (393 - v3) 
15a? /3 

3Vv5 


5 
10 


-1 
ab? — ab 
V3-1 
2(v6 + 1) 
24+ V3 


Chapter 6 Review 


72 
64 

1/25 

(a/3)? 

(40y)* 

(a+b)" 
((a+y+z)(utu+w)) 
Negative 


Negative 


31 6x? 
33 9/d? 
35 s™/r™ 
37 ge tht1 yo 
39 2c?/3 
41 —5y°/al? 
43 2b%¢° 
45 a*/a 


19 Negative 


1 
49 
2 


23 = 


7 


25 k8/g® 
27 75/5? 
29 —5a°b"? 


fe 


2 


47 a" 

49 1/5 

a1 

53 —-h 

55 (a — ba) /(a — b?) 
57 14+ Va 

59 Positive 

61 Negative 

63 Positive 

65 Negative 

67 (a+b)?(a+b)*/(a +b)” 


9 pp’ (p+q)?/(p+a)' 


Section 7.1 


1 2:1 
31/351 
5 2; 47 


7 (a) Coefficient: 7/5; exponent: 3 
(b) 87/5 cm® 
(c) 6472/5 cm? 


9 p>l 


11 p=1 
13 p>1 
15 (a) Proportional to gil? 


a 100 | 1000 
y 49 94.87 


(c) Increases 


17 (a) Inversely proportional to «? 


(b) 


0.05 
1000 


(c) Decreases 


19 (a) Odd 


(b) Positive 
21 at 
23 b-4 


25 (a) Above when xz > lor—1 < a < 0; 
below when 0 < x < lorax < —-1 

(b) «2° > a whenxw > lor—1 <a <0; 

x <«@? when0 <a <lora<—l 


4 


27 «* > x? when > 1; 24 < x? when 


O<a<l 
29 (a) 600 hours, 240 hours 
(b) Decreases 
(c) w = 2400/h, inversely proportional 
31 (a) —3/2;0.15 
(b) 2.3438; 1.2 


33 (ar (cm) 


(b) 33.5 cm? 
35 —a* # (-2)* 


Section 7.2 


1 Power function 

3 Not a power function 

5 Power function 

7 Coefficient: 3; exponent: 1/2 

9 Coefficient: 4; exponent: —1/4 
1 Coefficient: 1/4; exponent: 3 
13 Coefficient: 2; exponent: —2 
15. Coefficient: 31/4 /2; exponent: 1/2 
17 k = 2/3, p = —1/2 

19 k= 49,9 =6 

2 k=27,p=6 

23 k=1/5,p=-1 

25 Not possible 

27 k=1/8,p = —3/2 

29 k=64,p=6 

31 f(a) 

33. f(b) 

35. f(b) 

37 1; (I) 


39 3;(D 
41 —1;dD 
43 —2; (ID 
45 3;(D 
47 0.3; (IV) 
49 Negative 
51 Positive 
53 (a) Not possible 
(b) P=8w;k=8:p=1 
55 k= 2/3'/4,p=1/2 
57 Increases 
59 Increases 
61 Decreases 
63 Remains unchanged 


65 Decreases 


67 A 

69 (a) 22,289 
(b) 58,045 
(c) 5,377 

Section 7.3 

1 2 =50'/5 = 3.684 

3 x =1/16 

5 No solutions 

Ta=8l 

9 y= 123 

ll x = 83/3 

13 c= 2.438 

15 p=-2 

17 L=+1/4 

19 2 = —1/27 

21 z= 7207 

23 r=+,/2A/nr 

25 2 = b3y 

27 (i) 

29 (iv) 

31 (vi) 

33 (vi) 

35 (i) 

37 (i) 

39 (i) 

41 (ii) 


43 Squaring both sides; « = O is extraneous 
45 Dividing by r; lost solution r = 0 
47 Multiplying by p; p = 0 is extraneous 
49 Both solutions are positive 
51 3cm 
53 (a) About 84 kg 
(c) M = 0.000027683/? 
55 (a) (4/3)ar® = (1/3)ar7h 
(b) h=4r 
57 7.177% 
59 (a) A=0 
(b) A>O 
(c) A<O 
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6l(a) A=O0 
(b) A<0O 
(cc) A>O 
63 (a) A=0 
(b) Any A #0 
(c) NoA 
65 (a) A= 
(b) No A 
(c) NoA 
67 (a) A=1 
(b) A>1 
() A<l 
69 (a) Any A 
(b) A=0 
(c) A=0 
l(a) A=4 
(bs) A>A4 
(c) A<0O 
73 (a) A=—4 
(b) A< -4 
(c) A>O 
75 (a) y 
1200 
z= 9.6 
1100 
L se 
9 10 
(b) « = 9.608 
Section 7.4 
1 y = 23.252° 
3 y = 40x? 
5 s=14.142Vt 
7 k = 2;c = 2d7;c = 98 
9 S=kh? 
HW or=kAl/? 
13 Multiplied by a factor of 8 
15 Halved 
17 (a) T=kR?D* 
(b) Yes 
(c) Yes 
19(a) T=kB/4 
(b) k = 17.4 


(c) 50.3 seconds 
21 N = k/L?; small 
23 y =4n? 

25 y= —(1/5)2% 


27 (a) 100 
(b) 100 
29 (a) 8 
(b) 27 
(c) 1/8 
(d) 0.001 
31 Increases by 21% 


33 (a) Life span increases with body size. Bird. 
(c) (i) 9.78 x 103” kg. Unrealistic. 
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35 Yes 
37 No 


Chapter 7 Review 
1 y=3e-?;k=3,p=-2 
3 y = (3/8)e-':k = 3/8,p =—1 


y = (5/2)a—*/?; k = 5/2, p = -1/2 


y = 125¢°;k = 125,p=3 


5 
7 y=0.207;k =0.2,p=2 
9 
1 y=(1/5)a;k =1/5,p=1 


13. Base: w; exponent:—1; coefficient: —1/7 


15 Base: v; exponent: 2; coefficient: 5 
17 Base: x; exponent: 1; coefficient: 12 
19 Base: x; exponent: —2; coefficient: 3 
21 Base: r; exponent: 2; coefficient: 48 
23 Base: a; exponent: 2; coefficient: aa 
25 x = 2.614 

27 «= 16 

29 x«=T7andx = —3 

31 (a) L = (R?C*)/(4n7) 


(b) C=+1/2rVL/R 
33 Two 
35 Zero 
37 One 


39 (a) 3.172 cm 
(b) r=0.671R1/4 
(c) Yes, 1/4 


41 Inversely proportional to cube root of P 
43 (i) 

45 (iii) 

47 (i) 

49 (i) 

51. (iii) 

53 (i) 

55. (iii) 

61 (c) and (d) 


63 (a) P = 365(d/93,000,000)3/2 
(b) 689 earth days 


iia 7 Solving 


27 t = (—6r?s3 —12r? 
29 = ((D-— A)? —C)/B 


Section 8.1 


1 (a) All real numbers 
(b) All real numbers 


3 (a) All real numbers 
(bt) y=7 

5 (a) All real numbers 
(b) All real numbers 


T(a) a>4 
(b) y>O 
9(a) rx >-1 
(b) y20 
ll(@a) «4#-1 
(b) y#3 
13. Domain: z > 25; 
Range: h(z) > 5 


15 5 <v < 75 (others possible) 


17(a) -8<a<1 
(b) —5 < y < 20 


19(a) -3<a<land3<a2<7 
(b) OS ys 

21(a) O<a< 
) 0<C< 

23 see rated 

25 y>-9 

27 0<y<3 


29 Domain: 0 < q < 14; Range: 0 < d 
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31 Domain: 28 < t < 54; Range: 203 < 


P < 391.5 
33(b) « £3 
35 (b) Alla 
37(b) «x > 3 
39 All real numbers 
41 y>0 
43 b=14 
45 Domain: all x; Range: 0 < y < 100 


47 Domain: 1 < w < 9;Range:O <y <4 


Section 8.2 
1 y=(e+1)4 
3 w=t84+5 
5 ¢g=3+4+ 10s" 
7 ysut+a? 41 
9 u=a?+landy = Vu; 


Other answers are possible 
11 u =a andy = 3u — 2; 
Other answers are possible 


13 h(x) = xe3?,k=17,p=—4 

1s Ate) = 1/x,k =2,p = —1/2 
7 Ate) = ata?,k=1,p=3 
19 h(x) =2+3,k=7.5,p=2 


—15)/(30r3 —8r) 


IA 


27 (a) 
(b) 
29 (a) 
(b) 
(c) 
(d) 


F(g(a)) = (5 + 2a)* 
o(f(«)) = 5 + 22° 
F(g(t)) = 3(2t + 1)* 
o(f(t)) = 6t? +1 
f(F(t)) = 274 
g(g(t)) = 4t +3 


31 Possible answer: y = (3a + 1)? 


33 ¥ 


=5/e+2 


35 R= 25 —0.08/t 


Sect 


lg 


Ww 
So 


21 


23 n 
25 n 
27 0n 
29 (a) 
(b) 
31 (a) 
(b) 
(c) 
33 


ion 8.3 


= 16m 

= 0.001m 

=0.01m 
H=f(t—5)fort >5 
H = f(t) -—10 
y=r4stsd5 

y=rtsd5 

They are the same 


g(t) = 12f(t) 


1 2=101/3 = 2.154 

3 2 =1.75 

5 p=10 

7 t= 0.1024 

9 p= +50!/4 = 42.659 
I a2 = 42.217 

13. q = (2.5)1/3 = 1.357 

15 t = (0.196)1/?;? = 0.477 
17 t = —1.558 

19 r=+V75.8 = +2.408 
21 a= §/o/a 
23 p= +/0.4q — 3.4 if the solution exists 
25 y = —10x?/(24x — 20) 


Outside function: take the square root 
1.25 
f(a) = 20741 


35 g(n) = 1,000,000 (n) 
37 g(t) = (1/3.262) f(t) 
39 w(r) = f ((1/60)r) 


41 w(r) = f(1024r) 

43 w(s) = f ((1/2.471)s) 

45 g(t) = 2.54 f(t) 

47 g(s) = (1/3.785) f(s) 

49 g(m) = 0.454f ((1/0.454)m) 


Section 8.4 
1 Add8 
3. Raise to the 1/7*” power 
5 Add 2 then divide by 5 
7 Divide by 2 then raise to 15 power 


13 (a) y= 82° +4 
(b) Subtract 4, divide by 8, then take the 5th 
root. 


15 n = g(T) is MB processed in T seconds 


17 r = g(Y) is number of acres yielding Y 
bushels 


19 s = g(P) gives altitude at pressure P 
27 x= 25 
29 2£=3 


31 g(y) = ¥/(y—7)/9 


33 g(a) = ((3a — 5)/(2a + 1))? 


pnepier 8 Review 


Domain: 0 < C < 10 
Range: 0 < T < 2300 


3 Domain: x ¥ 0, 
Range: y 4 0 


5 Domain: t 4 0, 
Range: A 4 0 


7 Domain: All real numbers, 
Range: All real numbers 


9 Domain: All real numbers 
Range: All real numbers 


11 Domain: x ¥ 3; range: y A 4 
13 y>O 

15 y #0 

17 y>8 

19 All real numbers 


21(a) -l<2z<9 
(b) OS y<4 
23u=2 Landy =1+2u+5u?; 
Other answers are possible 
25 (a) f(g(x)) = 45x? 
(b) g(f(«)) = 15a? 
27 g(a) = 2(a+1)? -1 
29 g(x) = 2(a — 3)? +1 
31 g(s) = f(s/3600) 
33 h(m) = 1.609 f (m/60) 
35 gly) = (y—5)/7 


37 g(y) = ¥/ (3y — 2)/(7 — Ty) 
39 Divide by 77 
41 Raise to the 7th power 


43 Domain: integers 0 <n < 200 
Range: 0,4, 8,..., 800 


45 (a) all real 
(b) s>2 


47 0<y<3 
49 0<y<4 
Sl y>0 
53 0<G<0.75 
55 Outside function: Square, then multiply by 5 
57 g(h(w)) = (w +3)°, h(g(a)) = 0° +3 
59 (a) f(g(t)) = —3 — 54” 
(b) g(f(t)) = (2—5t)? +1 


(©) f(f(E)) = 25t - 8 
@) g(g(t)) = (tH +1) +1 
61 There are many possible answers 
63 y= (2%—1)° 
65 (a) y = b+ma-+k; the y-intercept is b-+k 
(b) y = b+ m(a — k); the y-intercept is 
b— mk 


69 g(y) = (3y + 2)/(1 — 2y) 
71 g(y) = (Aly — 3)?/(1 + y)? 


7 (a) y= Q/a/7T+4 


(b) Raise to the ninth power, subtract 4, mul- 
tiply by 7 


Section 9.1 


1 Att = 8 secs 

3 (a) 0,30 
(b) OS p< 30 

5 Positive: ¢ < —7 or ax > 8; negative: 
—T<a2<8 

7 Positive: 1 < x < 2; negative: x < lor 
r>2 

9 h=0;k<0 

lL h>Ok<0 

13 (b) 


21(b) Tree 
(c) Same height; falls faster 
23 (a) a>0,c>0 
(b) h<0,k <0 
(c) Yessr<s <0 
25 (a) a <0,e>0 
(b) h=0,k > 0 
(c) Yes;r < 0,8 > 0 
27 (a) a>0,c=0 
(b) h>O0,k <0 
(c) Yes;sr =0,s >0 
29 (a) R(x) = x(1500 — 32) 
(b) C(a) = 5(1500 — 32) 
(c) P(x) = (1500 — 3x)(a — 5) 
31 a changes from positive to negative, and k 
changes from negative to positive 


33 y>5d 


Section 9.2 


1 y=—-(e#—6)? +15 
3 y=(@-3)?-5 
5 y=(-7/4)(a — 2)? +3. 
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7 y=—-(«—3)?4+9 
9 Ll — 6) square feet 


Il (a) w? + 6x 4+ 8, (a + 2)(a +4) 
(b) 8,8, 8; 35, 35, 35 


13 f(x) =a? — 3a; 
a=1,b=-3,c=0 


15 f(n) =n? + 3n — 28; 
a=1,b=3,c = —28 


17 m(t) = 2t? — 4t +14; 
a=2;b=>—4,6¢= 14 

19 h(a) =a? —(r+s)e+rs; 
a=1,b=-(r+s),c=rs 


21 q(p) = 4p” — 5p + 6; 
a=4,b=—5,c=6 


23 (a + 3)(a + 5) 

25 (x — 2)(a — 6) 

27 (2z —7)(2z+4+ 7) 

29 (x — 3)(a@+4) 

31 a= —-2,h=5,k=5 

33 a=4,h—2,k=—6 

35 a=1,h=-—6,k = —16 

37 y = (@4+1)?4+5;a=-1,h=-1,k=5 

39 y= (@+3)? —5;a=1,h=-3,k = 
—5 


41 y = (a — 3/2)? 
3/2,k = —17/4 


43 y:12,a2:—4,-1 


45 y: 2,a:44/17/4 — 5/2 
47 (1/2, -1/4) 
49 (0,2) 
51 10 
53 —4 
55 (b) Factored; p = 30rp = 9 
(c) Standard; $54,000 loss 
(d) Vertex; profit is $18,000 when p = 6 
57 f(x) = (x — (a+ 1))(a@ — 3a); 
f(a) = x? — (4a 4+ 1)2 + 3a(a + 1) 
59(a) y = 2? — 102 + 21,a = 1,b = 


17/4;a=1,h= 


—10,c=21 
(bt) y = (@ — 3)(a@ —7),a = 1,r = 
3,3= 7 
©) y = (@— 5)? +(-4),a= 1h = 
5,k=-4 
61 F(a) = —(# — 3)? + 100; F(x) = 
—2?+6r+91 
63 (a) 20 ft by 40 ft 
(b) $2560 
65 y 
av 
-1 7 


8(a — 1/8)? cheer 
8,h = 1/8,k = —121/8 


71 5x7 — 15x +10 
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Section 9.3 


1 31.707 meters 
3 a=-2,b=3,c=7 


5 a=7/4,b=0,c=—A 
7 a=7,b=-—18,c=10 
9 a=t-#-4,b=0?-3,c= 
1 e238 
13 a =+V14 = 43.742 
15 ©=7,2¢=-1 
17 vc=5tV6 
19 No solutions 
21 2=34+V3 
23 x= -—1,-5 
25 x =(-3+ V17)/4 
27 « =(—5 + V53)/2 
29 (a) x = —6, —-2 
(b) x = —6,—2 
31 (a) v=—44+ 28 
(b) « = —44+ 28 
33 (a) © =9/2+ V73/2 
(b) © =9/2+ V73/2 
35(a) a = 114 Vill 


iy e912 6/i 
37 (a) w= —-3 4 4/25/3 
(b) 2 = —-34 4/ 25/3 


39 (a) w= —11/12 + V361/12 
(b) « = —11/12 + 361/12 
41 (a) w= 8/7,2=-1 
(b) 2 = 8/7,4 = —-1 
43 (a) c= 1/3 
(b) «=1/3 


45 (a) No solutions 
(b) No solutions 


47 No solutions 

49 Two solutions 

51 One solution 

53 No solutions 

55 t= Vk /4 seconds 
57 None 

59 A> 10 


61 (a) A=lw+rw?/8 
(b) w= 2.9f,1=5.8 fr 


63 10 inby 12 in 

67 c< 1/3 

71 b < —200rb > 20 
73 «2? —22—-1=0 


Section 9.4 
1 2x=2,3 
3 x= —-2,-3 


z=65,-1 


x= 3,-2,—-7 


5: 
7 No solution 
9 
1 e=3,2=-5 


13 «© =0,2 = -2 


15 x=4,2r=-1 
17 sx=2,¢2=6 


19 x = (-6 
—6.606 and 0.606 


21 2x=1,2#=7 
23 x = (1+ V34)/3 
25 # = 3/2,1/3 
27 x =7/2,5/3 
29 (a — 2)(2+3) =0 
31 (a —2)? =3 
33 (© —p)? =q 
35 x? —2ax +a? =0 


37 0,2,—1 
39 1 

41 1 

44 t=4V/5 


45 t=34+ Wort=34+ % 


47 (a) « = —3andaz = —4 
(b) x = —3anda2 = —4 


49 Two solutions 
51 No solutions 
53 One solution 
55 Two solutions 


57 (a) 1.5 sec 
(b) 12.25 ft, 0.625 sec 


59 1 ft 


61 (a) p=—-q41/q? —5¢ 
(b) q=—p"/(2p + 5) 


63 (a) p= (1+ 4/1 — 892)/(2q?) 


(b) g=+(Vp— 2)/p 
65(b) « = Oanda = —b/a 
(c) « = Oandx = —b/a 


67 No 


69 No; they have different values at x = 0 


Section 9.5 
1 25 — 20% 
3 4-33 

5 5 

5. Tk 

7 3% 

9 —5+ 167 
11 21+ 207 
13 11 — 67 
15 181./5 
17 11 — 132 


rc V52)/2 


Chapter 9 Review 
1 


3 
zx 
5 y 
5 
x 
1 5 
7 y 
23 
(3, 5) 
x 


9 —5a? — 2243 

IL (1/5)z? + (4/5)z + 7/5 
13 2s” —6s —2 

15 Min: —8 

17 Max: gq 


19 (a —3)?+4,a=2,h=3,k=4 


21 4(@ +2)? -7,a=4,h= 


2,k = 


23 —(2 —6)?,a=-1,h=b,k=0 


7 


25 (1/4)(t — 6)? — 3/4,a = 1/4,h = 6, 
= —3/4 
27 («+ 2)(a@+1) =0;—1, —-2 
29 (3z+1)(2z +1) = 0; -1/3, —1/2 
31 (a) y = 6x? — 29a + 35, 
a = 6,b = —29,c = 35 
(b) 6(a — 7/3)(a — 5/2), 
a=6,r=7/3,s =5/2 
(c) y = 6(a — 29/12)? — 1/24, 
a =6,h = 29/12, k = —1/24 
33° = 2 
35 x=6 


37 gS 1 eS 2 
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39 g= 59,0 = —47 109 A<0O (ii) 10,189,803 
41 «=-14,2=—-7 111 A>O (iii) 10,184,708 
43 2 =-8 113 c=0 (iv) 10,174,525 
45 «= -6+ 729 15 ah? +k=0 (b) f(t) = 10,200,000(0.9995)* 
47 «=-5+V22 117 e=< 29 220,000; 1.016 
49 x=0 119 «=1 31 Increases by factor of 1.3728 
51 x=—1/2,4=-2 121 a#-6 33 P = 400(0.8)* 
53 «= 4,2 = —3/2 123 Alla 35 Q = 50(1/25)*; a = 50,b = 1/25 
55 y= (-1+ V109)/6 125 (c) k is positive 37 Q=40-4';a = 40,b = 4 
57 t= (54 V19)/2 127 («+a)(a@-—1) =0;2=-a,r=1 39 Q=0.2-10',a=0.2,b = 10 
H 41 =54+3(2 1));m=3,2%9 = -1 
59 y= 54. V27 Chap. 9 Solving e eee 
43 a=5,b=4,c 2,d=3 
61 r=(14V21)/2 ler=3,r=1 
6 v=lw=-4 34=—16 3 
65 If a is positive, left-hand side is positive 5 r=(3+V13)/2 Section 10.2 
67 9t? —3t-2=0 7 web re 1 Growth 
69 a? + (V3— V5)a — V15 =0 9 (1+iV11)/2 3 Decay 
1 ag - wt ll & =Oore =1.817 5 Decay 
73 381 13 q = —0.673, q = 3.033 7 1.085 
75 —10iV3 1S = 2 ye 2 9 0.54 
77 18+ 4% 17 p= —1.275, p = 6.275 11 70% 
719 7-—4t 19 «= —2.2973 13 —73% 
314 7; 15 = 200,b = 1.031,r=3.1 
at 21 p= (—5q + y/25q? — 329r3)/2 ae oe 
83 5a j 17 a= V3,b = V2,r =b—1= 41.42% 
= 2 1/3 
85 (a) Positive, c = 21 23 r = ((—p” — 5pq)/(8q)) 19 a=5,b=2,r = 100% 
: i 2 he 7 4 25 a = (<s b+ 21 Initial value $2200; growth rate 21.1%/yr 
(ej =5,k=—- 
(s + b)? + 4bs? + 8bs) /2 23 Initial value $8800; decreases by 4.6%/yr 
87 a= 2,b=4,c = —30 25 $5(1.3)* milli 
89 a=2,h=-1,k = —32 27 p= (q+ v/a? + 48q)/2 ey ae 
91 10 so ™ eave 27 2(1+,r)°° million dollars; r is growth rate 
9 3)? 9 = ((2[T]Vo + 15VVo)/(5V)) 29 Radioactive substance decaying at 3% 
= 
95 (a) 1483 feet Section 10.1 31 Machine depreciating at 2% 
(b) 9.627 secs 1 No 35. (c), (d) 
97 . A =e + ba 9 Yeu Tait: 0.78 nrowih: 0:8 37 a= 1/40 = 0.025, b = 10, r = 900% 
: a 5 Q=300-3':a = 300,b=3 39 a = 50,b = 0.9727, r = —2.73% 
q t 41 Decreases by 25% 
-_ = 7 200-9°;a = 200,b=9 
99 (a) A = (200 — 3y)y/2 : 43 (a) 50 mg; 77% /day 
(b) anced sq ft 9 Not i dicate (b) 23.979 mg 
101 Two z-intercepts, 11 ee 45 1890.6 mg, 1787.2 mg 
Pie 47 Bismark’s shrink factor per year 
15 800-d* 


49 Yes,y=1-7* 


17 2/3)" 
Vo (2/3) 51 Yes, y = 5(0.9)(*—4)/5 = 


19 Nz! 5.440(0.979)* 
21 (MM) 
23 (a) (Ul : 
@) av) Section 10.3 
(c) (ID) rT 
@ @ Saar Ma | Ju 
2%  y 1 2 Rak 
8 
1,5 
( ae oe 600 
2 400 (b) 2"~? for2<n<6 
300 (c) 32 inches 
100 3 a = 500,b = 27/7 = 1.1041,r = 
0 ! ; lt 10.41% 


SMD ee 20 ee 5 Flower | grows faster 
107 y= a? 27 (a) (i): 10,194,900 7 a=—5,b=1/3 
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a = 32,b = 27 

Initial value $3500; doubles every 7 years 

a = 400,b = 3,T = 4if t in years 

a = 2000, b = 2/3, T = 2 if t in months 


a = 120,000,b = 4/3,T = 2iftin 
years 


a= N,b=10/9,T = 5 if t in days 
a=5,b=2,to =3 
a = 200, b = 0.825, tp =8 


25 (a) 1 week 


27 
29 


(b) 5 days 
(c) 2 weeks 


45 min 


Population q 


31 (a) a = 400, b = 2,T = 4; doubles every 


4 years 


(b) 18.92% 


33 (a) a = 80,6 = 3,T = 5; triples every 5 


years 


(b) 24.57% 


35 (a) a = 50,b = 1/2, T = 6; halves every 


37 
39 
41 
43 
45 
47 
49 
51 
53 


6 years 


(b) —10.91% 


a = 2000, b = 1.0058, r = 0.58% 

a = 5000, b = 0.9873, r = —1.27%. 
14.03% 

22.95% 

$6(1.05)* 

(1.05)? —1 

$20(1.10)7 

((1.05)1° — 1) - 100% 
$250(0.99)(1.05)?° million 


55 (a) 2.1% interest every quarter 


(b) 8.67% 


57 (a) Earns 0.7% monthly interest 


(b) 8.73% 


59 (a) Grows by 20% every 2 years 


(b) 9.54% 


Section 10.4 


f=) 

t=0 

t=-2 

t=0 

t= 2.6 
26<t< 2.8 
Positive 
Negative 


17 (a) Domain: all real; Range: Q > 0 


(b) Domain: t > 0; Range: 0 < Q < 200 


19 (a) (IV) 
(b) (V) 
(c) (ID 
21() (i) «=0,1 
(ii) « = 2,3,4 
Gi) 2 =3 


23 (b) x = —1.5,0.5, 2.5 
25 (a) 57.2; 52.1; 51.1; 50.2; 49.3; 48.4; 


47.5; 39.4 
(b) About 3.7 hours 


27 (b) t = 30 
(c) $= 5,10 
29 (a) Years 0, 1,2 
(b) t=1 
31 (a) y 


6) @a<2 
(ii) « > 3 

(c) Use more points 

33 No solution 

35 Positive 

37 Positive 

39 Negative 

41 Negative 

43 Positive 

45 (a) (I) 


(b) dD) 
(c) dV) 


47 (a) A>O 
(bt) A= 
(c) A 

49 (a) 
(b) 
(c) 

51 (a) 
(b) 
(c) 

53 (a) 
(b) A=— 
(c) A<-1 


55 2 = 3u 

57 x = (1/2)(3u — 1) 
59 « 

6l g2= 1.176 
63 x = 1.505 


Section 10.5 
1 Qo(1.08)* 
3 Bo(1.056)* 
5 0.486% 
7 10.409% 
9 
1 


Bp Pee ORB 
OrRFO BROR 
A 
me 


= —-2u 


12.94% 

8.16% 

13 —33.13% 

15 —3.37% 

17 g(t) = 80(0.9202)° 

19 p(a) = 16.6433(0.8851)* 
21 w(a#) = 31.752(0.9117)” 
23 g(t) = 8000(0.9215)* 

25 V = 3450(1.0475)* 


33 
35 


37 


39 


P = 800(1/2)*/19 

f(x) = 503.153(0.9551205)* 
V = 3000 - 1.0539* 

g(x) = 83.687(0.9823)” 


(a) 0.5Qo after 62 days; 0.25Qo after 124 
days 

(b) After 186 days 

(c) 0.9889Qo 

(a) 0.352% 

(b) 3.004 million 


(a) Decay rate: 29.856% 
(b) 117.949 mg 
(c) 14.025 mg 


Section 10.6 


1 


a= 1200,k = 4.1%, 
b = 1.0419, r = 4.19% 


3 a= 7500, k = —5.9%, 
b = 0.9427, r = —5.73% 
5 a = 20,000, k = —44%, 
b = 0.6440, r = —0.3560 
7 Q=20e-9**, a = 20,k = -0.2 
9 Q=0.025e~9'**, a = 0.025, 
k = —0.4 
11 Q = 23.1407e~**, 
a=e™ = 23.1407,k = —5 
13 
Inv B, $ 
1,000.00 
2,718.28 
7,389.06 
20,085.54 
54,598.15 
148,413.16 
15 $223,169.85 
17 Decaying, —1.67% 
19 Po 
21 L/(Po + A) 
23 36.945e?*: a = be? = 36.945,k = 3 
25 66 44e3* 44:7 = 6,a=4,8s=3,b= 
4 
27 (cosh a)? — (sinha)? = 1 
Chapter 10 Review 
1 Linear 
3 Exponential 
5 Exponential 
7 500, 23.2% 
9 900, -1.1% 
11 w= 10(0.99)* 
13 Yes;sa=1,b=0.1 
15 Yes;a = 80,b=4 
17 Yes; a = 3/25,b = 1/5 
19 a 1250, b = 0.923, r 7.7% 
21 a=80,b=0.113,r = —88.7% 
23 Exponential, constant 1, base 2/3 


25 1.6 
27 2 
29 9.5% 
31 116% 
33 9.05% per year 
35 —20.63% per day 
37 2.73% 
39 V(1.04)” 
41 Vo» k20/h 
43 Por*s” 
45 y= V2" = (1.414)* 
47 Q = (8/5)(5/2)'/* 
49 Q = (6/3'/%)3"/9 
51 Q = 2(7/2)*/3 = 2(1.518)* 
53 Q = 7.537(0.937)* 
55 Quadratic 
57 Exponential 
59 Linear 
61 90(0.83)* mg 
63 $30(1.022)* 
65 1500(1.03)* — 1500(1.02)* 
67 Decreasing; 4% 
69 Decreasing; 47.5% 
71 f(t) = 8.5859(1.11806)* 
73 v(x) = 10.4613(1.06936)” 
75 f(t) = 2000(1.201)* 
77 P=7-2t/6 
9 a=2Vt 
81 P — 282(1.01)?° =0 
83 Second investment 
85 (a) (D, (IV), (V), (VD 
(b) CD, GID 
(c) (V), (WD 
87 (a) (ID) 
(b) dD 
89 (b) 
91 (e) 
93 (d) 
95 (c) 
97 (c) 
99 Less than 
101 Less than 
103 Less than 
105 Greater than 
107 Greater than 


109 Linear: a, b, cifn = 1, none ifn 4 1 
Exponential: none 


111 Linear: A and b if t = 1/2 
Exponential: t, base b? 


Section 11.1 
1 107-7 =0.01 
3 10239 = 20 
5 10°-6°9 — 5000 


35 


1087 +247 — ag 
log 100,000 = 5 
log 200 = 2.301 
log 39,994 = 4.602 
log 97 = a*b 

4 

—0.145 

1.248 

1.756 

—3 

3/2 

Undefined 

1 

7 

12 


37 (a) 0.301, 1.301, 2.301, 3.301 


39 
41 
43 
45 
47 
49 
51 
53 
55 
57 
59 
61 
63 
65 
67 
69 
71 
73 
75 


(b) 4.301, —0.699 


3 < log8991 < 4 

4 < log(0.99- 10°) <5 
—2 < log0.012 < -1 
Between 1.42 and 1.44 
2.7; 2.6990 

—1.5; —1.5229 

3; 3.0244 

Yes 

Yes 

log 2 + log A — log B 
—log A — log B 

Not possible 

log A 

u-—w 

1.5u/(v — 2w) 

Not possible 
y=b*,0<b<1 

y = 2logz 
y=—b*,b>1 


Section 11.2 


1 
3 
5 


g£=2 

«x= 10 

xr=9 

og 3.25/ log 1.071 = 17.183 
0g(5/7)/log(2/3) = 0.830 

og 0.54/ log 0.088 = 0.254 

og 90/ log 2 = 6.492 

og 55/ log 0.988 = —331.937 
0.845 

No solution 

og(5.2)/ log 1.041 = 41.030 

og 15/ log 1.033 = 83.409 

og 2.5/ log(2/3) = —2.260 
og(8/70)/ log 0.882 = 17.275 
17 log 0.125/ log(2/3) = 87.185 
o0g(220/130) / log(1.031/1.022) 
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60.003 
33. log(114/82)/ log(1.031/1.029) 
169.682 


35 log(170/132)/ log(1.045/1.067) 
—12.143 


37 log 1.5/log 1.032 = 12.872 
39 log(800/2215)/ log 0.944 = 17.6716 
41 0.001 

43 14.859 

45 0.0316 

47 13 

49 No 

51 Yes 

53 No 

55 Yes 

57 6.136 years 

59 t = 6.213 months 

61 20 months 

63 t = —13.853 years 


Section 11.3 


1 t = 3.636 
3 t= 0.431 
5 628 days 

7 1.996 years 
9 2.64 years 

1 6.642 days; 13.284 days 
13 t = 16.3411 years 


15 (a) 11.786 years 
(b) 20.149 years 


17 (a) 3.094 years 
(b) 5.290 years 


19 (a) 20 million 
(b) 180 million 
(c) 3.561 hours 
(d) 38 minutes 


21 (a) 1/2cm3 
(b) 9 min 
(c) 7.644 min 


23 (a) 35.710 years 
(b) 91.289 years 


25 (a) 2.726 mg 
(b) 18.574 days 


27 (a) False 
(b) 3.322 inches 


29 (log 2/ log b) hours 


Section 11.4 
1 t= —21n0.375 
3 t = (In4)/—0.117 
5 t = 901n(1700/23) 


7 (a) t = log3/(0.231 log e) 
(b) t = 1n3/0.231 


9 (a) t = (log 0.2) /(log 0.926) 
(b) t = (In 0.2)/(In 0.926) 


lla = 210.6 = 0.8098,r = 


0.1902, k = —0.211 


540 


13 


49 


@ = 350,60 = 1.218,7 = 0.318,4 = 
0.2761 


a = 27.2,b = 1.399,r = 0.399,k = 
0.3358 


19.903 years 
6 

—2 

0.5 


2 
log, 12 
log, 0.75 


t = 16.447; 10 words unchanged after 
16,447 yrs 


f(200) = 134.296; about 134,300 arti- 
cles after 200 days 


Growing 542 articles/day 
@ = —6.252 

2 16 times as large as d1 
log V17, z= V17 
logos V90, c= V90 
log; 81,x = 81 


Chapter 11 Review 


2 

0 

Undefined 

1/3 

3.68 

2n+1 

Undefined 

5.9 

10' = 10 

LO} 799 = 54.1. 
10° =w 

log 1,000,000 = 6 
log 0.1 = —-1 

log 0.558 = —0.253 


29 (a) log 100 = 2 


31 
33 
35 
37 
39 
Al 
43 
45 
47 
49 
51 
53 
55 
57 


(b) V100 = 10 


5a —3 

62° 

—«/3 

30/2 

log 100/log 7 = 4.023 
5 

1.850 

2 

5.060 

—0.511 

3.594 

2,5 

4 

log 0.4/(2 log 0.6) 


59.9 

61 «= —2/3 
63 x = log(9/8) 
65 log1.5 


67 t = log0.5/log 1.117 

69 t = log(1/6)/(log 0.5) 

71 t = log(z —r)/logb 

73 (log 800 — log 250) /(log 0.8 — log 1.1) 
75 log(0.0422/0.0315) /log(0.988/0.976) 
Tl xw=3 


79 1000 
81 x =101/8 
83 a = 107° = 316.228 


85 2 = 104/3 = 21.544 
87 7.273 years 


89 e =1 
91 eY =10 
93 et =7r 
95 Inl=0 


97 1n0.018 = —4 
99 In 1.221 = 0.2 
101 0 

103 -—3 

105 —1/2 

107 Undefined 

109 0 

lll 1/2 

113 Cannot be simplified 
115 4 

117 —2 


119 (a) log 100/ log 2 = 6.644 
(b) In 100/ In2 = 6.644 


121 (a) log5/log3 = 1.465 
(b) In5/In3 = 1.465 


123 3.170 

125 1.585 

131 1.176 

133 (II) 

135 (I) 

137 (IV) 

139 u+u 

141 log2+u+3w + 0.5u 
143. u + log(log 3) 

145 2a+1 

147 (2 +1)? 

149 t = (4log3.5)/log3 
151 2 = 200 

153 0.485 

155 —0.2 

157 1000 

159 500,000.5 

161 x = 10,000,000,000 
163 The year 2206 

165 23.449 years 


167 


7.17 weeks 


Section 12.1 


31 


Monomial 
Monomial 
Monomial 
Polynomial 
Polynomial 
Not polynomial 
Yes 


At? +1217 +11t+3 

0, 1/2, —1/2 

800+3200r+4800r? +3200r? +800r+ 
Yes, 


0.1 0.2 0.3 
1.118 }| 1.195 
1.118 | 1.192 


1.054 
1.054 


g(1/2) = 177/128 


Section 12.2 


1 


we 


39 
41 


5a? + 42° — 2x? + 3a 
—23 + 4x? — 29 

ag = 17 

ag = 15 


ag =—-1 


—1/2 
V7 
a4 3, a3 
8, ao =1 
a13 = 1/3 
Q2a3 +4 —-2:n=3; 
a3 = 2,a2 = 0,41 
—5a2+ 20;n = 1; 
ai= —5, ao = 20 
(¥5/7)x?:n = 2: 
ag=> ¥Y5/7, a1 = 0,ao0 = 0 

62° 5at — 4x3 + 362;n = 5; 
a5 6, a4 5, a3 4, a2 0, 
a, = 36,a9 = 0 
wv? + 3x7 +3a+1:n=3; 
a3 1,ag 3, a1 3, Go 1 
720 
0,4 


6, a2 


1, a0 2 


43 


45 
47 
49 
51 
53 
55 
57 
59 
61 
63 


65 
67 
69 
71 
73 
75 


Birthday/ Present: 15'"/ $800; 16*"/ $900 
17*"/ nothing; 18*/ $300 
19°87 $500; 20°"/ $1200 


2.741% 

2 

10 

n=5 

h(O) = 12 

Leading term is 12t°; constant term is —10 
8 

% 

a=1,b=4,c=2,d=9 


Possible answer: 2° + 3a* and —22° +e 
Tat 


Impossible 
Impossible 
1 

+3/2 
50a” 
2, 3,4 


45a* + 192° — 8a? + 32 —1 


Section 12.3 


ep ON WN 


27 


xz = 3,4, —-2 
x= 3,-2 
None 

1, —2,3 

0, —1, -2 

0,1, -—3 

0, 2, -—2 

All wu 

—3,—-4 

(e — 2)( +3) 


(a — 5)(a + 13)? 
(x + 6)° is one possibility 


0, 600, —600; 0 and 600 make sense; profit 
zero dollars from selling these quantities 


(1/2)(a@ + 2)(# + 1)(a — 2)(a — 3) 


29 (a) (w+1)(2x%—5) and —3(@+1)(2x—5) 


31 
33 
35 
37 
39 
41 
43 
45 
47 
49 


(b) 2(x + 1)(2x — 5) 


One 

Three 

Four 

None 

1,-1,0 

a<0 

Alla 

Alla 

a<0 

—1.414, 0.667, 1.414 


Section 12.4 


1 


3 
3 
7 


—(x + 2)(a — 1) 
—4(x + 3)a(a — 3) 

y = (—5/6)(@ + 3)(a 4 
y = (w + 2)(@ — 3) 


9 y= (@+2)?(@- 3) 
Il (a) I: 2 =3,—2,1/2 
(b) 1,6 
(c) I; positive, negative 
(d) II; three times 


13 y 
54 -- 
36 —- 
18 


54-4 


19 (a) 


Chapter 12 Review 


12 
3 4 
5 8 

7 -1 

o 0 

1 Polynomial, degree 5, leading coefficient 8 
13 Not a polynomial 

15 Not a polynomial 


17 Degree 2; leading term —3x?; 
leading coefficient —3; constant term 5 


19 Degree 6; leading term A4x®; 
leading coefficient 4; constant term 0 


21 (a) 1 
(b) 4 
(c) 0 
(dd) -#24+47?-—t+1 


23 (a) 1 
(b) 5 
(c) 5 
(d) #44 3t2 41 
25 1728 + 42° + 9x? 
27 2a 
29 1,-1,-9 
31 1,-1 
33 y=" 
35. y= 
37 m,5a 


39 mia 


3/4)(a 4 


2a(ax +4 


41 a,m 
43 One 
45 One 
47 None 


51 (a —a)(a? +a?) =0;2=a 


Section 13.1 
il, 


53 (a + 7)(a + 2)(@ — 3)/14 = @/14 
3a?/7 —13a”/14 —3 


55 ao +a741>0 

59 (a) 

61 —-4< 2a < 3exceptx = —1 
63 t>a 

65 Yes; at least two 


541 


67 


i) 
8 
o 
w 
oO 
8 
is 


69 (x4 19/7 =a" +728 


35a + 21a? 4+7¢4+1 
71 4,12,32:n-2"71 
73 9x7, 27x, 8124; 3" 2” 
75 —2,-3,-4;-—n 


77 (a) $1995.00; $1989.95; $1984.85 
(b) bg = 20002? — 25a — 25; bg 


200023 — 25a? — 25a — 25; by = 
20002* — 25a° — 25a? — 252 — 25; 
bs = 20002° —2524—25a2°—2527 
25a — 25 


(c) $2025.76; balance increases 


79 Initial balance: $3000 


Payments: $120, $90, $200, $250 in months 


1, 2, 5, 6, resp 


Expenditures: $50, $100 in months 3, 4 resp 


81 w(a) = (1/4)(@+3)(@+2)(a—2)?(a 
3) 


83 w(x) = 


a(x) = 10a + 33, b(x) = 2a 


+ 6 
1,b(x) = 2a + 1,2 


3 a(x) = x4 
xA~-l1 
5 «© =—-3/5 


7 © =-—1/5,1 

9 Allreal numbers except « = —5/2 
11 All real numbers except « = V2 
13. All real numbers except « = 0 
15 All x except = +2 
17 r=-1,4 


19 aw — 1; not equivalent 

21 2/(3a? + 5); equivalent 

23 (3,7) 

25 (—2, —40) 

27 (a) (10 + 0.02n)/n $/poster 
(b) 500 posters 
(c) (10/n) + 0.02 


29 (a) R(z) 
(b) —R(z) 
(c) R(z) 
(d) —R(z) 

31 «© = —1/2 


33 a« = (-1+ V82)/9 


37 Two 
39 2? ((@ + 3)/( + 3); (—3,9) 
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1 g=0 
3 None 
5 ge) =2,r@)=1 


0.12(%+3)?(x +2)(%—2)? 


542 


21 


23 
25 
27 
29 
31 
33 


35 


Se 


q(x) =“%+2,r(%)=7 
g(a) =1;r(2) =1 
Q(z) = 2; r(x) = 3 

(a) 

(a) and (c) 

(a) and (d) 

(a), (b), (©) 


(a) Tp ae 12 

(b) Ib r(a) = 1 

Same horizontal asymptotes, y = 3 
Denominator has no zeros 

y = —(e@ + 1)/(@ — 2) 

y = a/((x +2)(a — 3) 

y = —(@ — 3)(@ + 2)/((a4 
Zero: © = —3; 


Asymptote: 2 = —5; 
y — Oasx — +00 


1)(% — 2) 


Zeros: © = +2; 
Asymptote: 2 = 9; 
Approaches y = a as 
a — +00 


ction 13.3 


a(x) = 5x? 


23a +4 


16,b(a) = a 


2a? — 3a + 11,b(2) = a+ 


a(x 3,0(a) = 3a 
2,q(a) = 2a + 3, r(x) = 9. 

a(x) = 6x3 — 1la? +182 — 7,b(a) = 
3a —1,q(x) = 2a? — 32 +5, r(x) 


e-3+55 
Horiz. asym.: none 
Slant asym.: y = 2 — 3 


4190+ 


—62 


2 
13 6a? — 9a + 35 + 3 


Horiz. asym.: none 
Slant asym.: none 


x+2 


4 
1S et Qa2+5x44 
Horiz. asym.: none 
Slant asym.: y = x 


y 


10+ 
_ 203 + 5a? +4044 


Qa2 4+ 5a +4 


17 No 

19 Yes; Qa? — 5a +2 
21 2+2,”a 4-5 

23 r=15 

25 p(4) =7 

27 r=2 

29 r=-6 


Chapter 13 Review 
1 (a — 5)/(2 — ) provided « 4 —3 
3 3x +a provided x Aa 
2 20 
7 Allreal numbers 
9 Allreal numbers except x = 2 
1 


Hole at x = 3; zero at x = 1; vertical 
asymptote at « = —2; horizontal asymptote 
at y = 1; y-intercept at y = —1/2 


13. No common factors 
15 —1/(a + 2); not equivalent 
17 (a) w=0 


6x3 + 322 +172 +8 
YS 


(b) Chances of winning approach zero 
19 (a) I;x =3,-3 
(b) 1.9/4 
(c) I; x = 2, -—2 
21 (a) and (c) 
23 (d) 
25 2 +2¢+2+4+ 24 
Horiz. asym.: none 
Slant asym.: none 


27 (a) 


(d) (av) 
(e) (vi) 


31 One possibility: u(a) = 1/((a — 2)(a@ + 
3)) 


33 (1/x)\((@  — 
(0.02, 50) 


0.02)/(e — 0.02)); 


Section 14.1 
Dye 


5 0741742743744? 45? 
7 14+4+74+104134 16 
9 (-1)' + (-1)? + (-1)? 4 
11 20 
1330 


(= 


Section 15.1 


15 
17 


19 
21 
23 
25 
27 


Arithmetic 

Not arithmetic 

Not arithmetic 

Arithmetic, a, = —2.9 —0.1n 
13.8, 24.8, 2.8 4+ 2.2n 

6.9, 17.4, —3.6 + 2.1n 

2,5, 8, 11, 14 

43, 47, 53, 61, 71 
(a) 35,000 + 7000m 


(b) 15 
Arithmetic, d = 1,ag = 6 
Arithmetic, d = —1,ag = —1 


2,6, 10, 14;a, = —2+4n 

1,2,4,8;an = 277 

(a) a25 < a50 

(b) Fraction with incomes of $25,000-— 
$50,000 

(c) No 

(d) ay, = 1 for large n 


Section 15.2 


21 
23 


25 
27 


125,250 
ay= 2, d=4 
360 


Lea 
F (3/2)n 


(b) 90 


(a) 248.7, 281.4; population in millions at 
census time 
(b) 22.1, 32.7; population change in millions 
over a decade 
(c) 2.21; average yearly population growth in 
millions over the 1990s 
(a), (b), (d); (a), (b), (d) 
(a), (b) and (d); (b) = (c) = (d) = 630 
F, = yo. 
i=n—2 
Last row: 76 
Auditorium: 720 
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i 


on nw 


Geometric; 8(1/2)"~+ 
Not geometric 
Geometric; 2(0.1)"~* 
243, 3"—7 


If r = 3: 1029, 3”; 
ifr = —3: —1029, (—1)"~"3" 


Yes, n = 9, ratio = 1/2 
Not geometric 

9.995 

364.494 

6.932 


21 
23 


25 


19 terms; 1.443 


(a) $3125 
(b) 3905 
(a) hn = 20(3/4)” 
(b) Dy = 20 feet 
Dz = ho + 2h, = 50 feet 
2hy 2he = 


72.5 feet 
Da = ho 2hy 2he 
+ 2h3 = 89.375 feet 
(c) Dn = 
20 + 120 (2 = (3/4)"-1) 
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1 
3 
5 
7 


9 


11 


15 


235/999 

11/90 

3781/4950 

(a) 784 feet, 1024 feet, 1296 feet 

(b) 216 feet, —24 feet, —296 feet 

(c) No, stops before 8 seconds 

(a) 7.906 sec 

(b) 11.180 sec 

(c) No 

(a) P, = 250(0.016) + 250(0.016)? + 

- + 250(0.016)"—+ 

(b) Pp = 4(1 — (0.016)"~1)/( — 
0.016) 

(c) Pp = 4.065 mg 

(a) 6.25%. 

(b) Qn = (50(1 — (0.0625)"*1))/(1 — 
0.0625) 

(c) Pn = (0.0625(50)(1_  — 
(0.0625)"))/(1 — 0.0625) 

$29,778.08 
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on nw 


21 


23 
25 


27 


Not geometric 
Geometric 

Not arithmetic 
Not arithmetic 
ay = 5, d= 3 


ee 

ea 
10 

eae 


215; 35 

a, = 1, ratio = 32, yee 
(1 — (32)"*)/(1 - 
fora # 1/3, as - 
«=1/3 

25 cans at bottom 


3 less per row 
9 rows 


300 

(a) After second withdrawal 

(b) $121,350.68 

(c) $3846.15 

(a) Gn = 100(0.8)"~+ 

(b) aaz = 100(0.8)42-* = 0.011 
(c) $500 


(1000 — 100n) 


(32)” = 12if 
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2x2 
2x2 


1 


3 
B) 
7 


\o 


= 


1 


21 


23 


25 


27 


6 


—3 
7 
1 


) 


Not possible 


(; 
(2 


—12 
=11. = 


Not possible 


( 
( 
( 
( 
| 


7 
5 


4 28 
4 16 


(b) 14+1/24+1/44--- 
(c) 2 


2) 
24) 


Paget 
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24 27 25 25 25 31 29 
4 2 0 3 L.. @ 3 
56 =—-65 73 

127 76 69 

63 61 86 

108 97 110 

155 133 123 


Section 16.2 


4 15 
32 «64 


—8 16 
—18 28 
8 —16 
32 —32 


1 16 -68 -—-—65 3.0 6 x 218 
128 -80 -172 27 (a) -5 2 0 y = 320.5 
13 No. of columns of first = no. of rows of sec- 0 4. S1 @ 56 
ond 7 (b) Sandwich 
25 (a) 3x4 
15 —12 54 = 3(GH) = (3G)H 7 (b) Calories in salt 
21 3 9 
— 3 0 6 |7 27 ( be ) 
17 (a) ( (b) —-5 2 078 pae.6 
3160 0 4 -1I/9 29(a) A+ B+C=1 
(b) The cost of all meals for Saturday and 8A+6B+12C=9 
Sunday. 1 =_ 1 é B-43C= 
. 29) | -a-1 1. 3 “x = 11 oa fa 
Section 16.3 ae. fe 6) | 8 6 12 |9 
1 (7,13, 21) 4 0 1 -1/2]0 
3 (4/3, 2, 16/7) 16 (c) A=1/2,B =1/6,C =1/3 
5 (15, 21, 39) 15 
7 (52x, 7x, 13x) ‘ a 4 j Section 17.1 
9 (25, 40, 55 
‘a : : (b) (<2 1 3 19 hs 
(5y, 8y, 11y) i eee 3 105 
13 _ 1 8 | 500 a 
38 31 (a) 7 15.167 
1 —2] 10 92 
2 66 (b) Q = 108 000 ata price of p = $49 115 
174 40 30 25 B 13 54.3°F 
17 Summer 33 (a) 50 115 60 Ss = 15(a) (i) 240 ft? /sec 
19 Evening 30 15 5 F (ii) 300 ft? /sec 
21 A = (182, 1729, 3822, 1092): 250 ee 
: A : : (c) Yes, week 2 
total customers each time of day in Winter 505 
23 (550, 640, 110), voters after drive 125 M . a 
25 (510, 610, 0) 40 30 25 | 250 a os 
27 (©) ) { 50 115 60 | 505 (@ k+1/2 
. 30 15 5 | 125 (f) k+1 
Section 16.4 () B= 3, S=1;,F=4 19 (a) W/20 
l1ex=2,y=7 (b) (W-—a2+y)/20 
3 2£=3,y=-3 ‘ 21 (a) $1,190,000 
. eee yas Chapter 16 Review (b) No 
= = 23 (a) 12 
7 g£=2,4=3 
’ 1 7 9 (b) Less extreme 
9 { 5a+7Ty =9 —10 6 (c) The same 
Qn + 4y = —5 = 25 (a) 135.3 
3 14 0.9 (b) (301 +622 + 7x3 + 5x4 + 4a5)/25 
cx +dy+ez=1 —1.6 3 (c) (n141 + neve + ngx3 nar, + 
i fe+gythz=2 n5a5)/(n1 +n2+n3+n4+ ns) 
; _ 5 1.5 —0.9 27 (a) 5.2,6.5 
e+my+nz=3 2.2 —7.1 (b) 6 
= , (c) No 
et ay ae 7 7 Yes (d) Different sample sizes 
13 5a+6y+7z=8 9 Yes 
9. 10y+11z = 12 . 
Se ela ut Ne Section 17.2 
Te +3z4+5t=a 13, No 1 26.43, 11.843 
+ (64+ m)e + 2t =b 1S ei 8 3 42.49, 33.657 
ytett=e LT ei 2p 82 4 5 0,35.50 
5a+7y+9z24+1llt=d 19 z=ly=2,z2=3 Ta) 5 
7 e«=-ly=3 21 2=33,y=7,z=-1 (b) 1.92 
19 z=5,y=2 10 30 2 9 9 (a) 10 lizards 
21 ©=1/2,y=2 23 (a) 4.5 50 20 4 = eas 
z=1/2,y= - (c) 5.8cm to 8.1 cm 


23 «©=-l,y=-l1 Oo 11 3 4 (d) 0.527 cm 


11 (a) 10 lizards 
(b) 7cm 
(c) 4cmto 10cm 
(d) 1.11. cm 

13 (a) 12 
(b) Less extreme 
(c) Smaller 


15 (((a1 —m)? +(a2—m)? + (x3 —m)?4 


+ (2 
(x4 —m)? + (as — m)?)/5)1/? 
17 ((3(a1 — m)? + 6(a22 — m)?4 
7(x3 m)? + 5(xva m)?4 
4(a5 — m)*)/25)1/? 


Section 17.3 


1 7.69% 
3 50% 
5 15.38% 


7 (a) 0.455% 
(b) 2% 
(c) 0.741% 
9 (a) 30.9% 


(b) 20.8% 
(c) 14.2% 


(d) 34.2% 
11 2/52 
13. 2/26 
15 13/26 
17 0/26 


19 (a) 84.6% 
(b) 0.3% 


21 (a) 20.10% 
(b) 21.25% 
(c) 12.09% 
(d) 25.62% 
(e) 20.95% 


25 Independent 
27 Not independent 


Chapter 17 Review 
14 

32 

5 54 

TF 35 

9 25,12.862 
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11 5,0 

13 5.5, 2.872 

15 1.92% 

17 23.08% 

19 25% 

21 2/52 

23 2/26 

25 13/26 

27 0/26 

29 Store A should be higher 


31 (a) 
(b) 
(c) 

33 (a) 
(b) 

35 (a) 
(b) 

37 (a) 
(b) 
(c) 
(d) 
(e) 


$41 
Increases to $46; increases to $51 
Increases to $42; Increases to $44 


42.9% 
11.1% 


19.23%, 7.69%, 15.38%, 23.08%, 13.46%, 21.1 
27.5% 


40 use drugs; 960 don’t 

38 positive; 2 negative 

912 negative; 48 positive 

86 positive; 38/86 use drugs 
38/86 = 44.2% 


A, delta, 95 
&, sigma, 433, 449 
o and o-notation 
standard deviation, 507 
o, lower-case sigma, 507 
e, 330 
2, the number, 286 
powers of, 289 


absolute value, 68 

inequalities, 72 
addition 

of complex numbers, 288 
Alfa Romeo, 186, 204, 215 
algebraic expression, 2 
algebraic fraction, 46 
alternating sequence, 441 
area 

circle, 55, 79, 211 

rectangle, 7 

triangle, 7 
arithmetic sequence, 441 

and linear functions, 443 
arithmetic series, 447 

sum of, 447 
astronaut, 191, 204, 205 
astronomy 

planetary motion, 220 
asymptote 

horizontal, 407, 414, 415 


rational function, 415, 416, 421 


slant, 416 
vertical, 407 
augmented matrix, 483 
echelon form, 485 
row operations, 486 
Austin, 309 
average rate of change, 95, 96 
expression for, 95 
interpreting, 97 
units, 98 


balancing equation, 19, 20 
base 

common, 168 

exponent, 168 

exponential function, 299 
Bhutan, 303 


INDEX 


Bismarck, 309 
bond, 5 

borehole, 119, 143 
Burkina Faso, 309 


calculator, approximation, 374 
cancelation, 46 
Celsius, 232, 243 
circle 

area, 79 
circumference 

circle, 211 
coefficient, 39, 121 

linear expression, 121 

polynomial, 380 

power function, 187 
coffee, 11, 148, 165, 354 
combining like terms, 32 
common 

denominator, 51 

logarithm, 340 
common factor, 37 
completing the square, 266 

solving by, 273 

visualizing, 269 
complex number, 286 

addition of, 288 

conjugate, 287, 290 

definition, 286 

division of, 290 

imaginary part, 286 

multiplication of, 288 

powers of i, 289 

real part, 286 

subtraction of, 288 
composition, 232 

inside function, 233 

outside function, 233 
compound interest, 458 
concert pitch, 366 
conjugate, 181 

complex number, 287 
constant 

and variable, 86 

of proportionality, 101 

and units, 104 
solving for, 103 
term, 121, 256 
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polynomial, 380 
constant polynomial, 380 
constraint equation, 146 
continuous growth rate, 330, 362 
credit multiplier, 464 
cube, 168 
cubic equation, 283 
Czech Republic, 303 


decay rate, 305, 323 
decimal 
repeating, 461 
writing as fraction, 461 
decomposition, 233 
decreasing 
linear function, 116 
degree of polynomial, 378, 380 
delta, A, 95 
denominator 
rationalizing, 181 
dependent 
variable, 79 
difference of squares 
factoring, 43 
dimensions 
matrix, 466 
direct proportionality, 101 
discriminant, 276 
distributive law, 33 
algebraic fractions, 49 
common factor, 37 
division, 35 
expanding with, 39 
negative sign, 34 
division 
of complex numbers, 290 
domain, 224, 226 
and graph, 225 
exponential function, 301 
logarithm function, 345 
power function, 228 
rational function, 408 
double zero, 389 
doubling time, 310, 357 
drug level, 459 


e, 330 
Earth 


distance from sun, 220 
echelon form, 485 


economics 
credit multiplier, 464 
Einstein, 86 
elimination 
system of equations, 152 
equation, 8 
balancing, 19, 20 
constraint, 146 
cubic, 283 
definition, 9 
equivalent, 19, 20, 22 
exponential, 317 
algebraic solution, 342 
graphical solution, 317 
numerical solution, 317 
solution properties, 318 
from verbal description, 11 
line 
point-slope form, 124 
linear 
point-slope form, 124 
solution, 128 
standard form, 138 
no solution, 10 
one variable, 89 
polynomial, 385 
solving by factoring, 385 
power, 204 
solutions, 206 
quadratic, 271 
algebraic solution, 275, 279 
completing the square, 273 
discriminant, 276 
factoring, 279 
roots, 273 
quartic, 283 
solution, 8 
graphical, 90, 317 
solving, 8, 19 
absolute value, 71 
with constants as letters, 59 
equivalent 
equation, 19, 20 
expression, 13, 30, 409 
function, 87 
Euler, Leonard, 330 
evaluating 
a function, 80 
an expression, 2 
even 
power function, 190 


expanding 
using distributive law, 39 
exponent 
definitions, 168, 175, 178 
fractional, 177, 178 
negative, 173, 175 
negative base, 177 
relation to logarithm, 340 
rules, 175 
zero, 172, 175, 191 
exponential 
decay 
negative exponent, 312 
equation, 317 
algebraic solution, 342, 349 
graphical solution, 317 
numerical solution, 317 
solution properties, 318 
solving with logs, 349 
function, 299 
base, 299 
converting base, 363 
converting different time 
scales, 312 
decay, 312 
decay rate, 305 
domain, 301 
doubling time, 310, 357 
form, 299 
graph, 300 
growth factor, 299, 304, 324 
growth rate, 304 
half-life, 310, 357 
initial value, 299 
inverse of logarithms, 343 
negative exponent, 312 
percentage growth rate, 304 
range, 320 
shifting exponent, 313 
starting value, 299 
expression 
algebraic, 2 
average rate of change, 95 
canceling, 47 
definition, 9 
equivalent, 13, 22, 30 
function, 87 
evaluating, 2 
graph, 89 
interpreting, 3 
linear, 121 
monomial, 375 
polynomial, 375 


quadratic, 39, 256 
completing the square, 266 
difference of squares, 43 
factored form, 258 
factoring, 40, 41, 265 
perfect square, 42 
standard form, 256 
vertex form, 266 

radical, 177 

rational, 406 
quotient form, 412 
remainder, 412 

transforming, 30 

extraneous solutions, 209 


factor, 4 
factored form 
of rational function, 408 
quadratic function, 258 
factoring 
by grouping, 40 
difference of squares, 43 
expressions that are not 
quadratic, 45 
perfect square, 42 
quadratic expression, 40, 265 
by grouping, 40 
in general, 41 
to solve polynomial equation, 
385 
to solve quadratic equation, 279 
Fahrenheit, 232, 243 
falling objects, 457 
Fibonacci sequence, 444 
form 
of exponential function, 299 
of linear expression, 121 
formula 
area 
circle, 79 
horizontal line, 138 
polynomial 
from graph, 397 
vertical line, 138 
fraction 
algebraic, 46 
fractional exponent, 178 
fuel efficiency, 50 
function, 78 
composition, 232 
inside function, 233 
outside function, 233 
decomposition, 233 


definition, 78 


domain, 224, 226 
and graph, 225 
equivalent expression, 87 
evaluating, 80 
exponential, 299 
base, 299 
converting base, 363 
converting different time 
scales, 312 
decay, 312 
decay rate, 305 
domain, 301 
doubling time, 310, 357 
form, 299 
graph, 300 
growth factor, 299, 304, 324 
growth rate, 304 
half-life, 310, 357 
initial value, 299 
negative exponent, 312 
percentage growth rate, 304 
range, 320 
shifting exponent, 313 
starting value, 299 
family of, 105 
graphs, 81 
inequality, 92 
input, 78, 89 
inverse, 247 
linear, 114, 118 
graph, 117 
graphical solution, 129 
initial value, 118 
point-slope form, 123 
recognizing, 144 
slope, 118 
vertical intercept, 118 
logarithm 
domain, 345 
graph, 345 
properties, 346 
range, 345 
logarithmic 
arbitrary base, 364 
base-2, 364 
natural, 361 
notation, 78 
output, 78, 89 
polynomial, 376 
leading coefficient, 382 
leading term, 382 
long-run behavior, 393 


zero, 386 
power, 186 
behavior, 215 
coefficient, 187 
domain, 228 
even power, 190 
finding the power, 213 
fractional power, 193 
graph, 190, 191 
negative power, 192 
odd power, 190 
range, 228 
special cases, 193 
quadratic, 256 
graph, 257 
maximum, 260 
minimum, 260 
vertex, 260 
vertex form, 260 
zeros of, 258, 271 
range, 224, 225 
and graph, 225 
rational, 407 
domain, 408 
factored form, 408 
graph, 418 
holes, 409 
horizontal asymptote, 421 
long-run behavior, 415, 417, 
421 
quotient form, 413, 423 
vertical asymptote, 421 
zeros, 408, 421 
tables of values, 81 
units, 81 


general term 
of sequence, 440 
geometric sequence, 451 
geometric series, 455 
infinite, 460 
sum of, 461 
sum of, 455, 456 
glottochronology, 368 
graph 
exponential function, 300 
expression, 89 
linear function, 117 
logarithm function, 345 
power function, 190 
even power, 191 
negative power, 193 
odd power, 191 


quadratic function, 257 
rational function, 418 
graphical solution 
exponential equation, 317 
linear functions, 129 
greenhouse gas, 100 
growth factor, 304 
converting to growth rate, 305 
exponential function, 299 
finding, 324 
growth rate, 304 
continuous, 330, 362 
converting to growth factor, 305 


half-life, 310, 357 
Heap’s Law, 220 
horizontal 
asymptote, 407, 414 
rational function, 415, 421 
intercept, 91 
line and slope, 138 
shift, 238 
hyperbolic cosine, 334 
hyperbolic sine, 334 


i, powers of, 289 
identities, 17 
identity 
definition, 16 
imaginary 
number, 286 
part, of complex number, 286 
increasing 
linear function, 115 
independent variable, 79 
inequality, 62, 92 
absolute value, 72 
solution, 63 
solving, 63 
infinite geometric series, 460 
sum of, 461 
initial value 
exponential function, 299 
linear function, 118 
input, 78, 89 
inverse function, 248 
inside function, 233 
horizontal shift, 238 
translations, 238 
intercept 
Z-axis 
zero of polynomial, 389 
y-axis, 118 


horizontal, 91 


vertical, 91 
linear function, 118 
inverse 
function, 247 
finding, 248 
input and output, 248 
operations, 246 
and solving equations, 247 
inverse proportionality, 192 
isolating the variable, 21 


Kepler, Johannes (1571-1630), 220 
Krumbein phi (¢), 369 


law 
distributive, 33 
common factor, 37 
expanding with, 39 
of planetary motion, 220 
leading 
term 
polynomial, 394 
learning curve effect, 369 
like terms, 32 
combining, 32 
line 
equation 
point-slope form, 124 
standard form, 138 
horizontal, 138 
vertical, 138 
linear 
polynomial, 378 
equation 
constraint, 145 
point-slope form, 124 
solution, 128 
standard form, 138 
expression, 121 
slope-intercept form, 121 
function, 118 
graph, 117 
graphical solution, 129 
initial value, 118 
point-slope form, 123 
recognizing, 144 
slope, 118 
vertical intercept, 118 
term, 256 
In, see log, natural, 361 
log, natural, 361 
continuous growth, 362 


properties, 361 
logarithm 

arbitrary base, 364 

base-2, 364 

common, 340 

exponential equation, solution 

to, 342 

inverse of exponential, 343 

is an exponent, 340 

natural, 361 

continuous growth rate, 362 
properties, 361 
properties, 344 
solves exponential equation, 
342 

undoes exponentiation, 343 
logarithm function 

domain, 345 

graph, 345 

properties, 346 

range, 345 
long division of polynomials, 423 
long-run behavior 

polynomial, 394 

polynomial function, 393 

rational function, 415, 417, 421 


Malaysia, 325 
Mars, distance from sun, 220 
matrix 
m xX n, 466 
addition, 466 
augmented, 483 
dimensions, 466 
multiplication, 469, 471 
multiplication of vector, 476 
properties, 468, 473 
row operations, 486 
scalar multiplication, 466 
maximum 
quadratic function, 260 
methane, 100 
miles to kilometers, 15 
minimum 
quadratic function, 260 
modeling 
definition, 101 
monomial, 375 
multiple zero, 389, 390 
graph, 390 
multiplication 
of complex numbers, 288 


Naples, 355 
natural logarithm, 361 
continuous growth, 362 
properties, 361 
negative 
base, 177 
exponent, 173 
exponential decay, 312 
power, 173 
graph, 193 
numerical behavior, 192 
sign 
distributing, 34 
notation 
function, 78 
sigma, 433 
subscript 
index, 433 
summation, 433 
note frequency, 366 
number 2, 286 


odd 
power function, 190 
output, 78, 89 
inverse function, 248 
outside function, 233 
translations, 236 
vertical shift, 236 


parabola, 257 
parallel lines, slope, 139 
parameters 

linear function, 114 
partial sum, 446, 460 
Pascal’s triangle, 402 
pendulum, 213 
percentage growth rate, 304 
perfect square 

factoring, 42 

how to recognize, 43 

quadratic expression, 42 
perimeter 

rectangle, 7, 34, 203 
perpendicular lines, slope, 139 
Petronas Towers, 293 
Phoenix, 309 
physics 

planetary motion, 220 
place value notation, 391 
planetary motion, law of, 220 
point-slope form, 123 

linear equation, 124 


Poiseuille’s Law, 217, 219 
polynomial, 375 


leading term, 394 
as approximation, 375 
coefficient, 380 
constant, 380 
constant term, 380 
cubic, 378 
degree, 378, 380 
degree n, 380 
division algorithm, 423 
double zero, 389 
equation, 385 
solving by factoring, 385 
expression, 375 
formula from graph, 397 
function, 376 
long-run behavior, 393 
zero, 386 
large-scale shape, 394 
leading coefficient, 380, 382 
leading term, 382 
linear, 378 
long division, 423 
long-run behavior, 394 
multiple zero, 389, 390 
graph, 390 
number of zeros, 388 
quadratic, 378 
quartic, 378 
quintic, 378 
simple zero, 389 
standard form, 379, 380 
triple zero, 389 
zeros, 386 
zeros and factors, 387 
power 
equation 
solutions, 206 
fractional, 177, 178 
negative, 173, 175 
numerical behavior, 192 
zero, 172, 175, 191 
power equation, 204 
fractional powers 
solutions, 209 
number of solutions, 206 
power function, 186 
behavior, 215 
coefficient, 187 
domain, 228 
even power, 190 
finding the power, 213 


fractional power, 193 
graph, 190 
even power, 191 
negative power, 193 
odd power, 191 
modeling, 212 
negative power, 192 
odd power, 190 
range, 228 
special cases, 193 
principle 
zero-factor, 279, 387 
probability 
conditional, 511, 515 
contingency tables, 510 
independent events, 512 
joint, 511, 514 
relative frequencies, 508 
two-way tables, 510 
properties 
logarithm, 344 
justification, 346 
matrix 
addition, 468 
multiplication, 473 
scalar multiplication, 468 
vector operations, 475 
proportional to a power, 186 
proportionality 
and rate of change, 104 
constant of, 101 
direct, definition, 101 
inverse, 192 


Quabbin Reservoir, 33 
quadratic 
equation, 271 
algebraic solution, 275, 279 
completing the square, 273 
discriminant, 276 
factoring, 279 
roots, 273 
expression, 39, 256 
completing the square, 266 
difference of squares, 43 
factoring, 40, 41, 265 
perfect square, 42 
standard form, 256 
vertex form, 266 
formula, 274, 275 
function, 256 
factored form, 258 
graph, 257 


maximum, 260 
minimum, 260 
vertex, 260 
vertex form, 260 
zeros of, 258, 271 
polynomial, 378 
term, 256 
quartic equation, 283 
quotient form 
rational expression, 412, 413 
rational functions, 423 


radical 
expression, 177 
range, 224, 225 
and graph, 225 
exponential function, 320 
logarithm function, 345 
power function, 228 
rate of change, 95, 96 
and proportionality, 104 
linear function, 118 
rational 
expression, 406 
quotient form, 412 
remainder, 412 
function, 407 
domain, 408 
factored form, 408 
graph, 418 
holes, 409 
horizontal asymptote, 421 
long-run behavior, 415, 417, 
421 
quotient form, 413, 423 
vertical asymptote, 421 
zeros, 408, 421 
rationalizing the denominator, 181 
real part, of complex number, 286 
reciprocal, 14 
recursively defined sequence, 443 
regrouping, 30, 87 
remainder 
rational expression, 412, 413 
remainder term, 413 
remainder theorem, 426 
reordering, 30 
repeating decimal, 461 
resistor, 53 
roots, 177, 273 
rules of exponents, 175 


scaling, 241 


horizontal, 242 


vertical, 241 
sequence, 440 
nth term, 442 
alternating, 441 
arithmetic, 441 
and linear functions, 443 
Fibonacci, 444 
general term, 440 
geometric, 451 
recursively defined, 443 
terms of, 440 
series, 446 
arithmetic, 447, 449 
sum of, 447 
falling objects, 457 
geometric, 455 
infinite, 460 
sum of, 455, 456 
partial sum, 446 
summation, 449 
shift 
horizontal, 238 
vertical, 236 
o and o-notation, 449 
standard deviation, 507 
sigma notation, 449 
simple zero, 389 
slant asymptote 
rational function, 416 
slope, 117 
calculating, 123 
horizontal line, 138 
linear function, 118 
parallel lines, 139 
perpendicular lines, 139 


units of measurement for, 119 


vertical line, 138 
slope-intercept form, 121 
soda, 119 
solution, 8 

exponential equation 

properties, 318 
extraneous, 284 
graphical, 90 

linear functions, 129 

inequality, 63 

linear equation, 128 

polynomial equation, 385 

properties, 131 
solutions 

extraneous, 209 
solving, 8 


equation 


and inverse operations, 247 


exponential equation 
graphically, 317 
numerically, 317 
with logs, 349 

inequality, 63 

quadratic equation 
by factoring, 279 


completing the square, 273 


quadratic formula, 275 
systems of equations 
with matrices, 485 
Space Shuttle, 253 
square, 168 
factoring, 42 
quadratic expression, 42 
squared 
term, 256 
standard deviation, 503, 505 
sigma notation, 507 
variance, 505 
standard form 
linear equation, 138 
polynomial, 379, 380 
quadratic equation, 271 
quadratic expression, 256 
starting value 
exponential function, 299 
statistical 
inference, 500 
mean, 497 
notation, 498 
outlier, 503 
subscript notation, 432 
index, 433 
substitution 
system of equations, 150 
subtraction 
of complex numbers, 288 
sum 
arithmetic series, 447 
geometric series 
infinite, 461 
partial, 460 
summation notation, 433, 449 
surface area 
cylinder, 25, 200 
mammal, 211 
system of equations 
and lines, 153 
and matrices, 482 
definition, 150 


elimination, 152 
substitution, 150 


term, 4, 32 

constant, 121, 256 

linear, 256 

of sequence, 440 

quadratic, 256 

squared, 256 
theorem 

remainder, 426 
tip, 2, 78, 86, 87 
translations, 236, 238 
triple zero, 389 
tuition cost, 134 
Turkey, 372 


units of measurement 


constant of proportionality and, 


104 
function, 81 
slope, 119 
vertical intercept, 119 


variable, 2, 86 
dependent, 79 
independent, 79 
vector, 474 
n-dimensional, 479 
addition, 475 
matrix multiplication, 476 
scalar multiplication, 475 
vertex 


graph of quadratic function, 260 


vertical 
asymptote, 407 
rational function, 421 
intercept, 91, 117 
linear function, 118 
line and slope, 138 
shift, 236 
volume 
cone, 8, 211 
cube, 187 
cylinder, 55, 187, 199, 211 
sphere, 187, 199, 211 


Wikipedia, 368 


x-intercept, 91 
and zero of polynomial, 389 


y-intercept, 91, 117, 118 


zero, 258 polynomial, 413 simple, 389 


double, 389 number of, 388 triple, 389 
multiple, 389, 390 power, 172, 191 zero polynomial, 380 
graph, 390 quadratic function, 258, 271 zero-factor principle, 279, 387 


of a polynomial, 386 rational function, 408, 421 


